EQUIDISTRIBUTION THEOREMS FOR HOLOMORPHIC SIEGEL
MODULAR FORMS FOR GSps;; HECKE FIELDS AND n-LEVEL DENSITY

HENRY H. KIM, SATOSHI WAKATSUKI AND TAKUYA YAMAUCHI

ABSTRACT. This paper is a continuation of [21]. We supplement four results on a family of
holomorphic Siegel cusp forms for GSp4/Q. First, we improve the result on Hecke fields. Namely,
we prove that the degree of Hecke fields is unbounded on the subspace of genuine forms which
do not come from functorial lift of smaller subgroups of GSp4 under a conjecture in local-global
compatibility and Arthur’s classification for GSps. Second, we prove simultaneous vertical Sato-
Tate theorem. Namely, we prove simultaneous equidistribution of Hecke eigenvalues at finitely
many primes. Third, we compute the n-level density of degree 4 spinor L-functions, and thus
we can distinguish the symmetry type depending on the root numbers. This is conditional on
certain conjecture on root numbers. Fourth, we consider equidistribution of paramodular forms.
In this case, we can prove a result on root numbers. Main tools are the equidistribution theorem

in our previous work and Shin-Templier’s work [45].

1. INTRODUCTION

This paper is a continuation of [21]. We use the same notations throughout this paper. We
study Hecke fields, simultaneous vertical Sato-Tate theorem, and the n-level density on a family
of holomorphic Siegel cusp forms for GSp4/Q.

First, Hecke fields. Let S}(I'g(IV)) be the space of elliptic cusp forms of weight k > 2 with
respect to a congruent subgroup I'g(/V). The Hecke operators {T},},y acting on the space and it
has a basis consisting of simultaneous eigenforms in Hecke operators which are called normalized
Hecke eigenforms. Let f be such an eigenform and a,(f) be the Hecke eigenvalue of T}, for p{ N,
ie. T,f = ap(f)f. Thefield Qf := Q(ap(f) | p{ N) generated by such eigenvalues over Q is called
the Hecke field of f. Since S}(I'g(NV)) has an integral structure preserved by Hecke operators,
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the eigenvalues are algebraic numbers and it turns out that Q is a finite extension over Q. The
Hecke field of f reflects various arithmetic properties of f and has been studied by many people
[43], [41]. For example Q-simple factors of the Jacobian Jo(/N) of the modular curve Xo(N) can
be described in terms of the degree of the Hecke fields and one can ask the maximal dimension
of Q-simple factors for Jo(N) (see [28], [41], [33],[53] [30]).

Let Sk(I'(IV), x) be the space of classical holomorphic Siegel cusp forms of degree 2 with the
level T'(N), a central character x : (Z/NZ)*—C*, and weight k = (ki, k2), k1 > ko > 3 (cf.
Section 2 of [21]). For a prime p f N, let T'(p") be the Hecke operator with the similitude p™.
Any eigenform with respect to T'(p™) for any non-negative integer n and any prime p t N is
called a Hecke eigen cusp form. We denote by HE,(I'(N), x) the set of all such eigenforms in
SK(T(V), ).

Let F be a Hecke eigen cusp form and Ap(p™) be the Hecke eigenvalue of F' for T'(p"), i.e.
T(p™)F = A(p™)F. It is known that Ap(p") is an algebraic integer (cf. Lemma 2.1 of [47]). We
consider the Hecke field Qp := Q(Ar(p™), x(p), x2(p) | p ¥ N) which turns out to be a finite
extension over Q (see (2.12) of [21] for x2). We call F' a genuine form if it never comes from any
functorial lift from a smaller subgroup of GSp4, hence, it is neither a CAP form, an endoscopic

lift, a base change lift, an Asai lift, nor a symmetric cubic lift (see Section 2 for the details).

Theorem 1.1. Assume Conjecture 1 of [13] and Arthur’s classification for GSpy Fix a weight
k = (k1, ko) with ky > ko > 3 and a prime p. Then
lim sup {[Qr : Q] | F € HEL(I'(N), x) : genuine} = oo.

N—o0,p{N, (N,11)=1
ordp(N)>4 if £|N

Theorem 1.2. Let the notation and assumptions be as above. Let p be a fived prime. Put
dg,n(x) = [HER(L(N), x)| Then

9+
{F e HE(T(N),x) | [Qr: Q] < A} =0 (%) =0 (fZgN>

as N goes to infinity satisfying either of the following conditions:

(1) ord¢y(N) >4 if {|N and (N,p)=1; or

(2) ord,(N) — o0 as N — oo.
The claim is still true even if we replace HER(I'(N), x) with {F € HER(I'(N), x)| F : genuine}
but keeping the additional condition (N, 11!) = 1. Note that the cardinality of that subspace is
approzimately equal to dy(N) when N, (N,11!) =1 goes to infinity.
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Theorem 1.3. Keep the condition in Theorem 1.2. Put f(N) = (loglog N)% if N is in the first
case of the two conditions in Theorem 1.2 and f(N) = (log N)% otherwise. Then

inf{[Qp : Q] | F € HEK(T'(N), x) : genuine} > f(N)
as N goes to infinity with (N, 11!) = 1.

Second, simultaneous vertical Sato-Tate theorem. Let Si(I'(N),x)™ be the subspace of
Sp(I'(IN), x) generated by Hecke eigen forms F' outside N so that 7, is tempered for any pt N.
Let HEL(T'(N), x)™ = Si(D(N), x)"™ N HEL(T(N), x). For a prime p{ N, let ap,, bp, € [—2, 2]
be Hecke eigenvalues as in [21]. Then in Section 4, we generalize Theorem 1.4 of [21] to finitely
many primes. Namely, given finitely many distinct primes p1, ..., pr, ((@Fp,, bFp,)s -y (@Fp,, OFp.))
is equidistributed with respect to a suitable measure (Theorem 4.1).

Third, n-level density of degree 4 spinor L-functions. In [21], we studied the one-level density
of degree 4 spinor L-functions of a family of holomorphic Siegel cusp forms for GSp4/Q, and we
showed that its symmetry type is SO(even), SO(odd), or O type, as predicted by [14]. However,
we could not distinguish the symmetry type among SO(even), SO(odd), and O type since the
support of (;AS is smaller than (—1,1). In order to distinguish them, we need to compute the
n-level density. For the degree 4 spinor L-function L(s, 7, Spin), we denote the non-trivial
zeros of L(s,mr,Spin) by % + /—1v;. Let ¢(z1, ..., zn) = [ ¢i(z;) be an even Schwartz class
function in each variables whose Fourier transform Qg(ul, .oy Up) 18 compactly supported. We
define D™ (71, ¢, Spin) as in Section 5.

We first prove the following theorem which may be of independent interest. Let L(s, 7, Spin) =
S Ap(m)m=*. Letm = Hp|mpvp(m). For simplicity, denote Si(I'(IV), 1), di v (1) by Sg(N), di, N,

resp.

Theorem 1.4. Put E = (k‘l, k‘g), k‘l > k‘g > 3.
(1) (level-aspect) Fix ki, ka. Then as N — oo,

! \ -3 - —vp(m -2 ¢
P Z Ap(m) = dom 2H(1—|-p2_|_..._|_p w( ))—I—O(N 2me),
= FeHER(N) plm

1, if m is a square
where o = .
0, otherwise



4 HENRY H. KIM, SATOSHI WAKATSUKI AND TAKUYA YAMAUCHI

(2) (weight-aspect) Fiz N. Then as ki + ko — o0,

1 -
. E Ap(m) = 5Dm_%H(1 +p 24 p (M)
BN peHEL(N) plm

O ((k1 —17;7{1@2_2)) +0 ((k1 —k:2+7$;:1+k:2 —3)> !

for some constants c,d > 0.

For one-level density, the root number e(7r) did not play a role. However, higher level density
depends on the root number.

When N =1 (i.e., level one case), we have e(mr) = (—1)*2 ([39]). (In this case, ky — ks should
be even.) Then we have the following n-level density in the weight aspect. Let HE, = HE(1)

and dj = dj 1.

