MAT224H1F
Summer 2021

1’0. nU?.\’ ) “‘x Tutorial Problems

Week 2
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( 1. Determine whether each of the following sets of vectors are linearly dependent or

independent:

(a) Any collection of three vectors in R

(b) {e*,sinx,cosx} in C(R) (the space of continuous functions f: R — R).
(c) {1,sin®x, cos’x} in C(R).
d) {m,e,v2} in R.

(e) {((]) 8) , ((]) (1)) , G (1)) , G })} in M;(R) (the space of 2 x 2 matrices

with real coefficients).

Prove that two vectors X and § in a real vector space V are linearly dependent if
and only if either § is a scalar multiple of X or X is a scalar multiple of §. However,
find a linearly dependent set S of three vectors in some vector space V such that no
element of S is a scalar multiple of a different element of S.

Let V be a real vector space.
(a) Prove that a subset {X,y} of V is linearly independent if and only if the set
{X + 4, X — y} is linearly independent.
(b) Prove that a subset {¥X;,%2,...,%X,} of V is linearly independent if and only if
the set {X7,X; +X2,...,X7 + - -+ + X,.} is linearly independent.

Let S be a subset of an n-dimensional vector space V and assume that S has n
elements. Prove that S is linearly independent if and only if span(S) = V.

Find a basis and compute the dimension of each of the following spaces:

(a) W:={f € span (e*, e, sinx, cosxx]) (O)—f( ) =0}

(b) For each 0 < k <n, Wy = {f € Pl = O} (Hint: The dimension
does not depend on k).

Let aj,...,a, be distinct real numbers, and let my,..., m, be arbitrary positive
integers. Prove that the set

o._f ] 1 1 1
e e e o

:{(X—;a) 1<1<nand1<kl<m1}

is a basis for the subspace of rational functions

W::{(X_a])m]p‘(i() — degp(x)<m1—|—---+mn}



6., Bur By

N\
\2@_@,_. A sel S<\ s lingavy indaperdant £ TSN on hae blank]

- -
ot @it Q _Sudathebr

e oquaon:

- S
x,U' + 'XV\‘UY\ =

hos n\‘d o ol Sdukien ('x;ao\,

QL

+0,00=0 &Y XUz —=0,70

@ G.’Er’r

A collickion of B vecdlors w (RZ, D=8, oy ,GJX

£ S weore LT, Hun 50,0L% towuld dsobe LT Thw
Spowxiﬁ,ﬁ‘ﬂg:@. 5 tfgesvahiﬁ\.ﬁbk "\L

{e‘”, ., cmc’& € CA_@ 1S \mem\\g .

% .
0, +6,5L t 0 ,Co5% = 0\ fv allc

\
&> 0,0, 0, = 0 v QAV\(;\-]W\_

Q.Dms Mag "¢ o o e e sawe, e ok Huee  formns 7
A . Yes. £+c6eC((R\ mist olse be & funcion of o Single vavide.



@ i L, cosx  sint

Bequse o iy '\om\’f'\?rn Awnicreotr=1 fvol ¢
. . )
"\‘h\S SQS( B\ L.D.




The wcke spoe Shucure. of (CRY,+,-)
Givon Q,% ¢ C(R) am a salor NefR \

o§ + o= Foorgeo
o(')v'”(fx) = N

S)N 03‘@%\6'. oo Vo@h‘cu\m valug s oQ % +o 8& fUoons
b/ /N {\/\k 0{5 .

(6
=Q = (> . A
X=0 Ole +015)){0*0$C030 =0
:Ya'\ + a'g,s()j Q
Y2
x:.%_ =) a,eﬂh + R, "\'0‘5'0 =0 M Xi\'e 4'07.—'0]

=+ = Q‘.e“.\. 010 +0\3~(~\\ S 0|€“ :Q

¢
T A0

e" 4 -1 <= 750 [xax

el 0

A\

e" o 10 ]

C <O




10.

Let W, ..., W, be subspaces of a vector space V. Prove that
dim(Wj + -+ W,) < dim(W;) + - - - + dim(W,),
and that the equality is attained if and only if
Wi (Wi + -+ W) ={0}

forall T<i<n.
Determine which of the following maps T: V — W are linear:

(a) With V=W =R, T(a) =a+1.

(b) With V=C(R) x R and W =R, T(f,a) = f'(a).

(c) With V =R? and W = R3, T(a,b) = (a, b, ab).
On (0, 00) define the operations as in Problem 1. of last week’s problem set, and in
R? define the operations

(a,b)H (c,d):=(b+d,a+c) and ald(c,d) := (ac,ad) :

(a) Is the exponential function exp: R — (0, 00) given by exp(x) = €*, with respect
to the operations described above linear?
(b) Is the identity id: (R%, +,-) — (R? /8, []) linear?

If a is a real number, observe that the map T,: R — R given by T,(b) = ab is linear.

(a) Prove that every linear transformation T: R — R is of the form T, for some a.
(Hint: Compute T(1)).

(b) Prove that the map T: R — R given by T(a) = a - a is not linear. Why does
this not contradict the statement above?



