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1. Determine whether each of the following sets of vectors are linearly dependent or
independent:
(a) Any collection of three vectors in R2.
(b) {ex, sin x, cos x} in C(R) (the space of continuous functions f : R → R).
(c) {1, sin2 x, cos2 x} in C(R).
(d)

�
π, e,

√
2
�
in R.

(e)

��
1 0
0 0

�
,

�
1 1
0 0

�
,

�
1 1
1 0

�
,

�
1 1
1 1

��
in M2(R) (the space of 2 × 2 matrices

with real coefficients).

2. Prove that two vectors �x and �y in a real vector space V are linearly dependent if
and only if either �y is a scalar multiple of �x or �x is a scalar multiple of �y. However,
find a linearly dependent set S of three vectors in some vector space V such that no
element of S is a scalar multiple of a different element of S.

3. Let V be a real vector space.
(a) Prove that a subset {�x,�y} of V is linearly independent if and only if the set

{�x+ �y,�x− �y} is linearly independent.
(b) Prove that a subset {�x1,�x2, . . . ,�xn} of V is linearly independent if and only if

the set {�x1,�x1 + �x2, . . . ,�x1 + · · ·+ �xn} is linearly independent.

4. Let S be a subset of an n-dimensional vector space V and assume that S has n
elements. Prove that S is linearly independent if and only if span(S) = V .

5. Find a basis and compute the dimension of each of the following spaces:
(a) W := {f ∈ span (ex, e−x, sin x, cos x, x, 1) : f(0) = f �(0) = 0}.
(b) For each 0 ≤ k ≤ n, Wn,k :=

�
f ∈ Pn(R) : f(k)(0) = 0

�
. (Hint: The dimension

does not depend on k).

6. Let a1, . . . , an be distinct real numbers, and let m1, . . . ,mn be arbitrary positive
integers. Prove that the set

S : =

�
1

x− a1

, . . . ,
1

(x− a1)m1
, . . . ,

1

x− an

, . . . ,
1

(x− an)mn

�

=

�
1

(x− ai)ki
: 1 ≤ i ≤ n and 1 ≤ ki ≤ mi

�

is a basis for the subspace of rational functions

W :=

�
p(x)

(x− a1)m1 · · · (x− an)mn
: deg p(x) < m1 + · · ·+mn

�

1









2

7. Let W1, . . . ,Wn be subspaces of a vector space V . Prove that

dim(W1 + · · ·+Wn) ≤ dim(W1) + · · ·+ dim(Wn),

and that the equality is attained if and only if

Wi ∩ (W1 + · · ·+Wi−1) = {�0}

for all 1 < i ≤ n.

8. Determine which of the following maps T : V → W are linear:
(a) With V = W = R, T(a) = a+ 1.
(b) With V = C(R)× R and W = R, T(f, a) = f �(a).
(c) With V = R2 and W = R3, T(a, b) = (a, b, ab).

9. On (0,∞) define the operations as in Problem 1. of last week’s problem set, and in
R2 define the operations

(a, b)� (c, d) := (b+ d, a+ c) and a� (c, d) := (ac, ad) :

(a) Is the exponential function exp : R → (0,∞) given by exp(x) = ex, with respect
to the operations described above linear?

(b) Is the identity id : (R2,+, ·) → (R2,�,�) linear?

10. If a is a real number, observe that the map Ta : R → R given by Ta(b) = ab is linear.
(a) Prove that every linear transformation T : R → R is of the form Ta for some a.

(Hint: Compute T(1)).
(b) Prove that the map T : R → R given by T(a) = a · a is not linear. Why does

this not contradict the statement above?