Theorem 1.5. Let ¢(x1, ..., xn) = ¢p1(x1) - - - dn(xy), where each ¢; is an even Schwartz function
and Qg(ul, ey Up) = <;A51(u1) - q@n(un) Assume the Fourier transform &; of &; is supported in

(=Bn, Bn) fori=1,---,n. (B, <1 can be explicitly determined.) Then

1 Z D) (. 6, Spin) — fR” d(x)W(SO(even))(x) dz + O <logl%> , if ko is even7
U p i, Jn ()W (SO(0dd))(x) da: + O (b;%) ifky is odd

where W(SO(even)) and W (SO(even)) are the n-level density functions defined in Section 5, and

¢k = ck,1 15 the analytic conductor defined in Section 5.

Let SE(N) be the subspace of Si(/N) with the root number e(rp) = £1. Let HE;E(N) be a
basis of Sét(N ) consisting of Hecke eigenforms outside N, and denote |HE(N)| = d% ~- When
N is large, we expect df;N = %d&N + O(N®7¢), and the analogue of Theore;n 1.4 hold_s when we
replace HEy(N) by HEE(N). We assume it as Conjecture 5.1. Then we can prove the n-level
density result for H E,jc(]zf ) (Theorem 5.9 and Theorem 5.10).

In Section 6, we stu_dy the n-level density of the degree 5 standard L-functions of holomorphic
Siegel cusp forms. We show that the root number is always one. Hence the symmetry type of
the n-level density should be Sp. Under Conjecture 6.1 which is an analogue of Conjecture 5.1,

we show

Theorem 1.6. Let ¢(z1, ..., x,) = ¢p1(x1) - - - dn(xy), where each ¢; is an even Schwartz function

and Qg(ul, ey Up) = <;A51(u1) - q@n(un) Assume the Fourier transform &; of &; is supported in
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(=B, Bn) fori=1,--- ,n. Then

b ™ (x _ v z) do
S D0ar 050 = [ swsna)ds+0 (

d
EN peHE, v

W(N) > |

log Ck,N

Fourth, we consider paramodular forms. In our previous paper [21], we considered only prin-
cipal congruence subgroup I'(N). Here we can deal with the paramodular group KP*?(N). We
prove equidistribution results on paramodular forms. In particular we can show Conjecture 5.1
for paramodular forms. Hence n-level density for spinor L-functions of paramodular forms for
weight aspect (analogues of Theorem 5.9 and Theorem 5.10) hold. In a similar way, we can show
simultaneous vertical Sato-Tate theorem for paramodular forms (analogue of Theorem 4.1).

Acknowledgments. We would like to thank K. Morimoto, R. Schmidt and S-W. Shin for

helpful discussions.

2. GENUINE FORMS

In this section, we follow the notation and the contents in Section 2 of [21] for holomorphic

Siegel modular forms of genus 2. The readers should consult the references there if necessary.

2.1. Classical Siegel modular forms and Hecke fields. For a pair of non-negative integers
k = (k1,k2), k1 > kg > 3 and N > 1, we denote by Si(I'(N), x) the space of cusp forms of the
weight k£ with the character x : (Z/NZ)* —C* for a principal congruence subgroup I'(N). Here
the weight corresponds to the algebraic representation A\ of G Lo with the highest weight k by

Vi = Sym* ~*2St, @ det*2Sto,

where Sty is the standard representation of dimension 2.

For each prime p { N and n > 1 one can define the Hecke operator 7T'(p™) acting on Si(I'(N), x).
There exists a basis of the space consisting of eigenforms for all such T'(p™) which are called Hecke
eigen cusp forms. Let HER(I'(N), x) be the set of all Hecke eigen cusp forms for Si(I'(IV), x).
For F € HER(I'(N), x) we have T(p")F = Ap(p")F, Ar(p") € C. Since Si(I'(N), x) has an
integral structure and is of finite dimensional, the eigenvalue Ap(p") is an algebraic integer once
we fix an embedding Q < C. We define the Hecke field Qf of F by Definition 2.14 in [21].

2.2. CAP forms and endoscopic lifts. For F' € HE,(I'(N), x) let mp be the corresponding
cuspidal representation of GSps(Ag). We say F is a CAP form (resp. an endoscopic lift) if 7p
is a CAP (resp. endoscopic) representation. We denote by Sy (I'(N), x)CAP the space generated
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by all CAP forms in Sg(I'(N),x). We also define S,(I'(N), x)*N for endoscopic lifts similarly.
Under mind condition on the level N we have the following estimation on the dimension of the

space as above.

Proposition 2.1. If ki # ko or X is not the square of a character, then Si(T'(N), x)®AF = 0. If

k := ki1 = ko and x is the square of a character, then
dimSg(D(N), x)AF = O(ENT+e)
as N+k — oo and (N,111) =1

Proof. 1t follows from Section 4.4 and Theorem 4.3 in [21]. O

Next we consider endoscopic lifts.

Proposition 2.2. It holds that
dimSE(T(N), )™ = O((ky — ka + 1) (k1 + k2 — 3)N*¥)
as N + ki +ky — oo and (N,111) =1
Proof. 1t follows from Theorem 4.2 in [21]. O

2.3. Local-global compatibility for holomorphic Siegel modular forms. In this subsec-
tion we discuss some results which follow from Conjecture 1 of [13] concerning local-global com-
patibility for holomorphic Siegel modular forms. That conjecture is satisfied for Siegel modular
forms with Iwahori level structure in [13] and for Siegel paramodular forms by [39] and [46].
Let SEtablO(F (NV)) be the space generated by all non-endoscopic, non-CAP Hecke eigen cusp
forms in Sk(I'(N)). Such a form is called a stable form by Arthur. For a Hecke eigenform F' in
SEtablO(F (N)) let us consider the corresponding cuspidal representation 7 = ®/ ), of GSp4(Ag).

Proposition 2.3. Let the notations be as above. Assume Conjecture 1 of [13]. Then there exists
a unique globally generic cuspidal representation 7' = @, m, of GSpas(Ag) such that m, and T,

belong to the same L-packet and they are both tempered.

Proof. For such 7p, by Weissauer [51], there exists a globally generic cohomological cuspidal
representation IT of GSps(Ag) so that mp is weakly equivalent to II. By [46], for any fixed
prime £, it gives rise to a Galois representation pr, : Go—GSps(Q,) which satisfies local-

global compatibility. Under Conjecture 1 of [13] we also have a Galois representation pr, ¢ :
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GQ—)Gszl(@g) which satisfies local-global compatibility and pr1 ¢ ~ pr¢ by Chebotarev density
theorem. Therefore 7, and II, belong to the same L-packet. The temperedness of 1I,, which is

proved in [46] implies that of m, by [8]. O

Corollary 2.4. Keep the notations as in the previous proposition and assume Conjecture 1 of [13].
Then m, is generic if its L-packet is a singleton. Otherwise the L-packet of m, has two members
which are given in the notation of [31] by {VIa, VIb}, {VIIIa, VIIIb}, {Va, ((cSt2)’L, (¢€Ste)'™)},
{XIa, 0((oSt)3L, (7))}, or {0(mp 1, Tp2), 0((7p1)'", (7p2) L)} where 7€, 711, and ma,, stand
for unitary supercuspidal representations of GL2(Qp) such that 1, o T p, 0 i a quasi charac-
ter of Q) and § is a quadratic character of Q. Here 6 is the local theta correspondence from
GSO(4) or GSO(2,2) to GSpy (cf. Section 4.3 of [21]).

Proof. First we remark that the L-packet of any generic supercuspidal representation which is
not in the image of the local theta correspondence from GSO(2,2) is a singleton since it has an
irreducible L-parameter. Such a representation never appears in this setting. Then by using Table
A.1 of [31], Proposition 2.3, and local Langlands classification [8], one can list every non-generic

representation whose L-packet is not a singleton (see also Section 2.4 of [31]). g
Put K(p") := (14 p"M4y(Zy)) N GSp4(Z,) for a non-negative integer r.

