The Geometry of Twisted Cyclic Quiver Varieties

Evan J. A. Sundbo

Department of Mathematics and Statistics
University of Saskatchewan

CMS Summer Meeting
June 7-10, 2019

Joint work with Steven Rayan
arXiv:1905.11508

Sundbo, Evan (USask) June 7-10, 2019 1/30



Table of Contents

@ Background & motivation
© Cyclic quiver varieties for arbitrary genus
© Cyclic quiver varieties on P!

@ (k, 1) cyclic quiver varieties on P*

Sundbo, Evan (USask) June 7-10, 2019 2/30



Table of Contents

@ Background & motivation

Sundbo, Evan (USask) June 7-10, 2019 3/30



Higgs bundles

Fix a Riemann surface X of genus g > 0 and a line bundle L of degree t.

Definition
An L-twisted Higgs bundle on X is a pair (E,®) where E is a holomorphic
vector bundle on X and ¢ : E — E® L.
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Definition

(E,®) is stable if 487 < 9%E for a|| proper subbundles U of E such that
d(U)C U® L.
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Higgs bundles

Fix a Riemann surface X of genus g > 0 and a line bundle L of degree t.

Definition

An L-twisted Higgs bundle on X is a pair (E,®) where E is a holomorphic
vector bundleon X and ¢ : E - E® L.

Definition

(E,®) is stable if 487 < 9%E for a|| proper subbundles U of E such that
d(U)C U L

Definition
Two Higgs bundles (E, ®) and (E’, ®’) are equivalent if E and E’ are

isomorphic as vector bundles and ® = W®'W~! for some
W ¢ HO(X, Aut(E)).
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The Hitchin system

We denote the moduli space of L-twisted Higgs bundles by Mx ((r, d).
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The Hitchin system

We denote the moduli space of L-twisted Higgs bundles by Mx ((r, d).

<

N/

chary® #£ \' chary,® =\’ chary® £ \'

B, = @_; HO(X, L®)
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Non-abelian Hodge theory

Representations Irreducible flat
of m(X) in G connections on X

Stable wx-twisted
G-Higgs bundles on X
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The Hitchin section

Let g > 2, L = wx, and consider (E, ®) with

1 -1
E=wldw?, d):((lJ g)

-1 1
where g 1wy — wy ®wx.
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The Hitchin section

Let g > 2, L = wx, and consider (E, ®) with

-1 1
where g : wy — wy @wx. This is section of Mx ., (2,0).
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Cyclic Higgs bundles

An L-twisted cyclic Higgs bundle on X is a pair (E, ®) of the form

where U; are holomorphic line bundles on X and ¢; : U; — Uj+1 ® L.
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Definition
A quiver is a directed graph. A type (r1,..., ) cyclic quiver is one of the
form

.rl,dl — .r2,d2 = 000 —/8p .rn,d,,
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Definition
A quiver is a directed graph. A type (r1,..., ) cyclic quiver is one of the
form

.rl,dl — .r2,d2 = 000 —/8p .rn,d,,

Consider representations of a quiver Q in Bun(X, L). The moduli space of
such representations is denoted Mx ;(Q).
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Definition
A quiver is a directed graph. A type (r1,..., ) cyclic quiver is one of the
form

.rl,dl — .r2,d2 = 000 —/8p .rn,d,,

Consider representations of a quiver Q in Bun(X, L). The moduli space of
such representations is denoted Mx ;(Q).

/_%\
U U . U,
' ¢1 ? ®2 m

Sundbo, Evan (USask) June 7-10, 2019 9/30



The Hitchin section revisited

Let g > 2, L = wy, and Q be the quiver
VRS

®1 g1 ®1-g
~_
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The Hitchin section revisited

Let g > 2, L = wy, and Q be the quiver

e
®1 g1 ®1-g
~_

The Hitchin section lies inside Mx ;(Q).
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The Hitchin section revisited

Let X =P, L= 0(2), and Q be the quiver

e
®11 ®1 1
~__x
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The Hitchin section revisited

Let X =P, L= 0(2), and Q be the quiver

>
11 ®1 1
~_ 7

Here, Mp1 (2)(Q) is a section of the moduli space Mp1 (5)(2,0).
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A-type quiver varieties

Definition

An A-type quiver is a quiver of the form ¢ — - — o,

Moduli spaces of representations of A-type quivers play an important role
in the study of Higgs bundles.
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A-type quiver varieties

Definition

An A-type quiver is a quiver of the form ¢ — - — o,

Moduli spaces of representations of A-type quivers play an important role
in the study of Higgs bundles.

