Chapter 5
1, Find the following limits.
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3, In each of the following cases, find a & such that | f (x)—l| < ¢ for all x satisfying
0< |x - a| <o

ii) f(x)—l =1/=1
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/(%) - l|<g<:>‘——1 <o <e e [I-x<|xe, since [I-x|-1<|,

then, |1—x|<|x|€<:|1—x|<(]1—x|—1)€<:>|1—x|+<9<|1—x|€<:>|1—x|<1L
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.-.zens:l"’" Lif 0<|x—d| <5, then|f(x)~1| < & for all x.
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solution:
f(x)-l|<ee ).Cz -0 <€<:>|x|<‘1+sin2x‘-8,since ‘1+sin2x‘21,
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then |x|<‘1+sin2x‘-g<:|x|<g
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et §=g,if 0<|x| <&, then |f(x)—I|< & for all x.
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solution:
|f(x)—l|<g<:>‘\/;—l‘<g@‘\/;—IH\/;H‘<‘\/;+1‘-5<:>|x—1|<‘\/;+1‘-5
since ‘\/;-H‘ >1, then |x—1| <‘\/;+1‘-5<:|x—1| <&

|x—a| = |x—1|

slet §=¢,if 0<|x—d| <&, then|f(x)~I| <& for all x.

13. Suppose that f(x)< g(x) < h(x) and that lim f(x)=1limA(x). Prove that limg(x)

exists, and that lim g(x) =lim f(x) = limA(x).
Proof:
Let’s consider two new function 7'(x) = h(x)— f(x) and T'(x) = g(x)— f(x), since
f(x) < g(x) < h(x), then we know: Vx, T'(x)>T'(x)>0.
On the other hand,

lim £ (x) = lim A(x) < lim £ (x) - lim 4(x) = 0 < lim(f (x) - A(x)) < limT(x) = 0
from the definition of limit we know,

for Ve >0,36,, such that 0<|x—a| <o, = |T(x)—0| <e (D

since Vx, T(x) > T'(x) > 0= |T(x)| >

T '(x)| , from (1) above, we know

for Ve>0,let §=36,,then 0<|x—a|<5=T(x)-0<e=

T'(x)— 0| <&, which



21.

means lim7'(x)=0.
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Then,

lim7"(x) = 0 & lim(g(x) - f(x)) = 0 & lim(g(x) = £ (x))+ lim £ (x) = lim f (x)
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& lim(g(x) - f(0))+ f(0)]=1im £ (x) & lim g(x) = lim £ (x)

Since we already knew lim f(x) = lim/(x), then Q.E.D.
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Prove that if limg(x) =0, then limg(x)sin—=20.
X
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Proof:

If g(x)>0, sinl <le -1 sinl <le -1-g(x) < g(x)~sinl < g(x)
X X X

Since lim g(x) =1lim— g(x) = 0, applying the result of problem 13 above, we know:
xX—>a xX—a
. .1
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If g(x)<0,

Sl<:>—lésinlﬁlc>—1~g(x)2g(x)~sin12g(x) ,
X X

. .1
same as g(x) >0, we got limg(x)sin— =0
Xx—a x

If g(x)=0, then limg(x)sinl =limO- sinl =1lim0=0
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Q.ED.

Generalize this fact as follows: If limg(x)=0 and |h(x)| <M for all x, then
X—>a

limg(x)h(x)=0

xX—a

Proof:

If g(x)>0,
M| <M < -M <h(x) <M < -M -g(x) < g(x)-h(x) < M - g(x)

Since limM - g(x) =1lim—M - g(x) = M -0 =0, applying the result of problem 13
X—a X—a

above, we know:

limg(x)h(x)=0
If g(x)<0,

h()| <M < -M <h(x) <M < -M -g(x) > g(x)-h(x) = M - g(x),



same as g(x) >0, we got limg(x)h(x)=0

If g(x)=0,then llmg(x)h(x)—hmO h(x)=1im0 =0

xX—a

Q.ED.

37. We define lim f(x) =0 to mean that for all N there is a 0 > 0, such that, for all x, if

xX—a

0<|x—a|<5,thenf(x)>N.
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b) Provethatif f(x)>¢&>0 forallx,and limg(x) =0 then
X—a

ACO
g

X*)ll

Proof:

JO) SN & £0)> N g & || < f( ) = |g(x <
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wlimg(x)=0

from the definition, 30,, such that if 0 < |x - a| <9y,

P
g(x)| <y

-.36,, such that if 0 < |x—a| <9,, M >N
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Q.ED.