Proposition 2.5. Let m, be the representation as in Proposition 2.3. Assume Conjecture 1 of
[13] and that the L-packet of m, consists of two members. Assume further that (p,11!) =1. Then
dim wf(pr) = O(p”") when p" goes to infinity.

Proof. Under Conjecture 1 of [13], one can see that m, is one of representations in Corollary
2.4. Except for representations obtained by the local theta correspondence it is a constituent of
a normalized induced representation Indg?&tg@p) X where x is a quasi character of B(Q,). Let
Y1, --.,% be a complete system of the double coset representatives of B(Q,)\GSp4(Qp)/K(p").

Then (Indg?&g(@p )X)K (P") is generated by the following functions:

SEB)X(0), if g = byik € BQ,)K ("),

0, otherwise.

filg) =

so that y is trivial on B(Q,) Nv;K(p")y; ' Therefore we roughly estimate

dim 78 < dim (Ind 50 %) K0 <t = 4 B(Z/p Z)\GSpa(Z/p'Z) = O™
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Let us suppose that m, = 0((oSt2)', (0€St2)'), or m, = O((oSt)3", (o7°)H). Put 7 =
oSty X 0€Sty or T = oSty X o7, respectively. Recall that (p, 11!) = 1. Then one can apply the
argument in Theorem 4.2 of [21] which gives us a similar estimation:

dim K@) = YOUEHWP) L o k) Z o0

~ vol(K(pr)) p*r
where Ky (p") := Ker(H (Z,)—H(Z,/p"Zy)) for a unique endoscopic subgroup H = GSO(2, 2)

in GSpy (see Section 4.3 of [21]). The remaining case is similar to this case. O

The following lemma will be used to define a non-canonical map (2.1).

Lemma 2.6. Let m, be as in Corollary 2.4. Assume that L-packet of m, is not a singleton and let
{mp, mp} be the L-packet where T, is non-generic and 7y is generic. Then for a positive integerr,
(T K@) £ 0 (resp. (Wzg,)K(pmaXH’r}) #0) if (mp)KP") £ 0 except for the case of m, = VIb (resp.
for the case of 1, = VIb).

Proof. We prove this lemma case by case and all cases are given in Corollary 2.4. Let us first
consider the type VIa and VIb. Then mj = 7(S, 1/_%0) and m, = 7(T, 1/_%0). By definition
7(T, 1/_%0) =o®7(T, 1/_%) and (S, 1/_%0) =0 ®7(S, 1/_%). Therefore the character o should
be trivial on 1+ p"Z,. Note that 7(S, 1/_%) (resp. 7(S, 1/_%)) is of paramodular level 4 (resp. 2).
Since the paramodular subgroup KP%(pt) contains K (p') for any positive integer ¢, the claim
follows.

In the case of VIIIa and VIIIb, by Table A.4 of [31], both of their Jacquet modules along
the Klingen parabolic subgroup are 1 x m where 7 is a unitary supercuspidal representation of
GL3(Qp). The claim follows from this.

Next we consider the case m) = Va = §([€, v€], 1/_510) where £ is a quadratic character. Clearly
o is trivial on 1+ p"Z,. If {0 is ramified, then §([¢, v€], 1/_510) =0 ®4([¢, v€], 1/_51). The claim
is now easy to follow. The other remaining case is done similarly.

For the level of theta correspondence we can apply the argument in Theorem 4.2 of [21]
regarding the transfer of some Hecke elements with respect to congruence subgroups and the

claim follows from this directly. U

2.4. A non-canonical map between stable forms. Throughout this subsection we assume
Conjecture 1 of [13] as in Proposition 2.3 and Arthur’s classification for GSps (which will be
completed soon). Under these assumptions we relate holomorphic stable forms with globally

generic stable forms. According to Lemma 2.6 we also assume that ord,(N) > 4 when a prime
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p divides N. Let m = ®,m, be a cuspidal representation which comes from a Hecke eigen form
in SEtablO(F (N)). Let 7, := D}?f(l)z be the large discrete series with Harish-Chandra parameter
(l1,l2) = (k1 — 1,ko — 2) (see Section 2.3 of [49]) and we denote by Slargo( I'(N)) the space of
C*° Hecke eigen automorphic forms whose representation of GSp4(R) is isomorphic to D}?flgzo
and which give rise to globally generic representations. We say an element of this space a
globally generic form. Let SE*(I'(N)) be the space of globally generic forms. For 7 = ®@,m, €
SEtablO(F (N)), we define the finite set S of primes p so that the L-packet of 7, is not a singleton

and 7, is non-generic. We denote by 7y the generic representation in the same L-packet as m,

for p € S. Since 7 is stable, by Arthur’s classification for GSpy (cf. line 5 in p.11 of [40]), the

largo
l1 1, @ ®7T ® ®7Tp
peES pgS
is an automorphic cuspidal representation which is generic everywhere. Then by Proposition 2.3,

admissible representation

this is a globally generic representation so there is a unique distinguished vector FY in 9. The

uniqueness follows from [12]. Therefore we have a non-canonical map
(2.1) T9 : SUP(D(N))—SEE(D(N)), F s FY.

Note that TY takes the forms with respect to I'(INV) by Lemma 2.6. For any subset S’ C SU {oco}
one can also consider 7(5") := @,cs T @ @), z5 T Which is also automorphic. Similarly we have
a non-canonical map 7'(S") from SEtablO(F(N)). There exists 21! maps for T'(S").

We will exploit this map to estimate the number of functorial lifts with the following proposi-

tion.
Proposition 2.7. Under the assumptions in this section, dim KerT9 = O(N8+¢).

Proof. Let .Aztablo(F (N)) be the space of automorphic forms on GSp4(A) which corresponds to
SpPe(T(N)). Then by [21, (2.17)], dimAZ*P(T(N)) = @(N)dimS;*P*(T(NV)). Hence the
contribution from adelic forms to classical forms is differ by ¢ (V). Proposition 2.5 implies that
the dimension of the adelic version of T9 is O(N?). Since 215l = O(2¢(N)) = O(N¥?), the claim
follows. U

2.5. Symmetric cube lifts. There is a functorial lift from G Lo to GL4 which is called symmetric
cube lift constructed by Kim and Shahidi [20]. For an elliptic cusp form f of weight greater than
2, let I be the image of 7y under the symmetric cube lift. Then it descends to a unique globally
generic cuspidal representation II; := Sym®m; of GSps(Ag). We say F € HER(T(N)) is a
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symmetric cube lift if 7p), ~ I, for almost all prime p # oo and an elliptic cusp form f. We
denote by Si(I'(N), x)"P¢ the space generated by all symmetric cube lifts in S(T'(N), ).
In what follows we will try to estimate the dimension of this space. We can define the following

map as in (2.1):
(2.2) T9:=T](N,x) : SF"(T(N), x)—Sp " B (N), x), T(F) = F9

where SEtablO(F (N), x) is the space generated by all Hecke eigen stable forms in Si(I'(N), x) and
SEOH_E’gg(F (N), x) is the space generated by all non-endoscopic globally generic Hecke eigen forms
in Sig(F(N), X)-

Let SgubO(F(N), X) (resp. Sgubo’ 8(I'(N), x)) be the space generated by all symmetric cube
lifts (resp. all generic symmetric cube lifts) in SgubO(F(N), x) (resp. SEE(T(N),x)). It is easy
to see that SCP(D(N), x) C SFP(T(IV), x) and S B8(D(N), x) € E*EOH-Evgg(r(N), x). Fur-

thermore 7Y induces a surjective linear map
T9 : SPUP(T(N), x)— S, BT (N), X).
Then we have
Theorem 2.8. Fix a weight k. Then it holds that
dimS; "9 (D(N), x) = O(N*F9)
as N — oo with (N, 11!) = 1.

