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Summer 2021

Tutorial Problems

Week 1

1. Consider R>0 := {a ∈ R : a > 0} equipped with the following operations: given
a, b ∈ R>0, set a � b = ab, where ab is the usual product of a and b as real
numbers; given b ∈ R>0 and a ∈ R, set a � b = ba. Show that R>0 with � as
addition and � as scalar multiplication is a vector space.

2. Let V be a vector space, X a set, and f : V −→ X a bijection. Use f and the vector
space structure of V to make X a vector space. Is the previous question a special
case of this construction?

3. The aim of this problem is to prove that the commutativity axiom does not imply
the associativity axiom. Consider the set Rock, Paper, Scissors and define the op-
eration that selects the winner out of a play. For example, Rock+Paper=Paper,
Paper+Scissors=Scissors, etc. Prove that, on this framework, the axiom of commu-
tativity holds, but the axiom of associativity fails.

4. Let V be a vector space.
(a) Show that c · 0 = 0 for any scalar c. (Here 0 is the zero vector.)
(b) Let v ∈ V . Show that if cv = 0 and c is not zero, then v = 0.
(c) Show that for any v ∈ V , we have v+ v = 2 · v (where the right hand side is the

scalar multiplication of 2 and v).

5. In each part a vector space V and a subset W of V is given. Determine if W is a
subspace of V .
(a) V = P2(R) (i.e. {ax2 + bx+ c : a, b, c ∈ R}), W = ∅ (empty set)
(b) V = P2(R), W = {f ∈ V : f(1) = 1}

(c) V = R3, W =







x
y
z


 ∈ V : x2 + y2 − z2 = 0





(d) V = R, W = Z (= the set of integers).

6. Let V = Rn, and A,B be n×n matrices. In each part below show that Y = W ∩U.
(a)

Z := {�v ∈ V : AB�v = �0}

Y := {�v ∈ V : �v = B�w for some �w ∈ Z}

W := {�v ∈ V : A�v = �0}

U := {�v ∈ V : �v = B�w for some �w ∈ V}

(Solution: For any �v ∈ Y, we have �v = B�w for some �w ∈ Z, therefore, A�v =

AB�w, because �w ∈ Z. AB�w = �0, so A�v = �0 implies �v ∈ W. On the other
hand, �w ∈ Z ⊂ V , so �w ∈ V , therefore �v = B�w ∈ U. We proved Y ⊂ W ∩U
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To prove W ∩ U ⊂ Y, let �v ∈ W ∩ U, therefore, A�v = �0 and �v = B�w for some
�w ∈ V . So AB�w = �0 for some �w ∈ V , therefore �w ∈ Z Therefore �v = B�w ∈ Y.
So W ∩U ⊂ Y.
As total, we proved W = U ∩ Y.)

(b)

Y := {�v ∈ V : (µA+ λB)�v = �0 for all λ, µ ∈ F}

W := {�v ∈ V : A�v = �0}

U := {�v ∈ V : B�v = �0}

(Solution: Firstly we prove Y ⊂ W ∩U, for any �v ∈ Y, then

(1) (µA+ λB)�v = �0

for any λ, µ ∈ F, let µ = 1, λ = 0 in (1) we have

A�v = �0

this implies �v ∈ W. Not let µ = 0, λ = 1 in (1) we have

B�v = �0

this implies �v ∈ U. Since �v ∈ W and �v ∈ U, we have

�v ∈ W ∩U

This prove Y ⊂ U ∩W
Secondly, we prove Y ⊃ U ∩W, for any �v ∈ U ∩W, we both have �v ∈ U and
�v ∈ W. Since �v ∈ U, we have A�v = �0. Since �v ∈ W, we have B�v = �0. Therefore
for any λ, µ ∈ F, we have

(λA+ µB)�v = λA�v+ µB�v = λ�0+ µ�0 = �0

Therefore �v ∈ Y, this proves Y ⊃ U ∩W.
As whole, we showed Y = U ∩W.)

7. (a) Consider the following elements of R3:

v1 =



1
0
1


 , v2 =



1
1
2


 , w =



1
0
0


 .

Is w in the span of {v1, v2}? If yes, write w as a linear combination of {v1, v2}.
(b) Consider the polynomials f1, f . . . , f4 defined below:

f1(x) = 1+ x, f2(x) = x, f3(x) = 2+ x, f4(x) = x3 + 1.

Determine if the polynomial g defined by g(x) = x3 + 2x + 1 is in the span of

{f1, f2, f3, f4}. If yes, find all a1, . . . , a4 ∈ R such that g =
4�

i=1

aifi. (Note: Two

polynomials are equal if and only if their corresponding coefficients coincide; that is,�
i

bix
i and

�
i

cix
i are equal as functions if and only if bi = ci for all i.)







3

8. Find a spanning set for the subspace

W := {f ∈ P3(R) : f(2) = 0}

of P3(R).