Given a (1,...,1) cyclic quiver Q with stable representations, there is a
unique underlying (1,...,1) A-type quiver which admits stable
representations, which we call Q.
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A-type quiver varieties

A representation of @ looks like

/\
Uy > Un e — Uy
b1 $2 Pn-1
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A-type quiver varieties

A representation of @ looks like

/\
Uy > Un e — Uy
b1 $2 Pn-1

and a representation of Q” looks like

Uq » Us e —— U,
¢1 ¢2 ¢n—1
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A-type quiver varieties

A representation of @ looks like

/\
Uy > Un e — Uy
b1 $2 Pn-1

and a representation of Q” looks like

Uq » Us e —— U,
le ¢2 d)n—l

Let Q be a (1,...,1) cyclic quiver. Then Mx,L(QA) is an r?&-fold
covering of []7=; Sym=1=di+t(x).
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The Hitchin map

For a representation (U;, ¢;) of a cyclic quiver Q,

h((Ui, ¢i)) = 1. .. ¢ € HO(X, LZ)
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The Hitchin map

For a representation (U;, ¢;) of a cyclic quiver Q,

h((Ui, ¢i)) = 1. .. ¢ € HO(X, LZ)

So
MX,L(Q)‘hfl(o) = Mx 1 (QY)
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Cyclic quiver varieties

Theorem (Rayan, S.)

M@, = {(Ui6) € Mx (@) (61 6n1) € ()]
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Cyclic quiver varieties on P!

On P!, a representation of Q looks like
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Cyclic quiver varieties on P!

On P!, a representation of Q looks like

and

Rep(Q) = [T (HO(BY, O(dis1 — dj + 1))\ {0}) x HO(BY, O(ch — dy + 1))
i=1
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Cyclic quiver varieties on P!

The action of the automorphisms of O(d;) on ® is equivalent to the action
of (C*)~1

A,y A1) - ® = A191

0 )\n—l(pn—l 0
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Cyclic quiver varieties on P!

The action of the automorphisms of O(d;) on ® is equivalent to the action
of (C*)—1
A\ .
(A, A1) - = 191

0 )\n—l(bn—l 0
Now

1—[7_—11 ((Cdi+1—di+t+1 \ {0}) % Cdl—dn+t+1

MIP’l,O(t)(Q) = (C*)n—l
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Cyclic quiver varieties on P!

Theorem part A (Rayan, S.)

The moduli space of representations of a (1,...,1) cyclic quiver Q in the
category Bun(P!, O(t)) is a finite covering of H°(P1, O(nt)) \ {0} which
branches over points with roots of multiplicity greater than one, and
whose sheets intersect over 0 € HO(P!, O(nt)) as []I—] Pdin—ditt.
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Mp1 o) (Q) as a cover

®chary® = \"

HO(PY, O(nt))
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M, O(t (Q) as a cover

Recall
o - A )en
M,y A1) - ® = A1¢1

0 )‘”—1¢n—1 0
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Mp1 o) (Q) as a cover

Recall
P (A" A 5)n
M,y A1) - ® = A191
0 | An-1¢n-1 0

. t
Fix v = ¢1...¢n # 0, then there are n(Q) = (d2fd1+t,...,dnfnd,,,1+t,d1fdnth)
ways to distribute the zeroes.
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Mp1 o) (Q) as a cover

Recall
0 (At
M,y A1) - ® = A191
0 An—1Pn-1

Fix v = ¢1...¢n # 0, then there are n(Q) =

ways to distribute the zeroes.

Also, M[pﬂ’(g(t)(Q)‘h—l(O) = MlP’l,O(t)(QA)'
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Cyclic quiver varieties on P!

Theorem part B (Rayan, S.)

The moduli space of representations of a (1,...,1) cyclic quiver Q in the
category Bun(P!, O(t)) is the total space of

@d1—dp+t+1
OHL—llPd"Jrrd"H(_l""’_1) L )

where

n—1
OH7;11 pdipa—dire(—1,...,—1) = ® P; Opd;1—di+t(—1)
i=1

and p; is the natural projection onto the j-th factor.
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Mp1 o) (Q) as a vector bundle

Note that
0 --- Chn
o1
O ¢n—1 0

goes to the same point p in M]pl,o(t)(QA) as ¢ — 0, regardless of ¢p,.
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Mp1 o) (Q) as a vector bundle

Note that
0 --- Con
o1
O ¢n—1 0

goes to the same point p in M]pl,o(t)(QA) as ¢ — 0, regardless of ¢p,.

That is, we have a fibration by Qi —dntt+1
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Mp1 o) (Q) as a vector bundle

Using the fact that

Ca+1\ {0} x C

=~ Opa(—1
C Opa(—1)
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Mp1 o) (Q) as a vector bundle

Using the fact that

Ca+1\ {0} x C

o~ a(—1
C Opa(—1)

and the description

H;‘l_—ll <Cd;+1—d,'+t+1 \ {O}) % Cdl—dn+t+1
((C*)n—l

M1 o) (Q) =

we can realize this fibration as a holomorphic vector bundle embedded in

Mp1 o) (r, d).
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(k,1) Cyclic quiver varieties on P*

Let Q be the quiver

Q = ®kd ®1,dy
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(k,1) Cyclic quiver varieties on P*

Let Q be the quiver
VS
Q= ®d ®1.d,
~_

Assume the first bundle splits into line bundles of mutually distinct degrees.

O(a1)
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(k,1) Cyclic quiver varieties on P*

The moduli space decomposes as

K A
= Y1 (aj—ait1)
Mz 0(6)( Q3 @) 2 My o) (Q1) | |MIP’1,O(t)<Qi e )

i=2
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Thank you!
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