Proof. Let F be a globally generic Hecke eigen cusp form in Sgubo’gg(l“ (N), x). By Lemma 9.1 of
[21], the conductor of 7p is bounded by N%. On the other hand, if 7p = Sym?r; for an elliptic
cusp form f, by applying Theorem in Section 6.5 of [2] to Sym27Tf and ¢, the lower bound of

the conductor of 7p is given by

c(myp)(e(mp)® = c(my))
c(my)

= c(mp)? — c(my)

since Sym?n; K7y = Sym®r; By ® wr,. Hence we have that ¢(mf) = O(N?). The first claim
follows from this with the dimension formula for the space of elliptic cusp forms with respect to
I'1(N?) for a fixed weight. O



HECKE FIELDS AND n-LEVEL DENSITY 11

2.6. Automorphic induction. In this section we are concerned with Automorphic induction.
For a quadratic field K/Q, there is a functorial lift from GLy/K to GL4/Q which is called
Automorphic induction (some of people say an Asai lift). To descend it to a globally generic
representation of GSp4, the central character w, should be invariant under the non-trivial element
o in Gal(K/Q). Hence wy = w o Ng /g for a character w : Q*\A*—C*.

When K is a real quadratic field, then for any Hilbert modular cusp form f of weight (k1 +
ko — 2,k1 — ko + 2) one can construct a generic cuspidal automorphic representation whose
representation II at infinity is isomorphic to D}?flg; with (I1,02) = (k1 — 1,ko — 2). We say
F € Sp(I'(N)) is an automorphic induction if 7 is weakly equivalent to such a II.

Similarly one can consider an automorphic induction for an imaginary quadratic field K.
However by [9] if F' € S(I'(IV)) is given by such a way, then kz has to be 2 which contradicts
with our condition ko > 3. Therefore we have only to consider only contributions from Hilbert
modular forms for real quadratic fields.

Let SgI(F(N), X) (resp. Sgl’gg(F(N), X)) be the space generated by all automorphic induction
(resp. all generic automorphic induction) in Sk(T'(N), x) (resp. SpE(T(N), x)). It is easy to see
that SﬁI(F(N), xX) C Sztablo(F(N), x) and Sﬁl’ 88(I(N), x) C Sig_’non_E(F(N), X). Furthermore

TY induces a surjective linear map

T9 : SPUT(N), x)— Sy #5(T(N), x).

Then we have

Theorem 2.9. Fiz a weight k. Then it holds that
dimSp 8 (D(N), x) = O(N'2 )
as N — oo with (N, 11!) = 1.

Proof. Let F be a globally generic Hecke eigen cusp form in S,?I’largC(F (N),x). By Lemma 9.1

of [21] again the conductor of 7p is bounded by N?. Assume that 7 comes from a unique

Hilbert cusp form for a quadratic field K with the weight (k1 + k2 — 2, k1 — ko + 2) and the

1o, 1

level A C Ok with a character x’ so that x’x’ = x. By comparing the conductor we have
DN /g(A) = O(N*) Then we have

dimSy (TN, ) = O(NT YT (k(-1))
D |N
K :real quadratic
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by Shimizu’s dimension formula in [42].

2 3
Now for a real quadratic field K, (x(—1) = %D 7 by the functional equation. Since
(=3
(k(2) < ((2)%
3 .
2 NEte

Y. k()< ) D
DN

Dy |N
K :real quadratic

O

2.7. Asai transfer. In this section we are concerned with the Asai transfer which is a transfer
from GLy/K to GL4/Q for an etale algebra K of degree 2 over Q. When F' = Q @ Q, it is the
Rankin-Selberg convolution product. When F' is a field, it is called the Asai transfer. In the
former case, given a pair (7, m2) of two cuspidal representations of GL2(Aq), the automorphic
product 7 X 7o descend to a unique globally generic representation of GSp4 only when one of
m;’s should be dihedral. (See [15].) When K is a field, the Asai transfer As(w) of a cuspidal
representation m of GLy/K descend to GSpy only when 7 is dihedral. We say F' € Si(I'(N), x)
an Asai lift if 7p is weakly equivalent to such a representation of G.Sp,.

We denote by S,?S&i’ non_E(F (N), x) the space generated by all non-endoscopic Asai lifts in
Sptable(D(N), x). Si;nilarly we can define Sgsai’ non-E 88(D(N), ). As in the previous section we

have a surjective linear map

TY . S]?sai,non—E(F(N)’ X) _’S]?S&L non-E, gg(F(N)’ X)'

By using this map we have

Theorem 2.10. Fiz a weight k. Then it holds that
dim 51" FH(N), x) = O(N®F)
as N — oo with (N, 11!) = 1.

Proof. Let us first consider the case when K is not a field. Let (fi, f2) be a pair of two elliptic
cusp forms of level N1, No with characters x1, x2 so that x1x2 = x but one of them is a CM form
(say, f2). Note that once we fix an imaginary quadratic field defining f,, then the character of f,
is fixed and so is fi. As in the previous proposition, we have N1 Ny < N4 by Theorem in Section
6.5 of [2]. Therefore we have only to consider

> > h(a’D) - dimS} (To(N*N 1), %),

N1 |N4 aZDK |N1
K:imaginary quadratic
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where a? is the square factor dividing N7, and * is a fixed character and h(a?Dy) stands for the
class number of the binary forms with discriminant a?Dy.
Now for a fixed k; and Ny, dimSl,i1 (To(N*N7Y) = O(NAN[ 1), and
2 Dk, 4 lie 1+e
Me*Di) = hica [J(1 = (FE9p7) < |Dclal
pla

Hence

. _1.,
dim SAsau7 non-E, gg T(N), x) < NAN1 ad Lie < N4 N 5t < Nite
k 1 1
Ni|N4 a2d|Ny Ni|N4

When K is a field, then there exists a quartic field L/Q which contains K such that 7p is
weakly equivalent to AIé(T) for some Hecke character 7 : Af/L*—C*. By comparing the
conductor we see that Dp Ny g(c(t)) = O(N*) where ¢(7) is the conductor of 7. Hence we
need to count the number of such Hecke characters. Given a quartic field of discriminant d,
Npg(e(r)) = O(N*d|™"). Given a positive integer n, there are O(7(n)) integral ideals of norm
n, where 7(n) is the number of divisors of n. Given an ideal a, there are at most N(a)hy,
Hecke characters with the conductor a. Therefore, given a positive integer n, there are at most

1
nt(n)hr < n“’EDz+E Hecke characters. Hence the number of Hecke characters in question is

1
< Z (N4|dL|_1)1+EDZ+E < Nite Z Dy, —5+e
|Dp|<N4 |Dp|<N4

Let N(d) be the number of quartic fields of discriminant |d| which contains a quadratic subfield.
Then 34 <, N(d) < z ([6]). Hence by partial summation, the last estimation becomes O(N6+€),

Hence our result follows. O

2.8. Proofs of main theorems for Hecke fields. We are now ready to prove main theorems.

Before going into proofs we give a precise definition of genuine forms.

Definition 2.3. Let F' be a Hecke eigen Siegel cusp form of weight (ki,ks), k1 > ko > 3 which
1s neither a CAP form nor an endoscopic lift. We say F' is a genuine form if the corresponding
automorphic representation wr is not weakly equivalent to any of a base change lift, an Asai lift,

and a symmetric cube lift.
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By using results in the previous section, Theorem 1.1 and 1.3 of [21] hold if we replace

HEL(N, x) with the subset {F' € HEL(N, x) | F' : genuine}, since

{F € HEy(N, x) | F : non-genuine} = O(dim Ker(7Y)) 4+ dim Sgubo’gg(F(N), X)

+ dim S2UE8(D(N), x) 4 dim S5 ES8(T(N) ) = O(NBH).

This proves Theorem 1.1.
Theorem 1.2,1.3 follow from the argument in Section 6.2 and 6.3 of [45] with Theorem 1.1 of
[21].

3. (GALOIS REPRESENTATIONS FOR GENUINE FORMS

In this section we characterize a genuine form in terms of Galois representations. Let F' be a
Hecke eigen Siegel cusp form in Si(I'(/N)) which is neither CAP nor endoscopic. By Laumon-

Weissauer, for any prime £ there exists a unique irreducible Galois representation
pre: Gg := Gal(Q/Q)—GSp,(Qy)

such that det(Iy — X ppe(Frob,)) coincides with the Hecke polynomial at p for any prime p { N
(see (2.13) of [21] for Hecke polynomials). Since 7p is weakly equivalent to a generic cuspidal rep-
resentation of GSpy, it can be transfered to a cuspidal representation of GL4. The irreducibility

of pry follows from this fact and the main result of [3].

Theorem 3.1. The notation being as above. Then F is genuine if and only if the Zariski closure

of the image of pry contains Spy for all but finitely many L.

Proof. Let Gy be the Zariski closure of the image of pr¢. By Corollary 4.4 and Proposition 4.5 of
[3] one of the following cases happens: (1) Gy contains Spy; (2) Gy is contained in the subgroup
GSO(2,2) = GLyx GLy/GLy of GSpy; (3) Gy is contained in the subgroup Sym®G Ly of G Ly; (4)
pre is an induced representation of 2-dimensional Galois representation associated to a Hilbert
modular form for a quadratic real field; (5) pr is an induced representation of a character.

By Theorem 8.7 for all but finitely many ¢, the reduction pp, is irreducible. In the case
(2), there exists a 2-dimensional irreducible Galois representation py : Go—GL2(Qy) such that
PFe = Sym®p,. The irreducibility of ppy implies that of p,. Therefore p, is modular by Serre
conjecture due to Khare-Wintenberger [17]. It follows that its image contains S Lo(Fy) otherwise

Sym?®py is reducible. Hence p is absolute irreducible even if we restrict it to Go(¢,)- Then by
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Kisin [18] for the ordinary case and Emerton [7] for the non-ordinary case, p, is modular. Hence
the case (2) corresponds to a symmetric cubic lift.

We now assume that F' is genuine and ppy does not contain Spy for infinitely many ¢. We
denote by X the set of such primes ¢. The cases (3), (4) and (5) are excluded since F' is genuine
with the argument above in the case (3). Then by applying Theorem 1.0.1 of [27] for a sufficiently
large ¢ € ¥ (note that they used the notation SGO(4) instead of GSO(4)), we see that F' is a

Rankin-Selberg convolution which contradicts with the assumption on F'. O

4. SIMULTANEOUS VERTICAL SATO-TATE THEOREM

Let F € HER(T'(N), x)™. For a prime p{ N, let app, br, € [—2, 2] be Hecke eigenvalues as in

[21]. Recall also the measure

1y = fo(2, )97 (2,9)9, (,y) - s

on Q :=[-2,2]?/G5 (the non-trivial element in &y acts by (z,y) — (y,z) on [-2,2]?), where
p+1)? r—y)? x2 Y2
fp($7y): 2 ( ) 2 7#232% 1—— 1__7
1 9 1 9 0 4 4
(vo+5) —=) ((vp+35) —v

p+1
<\/]3+ﬁ>2—2<1+%i\/ —%/1—%)

Let C°(Q,R) be the space of R-valued continuous functions on . Then we can generalize

g5 (z,y) =

Theorem 1.4 of [21] to finitely many primes.

Theorem 4.1. Let p1, ..., p, be distinct primes. Then for f € C°(Q",R),

1 r
s ( ) Z f((aEpl’vapl)"”’(aF7PT7bF7Pr)) :/ f((l'lvyl)v"'a(:ETvyT))HdluPi
BN X FeHER(T(N),x) o i=1
O((p1---pr)*¢(N)N~2), level aspect

(prp)? (p1-pr)" :
0 (((kl—szfx/fl—l)(kz—z)) +0 (((kl—kﬁlfkﬁkz—s)) , weight aspect

for some constants a,b,c > 0.

Proof. Take S’ = {p1,...,p;} in Proposition 5.3 of [21]. Then we can follow along the proof of
Theorem 1.3 of [21] by using Theorem 6.4 and 6.5 of [21]. O
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5. n-LEVEL DENSITY OF DEGREE 4 SPINOR L-FUNCTIONS

Katz and Sarnak [14] proposed a conjecture on low-lying zeros of L-functions in natural families,
which says that the distributions of the low-lying zeros of L-functions in a family § is predicted
by a symmetry type G(§) attached to §: For a given entire L-function L(s,7), we denote the
non-trivial zeros of L(s, ) by % + v/—17v;. Since we don’t assume GRH for L(s, ), ; can be
a complex number. Let ¢(z1,...,x,) = [[j=; ¢i(xi) be an even Schwartz class function in each

variables whose Fourier transform Qg(ul, .oey Up) 1s compactly supported. We define

n * log ¢ log ¢ log ¢
D( )(7T7¢):Z ¢<’7j1 y Vio yer e Vg

J1ssdn 21 21 P o

where Z;M is over j; € Z (if the root number is —1) or Z\{0} with j, # +j, for a # b, and
¢ is the analytic conductor of L(s, 7).

Let §(X) be the set of L-functions in § such that X < ¢, < 2X. The n-level density conjecture
says that

1
lim

") (. ) = . .
dm e 2 DU = | @W(GE)) dr,

TeF(X)

where W(G(F)) is the n-level density function.
There are five possible symmetry types of families of L-functions: U, SO(even), SO(odd), O,
and Sp. The corresponding density functions W(G) are determined in [14] (cf. [34]). They are

W(U) (:E) = det(Ko(:Ej, ;Ek)) 1<j<n ,

1<k<n

W (SO(even))(x) = det(K1(xj, k)) 1<j<n ,

1<k<n

W(SO(odd))(x) = det(K_1(xj, xk)) 1<j<n + Z d(xy)det(K_1(zj, k) 1<j2v<n,
1Sk<n - A~ 1<k#v<n

W(Sp)(z) = det(K_1(xj,2r)) 1<j<n, W(O)(x) = %(W(SO(even))(:n) + W(SO(odd))(x)),

1<k<n

sinm(x — y) Esmw(:n—l—y)’ ce (41,00,
m(x = y) m(z +y)
We will study the family of degree 4 spinor L-functions L(s, 7, Spin) for F' € HER(N). We

where K (z,y) =

may assume that 7r is not a CAP form. (For a CAP form, |ap(p)| < 4p% and |ap(p?)| < 4p in
(5.2). Hence if the support of ¢ is smaller than (—1,1), then the sum over p in (5.2) is O(N).
But the dimension of the space of CAP forms is O(N7*+¢). Hence it is negligible.)
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Let L(s,mp,Spin) be the degree 4 spinor L-function. Let
a ~
L(s,mp, Spin) = Z Ar(n)n™2.
n=1

It satisfies the functional equation:

s ki+ ko —3

ki —k 1
A(s,mp, Spin) = q(F)2T'c(s + 5 F1—rp A1

We(s+ 5

A(S, TF, Spln) = E(WF)A(l -5 TF, Spln)7

)L(S, TF, Spln)7

where e(mp) € {£1} and N < ¢(F) < N*.
Let ¢ be a Schwartz function which is even and whose Fourier transform has a compact support.
Define

D(WFv ¢7 Spln) = Z ¢ (;_71: log CE,N) )
TF

where log cx v = 71 ZFGHE&(N) log ¢(F) for k = (k1, k2), and c(F) = (k1 +k2)?(k1—ka+1)q(F)

dg,N

is the analytic conductor. We showed in [21] that

= % Dlrre,Spin) = 30) + 50(0)+ 0
EN perE ()

w(N) >
logegn )’
where w(N) is the number of distinct prime factors of N. So the possible symmetry type could be
0, SO(even) or SO(odd) but we cannot distinguish them because the support of ¢ is too small.
In order to distinguish them, we need to compute the n-level density.

Let Ap(p™) be the eigenvalue of the Hecke operator T'(p") for pf N. Here T'(p") is the sum of
Hecke operators Ty, for m = text(p®, p®2, p~@1+r p=a2¥r) where 0 < as < aj < k.

ki1+ko—3

Let T(p") =T (p")p™™ 2 . Then

L(S, TF, Spln) = L(S - %7 F, Spln)7
and L(s, F, Spin) = [[ Qr,(p~) ",

QF,p(t)_l _ (1 _pk1+k2—4t2)—1 Z /\F(pn)tn‘

n=0

Therefore
L(S, TF, Spln) = H Q/F,p(p_s)_lv
where

Qrp(®)™ = (1=p )71 Ne(p™)t".
n=0
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Hence Ny(p) = N (p), and

p 2T NR(p?), if nis even

Wl
+
) M I3

b

P =
Zp_anlJri/\/F(pziJrl)’ if n is odd
i=0

Therefore by [21, Theorem 8.1], we have the following. Note that 77(p?') is a sum of Hecke

operators and only 7T’ ; B, contributes the main term p~—3%.

Theorem 5.1. Put E: (k‘l, k‘g), k‘l > k‘g > 3.

(1) (level-aspect) Fix ki, ka. Then as N — oo,
1 - %: pE 4 O(N~=2p°), ifn is even
— > A= ,
EN penp, (N O(N~2p°), if n is odd
for some constant ¢ > 0.
(2) (weight-aspect) Fiz N. Then as ki + ko — o0,

—d

1 Z /N\F(p”) _ iE:O p 2240 ((/ﬂ—lz))(kz—?)) +0 ((kl—kz—l-f)(h-l-kz—?))) , fn is even

7d . . ’
FeHE(N) (0] (W) +0 <(k1_k2+§’)(k1+k2_3)> , if m is odd

for some constants c,d > 0.

dg,N

Since Ap is multiplicative, we have proved Theorem 1.4.

For one-level density, the root number e(7r) did not play a role. However, higher level density
depends on the root number.

Let S,jc(N) be the subspace of Si(/N) with the root number e(rp) = £1. Let HE;E(N) be a
basis of rS’éE(N ) consisting of Hecke eigenforms outside IV, and denote |H EE(N )| = diN.

When ]:7 =1 (i.e., level one case), we have () = (—1)*2 ([39]). (In this case, k1 — ko should
be even.) Hence HEg(l) = HEj(1) when ks is even, and HE; (1) = HE(1) when ks is odd.

However, when N is large, we expect

Conjecture 5.1. dif \, = 1di, N +O(N2), and Theorem 1.4 is true for each subspace HES(N),
k,N 2 Yk, k

namely, for example, in level aspect, (m = Hp pvr(m) )

1 -
d+— Z /\F(m) = 5Dm_% H(l —|—p_2 + .. _|_p_vp(m)) + O(N—2m0)’

EN peHE(N) plm
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We assume Conjecture 5.1 in this paper.
The calculation of the n-level density is well-known. But for the sake of completeness, we give

an outline. We follow closely [5], [34].

5.1. The case ¢(mp) = 1. We denote the non-trivial zeros of L(s, 7, Spin) by op; = % +
vV —1vF;. Without assuming the GRH for L(s, 7f, Spin), we can order them as

- < Re(yr-2) < Re(yr-1) <0< Re(vr1) < Re(yr2) <

Let ¢(z1, ..., pn) = d1(x1) - - - dp(x4,), where each ¢; is an even Schwartz function and <;A5(u1, ey Up) =
b1 (uq) -+ q@n(un) For a fixed n > 0, assume the Fourier transform ¢; of ¢; is supported in

(=Bn, Bpn) fori=1,...,n. (B, < 1 can be explicitly determined.) The n-level density function is

1 D™ i)=Y . . R
(5 ) (7TF7 ¢7 Spln) Zjl,"' 7]n¢ (7]1 o Via o y Vin ot

log C&N log C&N log C&N >

where Z; j Isover j; = £1, £2, .. with j, # +jjp fora # b, and log cx v = d+ ZFGHEIj(N) log ¢(F)
eesdn = k,N k
for k = (k1, k), and c(F) = (k1 + k2)?(k1 — ka + 1)2q(F) is the analytic conductor. Let

/ o0

L
—f(s,m:, pin) ZA

Recall the one-level density function ([21], page 68):

(5.2) . > D(l)(WFaQSpin):(g(O)—# 3 ZaF A( log p >

di nloge logec
k,N FeHEy(N) kN IOBCEN p HE(N) p & Ck,N

2 ap(p ( 2logp > ( 1 >
- +0 :
d&N log C&N Z Z log C&N log C&N

FEHER(N) P

Let L run over all ways of decomposing {1, ..., n} into disjoint subsets [L1, ..., L,]|. Let v = v(L).
Foreachl=1,...,v, let &; = HiESl ;-
By Rubinstein [34],

1
(5.3) i Z D™ (7p, ¢, Spin) = i
k,N FGHE+ k

Z Z n v(L)
HE!, L

N pe

v(L)

2 2 1
- o — i —21(P) - 21.2(®
H (| L] = 1) (/R (x)dx oz 11(®0) 1og can 12(®1) + 0 <loch,N>> ;

=1
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where
ar(p) logps (_logp
(P = Z ( >
> p log Ck,N
2)
ar(p logpA 2logp
Yio(®) = Z P, ( > .
> log C&N
Note that

2 2 1
o)(x)dz — S (®)) — L12(®1) = DY (mp, ®1) + O '
/R ((z)de log g v 11(2) log ¢k, v 12(%) (e b0+ log e,

We show, following Lemma 2 in [34], that we can ignore O <m

> terms in (5.3).

Lemma 5.2.

v(L)

& 2 2
Z H / de’ — El,l(q>l) — El,2(q>l)
o o log Ck,N log Ck,N

v(L)
(& 1
; U< D m:,@)) ()(bg%N).

_|_
kNF

1
+
kN

We prove two lemmas analogous to Claim 2 and Claim 3 in Rubinstein [34].

Lemma 5.3. (Claim 2 of [34])

~ logm; _
DY H ><1>l, 1087 ) o gt (logen)®
+ m;>1 ! logCEJV -
FEHE[y ™2

where m;’s are a prime or a square of a prime.

Proof. By changing the order of the sums, we need to consider, for pi,po, -+ ,Dr, G1,q2, - , G,

distinct primes,

(5.4) S ar(e)® - ar(p)Tar(@) ™ - ar(@),
FeHE]
where ey +---+e +71+- -+ =a
Now, by rearranging, if there exists e; = 1 for some ¢, we can assume that e; = --- =€, = 1 and

ep+1 > 1,...e;, > 1. Then use the fact that Ap(p)® =7 ciAr(p?) for some constants ¢;. Hence



ap(p1)®
D1,

--ap(pr)rap(qf)™ -

.., pp. Hence by Theorem 1.4, (5.4) gives rise to an error term. So we have the result.
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-ap(g?) is the sum of Ap(p1 - - - ppn), where n is not divisible by

Suppose e; > 1 for all i. Then e; > 3 for some ¢ by assumption. Then we have the result by

using the bounds (]

5, (4.10) and (4.11)]) :

R7, ifi=1
a ‘(log p)*
(5.5) 3 M <{ (logR)? iti=2 ,
0(1), ifi >3
214 (1 J O(logR), ifj=1
(5.6) jg: lar(p )y; ogp) < (log R) J
p<RAn /2 p o(1), if j > 2
O
Lemma 5.4. (Claim 3 of [34])
a l
1 -2 A( mj ap mj logm;
—_ o
di v <IOngN> 2 2 11 " \logegv
= - FeHES, ™zl  \Jj=1 =
K, mimg---mg=
= ((5)7 11 fseom]) (Seo 1T :
= ®;(u)du 2l521/2 /|u|<I> (u)du +0<
55C5S leSs log ¢, v
|So| even
where m;’s are a prime or a square of a prime, and S = {l1,...,la}, D s,cs s over all subsets

|So | even

Sy of S whose size is even, and ZPZ 1s over all ways of pairing up the elements of Ss.

Proof. First of all, in (5.4), if e; > 4 or ; > 2 for some i, j, then by (5.5) and (5.6), those terms

are majorized by d;’ y(logey, ~)% 1. Hence we only need to consider the sum

>

FeHE

where 2r + t a.

We use the fact that ap(p)?

ap(p?)=—-1+p!

We define

x (polynomials in p~—*

Apo(P)) =

ar(pr)®---ar(p,)’ap(qi) - -ar(q),
In this case, So = {l1,l9,....lar—1,1l2:}, and S = {l1, ..., l2r, l2r11, -y Lo}
= 14 p~! x (polynomials in p~!)4sum of Hecke operators, and
)+sum of Hecke operators. O

1
2172(<I>l) + Z<I>l(0) 1och7N.

)
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Since [, ®i(x)dx = <T>l(0),

v(L)

(5.3) = —— Z Y (2B T (E -
=1

kNFH L

- 1 2 2 !
A (@10) + Z@(0) ) - 1 () — Au2(®) | +0 '
(( 1(0) + 5 ®i( )> Togenn 11(®1) Togenn 1,2( l)> + (logCE,N>

The following three lemmas enable us to find an explicit expression for (5.3).

Lemma 5.5.

1

1 -2 @

—_ | AVACIC R ERRVAVERYC T8

dEN (loch,N> F€%+ v2(®) (%) < log cp N
kN

Lemma 5.6.

L(iy Do Sua(®@) (PN 2(Bry ) - A 2(Pr,) = O( : >

d v \logcp N log ¢, v
kN = FEHE] k,

Lemma 5.7.

1 —2 \¢
i (7) > Sa(®y) T (Pr,)
kN

log Ck.N
- FeHE

a
a e e 1
22 /u@la,u@,udu—l—O( >, if a is even
D2 I i, 08, )+ 0 e

> , otherwise.

<log C&N
Here ZP2 is over all ways of paring up the elements of {1,2,...,a}. If a = 2r, it runs through

(20)

products of 2-cycles of the form (l1l3) - - - (lap—1loy). There are ool of them.

Therefore, we have proved

Theorem 5.8.
v(L)

61 —— 3 D6 8pin) = S (-2 [] (17| - 1)
L I=1

EN pengt,

H(%)%qn >> Z?SH/lul% ), (u) du +0<10giw>

lese

=

S even



HECKE FIELDS AND n-LEVEL DENSITY 23

where S runs through the subset of even cardinality in {1,...,v(L)}, and ) _p, is over all ways of

pairing up the elements of S.
We summarize it as

Theorem 5.9. Let ¢(z1, ..., x,) = ¢p1(x1) - - - dn(xy), where each ¢; is an even Schwartz function
and Q@(ul, e Up) = <ZA51(U1) . q@n(un) Assume the Fourier transform le of ¢; is supported in
(=Bn, Bn) fori=1,--- n. Then

% Z D™ (7, ¢, Spin) = . d(x)W(SO(even))(x) d:n—l—O(
r n

d
EN peHE}

o)),

log Ck,N

5.2. The case ¢(np) = —1. If e(wp) = —1, L(s, mp, Spin) always has a family zero at s = % By

Rubinstein [34], the n-level density function is

. * logep,y  logern log cx, v
lﬂnNWFM#SPHUZ:E:ﬁ_“j;ﬁ<7h S

_ Z* ¢ . IOgCE,N ' IOgC&N ' 1Och7N
B 170,guz0” \ o T g Ty

n
* log C&N log C&N log C&N log C&N log C&N
i szuzo,jﬁo,kﬁ(%l S L T T A

v=1

By Rubinstein [34], the first term gives rise to

1 * log Ck,N log Ck,N log CluN
A 2 Zjl?’éo"~~vjn¢0¢ (Wl o T oL o Tin T g
kN FeHEiN

v(L)
_ — 25 1(®;)  2%9(P) 1
= —2)nv(L) B — 1) ®,(0) - == o= — 0
zL:( ) EO = ( 1) logeg,n  logep,n {0)+0 log cg, v
= Z( 2)""’(L)lﬁ)(|F| ! ®5(0) 1s (0) 2Y1(®)  2402(P) L0 1
- L =1 l ' : 2 log ¢, v log cg, N logegn )

It is equal to

v(L)
S @ T (Ef -1 Y (H (Fit0- %@(0)))
lese

L =1 Seven

181
51 — = 1
. 272 ® o
SR L [ i @ | +0 ().
o) = K.
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which equals the n-level density of the symplectic type.

We summarize it as

Theorem 5.10. Let the notations be as in Theorem 5.9. Then

b (n) LN w(N) >
o Fe% DY (mp, ¢,Spin) = - ¢(z)W (SO(odd))(x) dx + O <log v )

6. n-LEVEL DENSITY OF DEGREE 5 STANDARD L-FUNCTIONS

Let L(s,mp,St) be the degree 5 standard L-function. Let
o
L(s, 7,8 = 3 pp(mn™.
n=1

It satisfies the functional equation: Let A(s,mg, St) = q(F,St)2Tr(s)Tc(s 4+ k1 — D)Te(s + ky —
2)L(s, 7, St). Then

A(s, mp,St) = e(mp, St)A(1 — s, TR, St),

where e(mg, St) € {+1} and N < ¢q(F,St) < N?8. Lapid [24] showed
Proposition 6.1. Let g be as above. Then e(mwp, St) = 1.

In fact, Lapid proved it only for globally generic cusp forms. However, holomorphic cusp
forms are always in the same L-packet with a globally generic cusp form. Hence the result
follows. Because of the above proposition, we expect that the symmetry type of L(s, mp, St) is
Sp. However, we need the following conjecture. We showed it in [21, Proposition 9.5] when m is

of the form m = p{* - - - pf, where p;’s are distinct primes, and a; = 1, 2 for each i.

Conjecture 6.1. Put E = (k‘l, k‘g), k‘l > k‘g > 3.

(1) (level-aspect) Fix ki, ko. Let m = Hp|mpvp(m). Then as N — oo,

1 — - 2 ¢
. Z pr(m) = H(5p,m +p "h(p™h) + O(N*m"),
EN penp, (N plm

Hore 5 1, ifvp(m) is even
where 6y = ;
0, otherwise

and h is a polynomial with integer coefficients and ¢ > 0 is a constant.
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(2) (weight-aspect) Fiz N. Then as ki + ko — o0,

1 _ _ me m¢
e 2 ) = TGt h )0 ((,ﬁ - _2)>+o ((,ﬁ R 3)> |

FeHE(N) plm

Let

/

L o
-7 (s, mp, St) ;:IA

We use the fact that bp(p)? = 14p~! x (polynomials in p~1)+sum of eigenvalues of Hecke operators,
and bp(p?) =1+ p~! x (polynomials in p~!)+sum of eigenvalues of Hecke operators.
Let ¢ be a Schwartz function which is even and whose Fourier transform has a compact support.

Define

D(rr,6,5t) = Y6 (3= logegarn )
TF

where logcp st v = @ZFGHE&(N) logc(F, St), and ¢(F,St) = (k1ko)?q(F, St) is the analytic
conductor.

We showed in [21] that

foy 2 D0 =50)-300140 (o) = [ e spi o (2 ).

d
EN penEy (N

Let ¢(z1, ..., pn) = ¢1(x1) - - - o (x4,), where each ¢; is an even Schwartz function and <;A5(u1, ey Upy) =
b1 (uq) -+ q@n(un) For a fixed n > 0, assume the Fourier transform ¢; of ¢; is supported in

(=Bn, Bpn) fori=1,...,n. (B, < 1 can be explicitly determined.) The n-level density function is

* logcpst,n  logcg st log ¢y st, N
D(n) (7TF7 ¢7 St) = Zjl Jn¢ (7]1 2;: y Vio 2;: PR 7)112;7:

where Z;’m’jn is over j; = +1,+2, ... with j, # £, for a # b. Then as in the degree 4 spinor
L-functions, we can show Theorem 1.6. (We can prove the analogues of (5.5) and (5.6) for
br(p') from [21, Appendix]: Let IT be the cuspidal representation of G L5/Q such that L(s,II) =
L(s,mp,St). Then (5.5) follows from the fact that L(s,II x IT) converges absolutely for Re(s) > 1
and has a simple pole at s = 1; (5.6) follows from the fact that [bp(p?)| < |bp(p)|? for any p, and
the Ramanujan bound |bg(p?)| < 5p1_22_6.)
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7. PARAMODULAR FORMS

In this section, we fix a square free positive integer N. We deal with a compact subgroup
KP™(N) of level N in G(Q,), which is defined by

Kgara(N) _ $M4(Zp)$_1 N G(@p)’ €T = diag(l, 1, N, 1)7

where G means GSp, as in [21, Section 2]. We have an open compact subgroup KP*?(N) =
[, Kp**(N) in G(Agy). Furthermore, an arithmetic subgroup I'**(N) of G(Q) is given by
rraa(N) = G(Q) N (G(R)KP*2(N)), called the paramodular subgroup. An element wy, in
G(Qp) is given by

0 0 0 1
0 0 -1 0 c G(Q)

WN,p = .
P 0 =N 0 0 P

N 0 0 0
Then, the Atkin-Lehner involution on G(Q,) is provided by the double coset

K5 (N Y pKE*(N) = w pKE™(N) = KF*(N Y
Let k = (k1, k2), k1 > ko > 4, and Si(I'P*"?(NN)) denote the space of paramodular forms of weight
k with the trivial central character. Set dzara = dim Si(I'**?*(N)). Then by [11],

A = 27737357 (ky — 1) (kg — 2) (k1 — ko + 1) (k1 + k2 — 3) [ @* + 1)
p|N

+ O(N (k1 — ko + 1) (k1 + k2 — 3)) + O(N (k1 — 1) (k2 — 2)).
Here note that HP|N(p2 +1) = cyN? for some constant 1 < cy < 5.
We obtain the Hecke operator T}, as in [21, Section 8]. Define, for M|N, the Atkin-Lehner

involution wy ar on S(I'P**(N)), where wy,ar is induced from the coset J[ (5, Ky (N)wy p in

[Lpjar G(Q@p)-

Theorem 7.1. Suppose k1 > ko > 4. There exist absolute constants a and b such that for each
prime p 1 N, square-free natural number M dividing N, and m = diag(p®, p®2, p~@1hr p=azthr)

a1, as, k € 7 satisfying 0 < as < a1 < k, we have

1 paH+b
——tr(T” I'Pa2(N))) = B B k k
dZ?]I;[atr( mwN7M|SE( ( ))) 1+ 2+O((k‘1—k‘g—l—l)(k‘l—l)(k‘g—2)) ( 1+ 2_)00)7
- -
By =0(—2 ). By =0O( g )

(k1 — 1) (k2 — 2) (k1 — k2 + 1) (k1 + k2 — 3)
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ifm¢ Za(Q) or M # 1.

Proof. We recall the notations as in Sections 5 and 6 of [21]. For the trace formula, we choose a

test function f = f¢h as
h=foaf( Q@  charg,)

peS\S’'U{v|Noo}
where f denotes ( Qp|N, ptM charKgara(N)) X ( Qp|M charwNngara(N)). By the same argument as
the proof of [21, Proposition 6.3], one can show that there exist positive constants a’ and b’ such

that

k1+ko

L(f) % vol(KP"™(N)) L x [u(a)lg - = Ok — o+ 1) (ks + ko — 3))
I5(f) x vol(KP"(N)) ™ x [w(a)[g = = O (k1 — 1) (ks — 2)),
(L4(f) + Is(F)} x vol(KP™*(N) ™" x [u(a)lg 2 = O (ky + ks — 3)),

I5(f) x vol(KP(N) ™! x [(a) g * - = O@a (ky + ks — 3))
for any (ki,k2), k > 1, S', and fs o, which satisfy the conditions k1 > ko > 3, fgr o €
H"Y(G(Qg))", and N is prime to []

8.7] was used for the proof. Thus, this theorem is derived from the above estimates. O

pes D- Notice that an important result [44, Proposition

Let SEOH'C(F para(N')) denote the space of paramodular forms whose associated representations
are not related to the Saito-Kurokawa representations. We write SEAP (I'Para(N)) for the sub-
space consisting of Saito-Kurokawa liftings in Si(I'P*"*(N)) (i.e., it is called the Maass space).
Hence, SEAP (T'Para(N)) is the orthogonal complement of SEOH‘C(F Para(N)) in S(I'Pa2(N)) by
the Petersson inner product. Namely, we have an isomorphism

Spom-C(rpara 7)) o @ N (KP™2(N))
T=Too @Tfin
where m moves over automorphic representations of G(A) such that 7 has the trivial central
character, 7 is not a Saito-Kurokawa representation, 7, is isomorphic to the holomorphic discrete
series of G(R) with the Harish-Chandra parameter (k1—1, ko—2), and the subspace N (KP*?(N))
of KP*¥2(N)-fixed vectors in mgy is not trivial. By [52, Theorem 3.3] or [22, a comment for
n = 2 after Theorem A], for each above 7g, = ®y<oomy, if T, is spherical, then 7, satisfies the
Ramanujan conjecture. Hence, all spherical representations m, belong to the class I in [31, Table
A.13 in p.293] (see also [37, Table 3]). Hence, by [37, 31], one has an isomorphism
N (KP**(N)) = Q) Na, (KP*(N))

V<00
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where N, (K5**(N)) denotes the subspace of K§**(N)-fixed vectors in m,, and for each prime
p|N, m, satisfies (i) or (ii);

(i) mp is spherical and dim N, (K;™*(N)) =2,

(ii) mp is non-spherical and dim N, (K;"*(N)) = 1.
As for the case (i), the trace of the Atkin-Lehner involution on Ny (Kp**(N)) is zero. When 7,
satisfies (ii), the eigenvalue of the Atkin-Lehner involution means the e-factor of its local spinor
L-factor (see [31, Theorem 5.7.3 in p.185] or [37, Proposition 1.3.1]).

By [38], it is obvious that dp%tr(T " wn | STAT (TPa2(N))) is negligible. Furthermore, let
kN =

SEOH_C’HOW(F para( \')) denote the subspace of newforms in SEOH‘C(F para(N)). Here, newform means

that its associated automorphic representation 7 has no KP*?(M)-fixed vectors for any natural

number M such that M|N and M < N. Namely,

Szon—C,nOW(Fpara(N)) ~ @ Nﬂ_(Kpara(N))

T=Qy Ty

where m moves over all automorphic representations satisfying the same conditions as above and

mp is of the case (ii) for each p|N. Therefore, one has

(T, [Spom (TP (N))) = D (=2) M (T, | SpomC(TP (N /M)
M|N

where w(M) is the number of distinct prime factors of M.

Let S,ilon_c’now’+(F Para(N)) (resp. Szon'c’now’_(F Para(N))) denote the subspace of newforms
whose e-factors are 1 (resp. —1). By the above mentioned arguments, one gets

(T, | SponOmews (roa )

1
= & [T S e (TP () (1) (TSP O (N)))],
Therefore, if we set
dzara,now,:l: — dim Szon—C,now,:l:(Fpara(N)))’

then by [11] and Theorem 7.1,

dp e = 97837857 (ky — 1) (ko — 2) (k1 — ko + 1) (ky + k2 — 3) [[0* — 1)
p|N

+ O(N (k1 — ko + 1) (k1 + k2 — 3)) + O(N (k1 — 1) (k2 — 2)).
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Furthermore, by Theorem 7.1, there exist absolute constants a and b such that for each prime
p 1 N and m = diag(p®,p®,p~ T p=92FR) a1 a9,k € Z satisfying 0 < ay < a1 < k and
m € ZG(Q)v

1 tI‘(T/ |Snon—C,now,:|:(Fpara(N))) _ Bl + B2 + O( paH+b
dzfiifa,now,:l: mi~k (k‘l — ]{,‘2 + 1)(]{,‘1 — 1)(k‘g — 2)

).

Hence we have proved Conjecture 5.1 for paramodular newforms. Therefore, we have proved
n-level density for spinor L-functions of paramodular newforms in weight aspect (analogues of
Theorem 5.9 and Theorem 5.10 for paramodular forms).

In a similar way, we can show a simultaneous vertical Sato-Tate theorem for paramodular

forms (analogue of Theorem 4.1).
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