1, Prove the following formulas by induction.
_n(n+1)2n+1)
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(i) 1> +---+n
Proof:

L-A+DE-1+1) =§=l then, checked
6 6 ’ '

_k(k+D2k+D

Forn=1,weknow 1> =1 also

If forn =k, we know 1% +---+k? hen

ke(k +1)(2k +1) _ (k+ D)k + 1)+ 6(k +1))

Pt k> +(k+1)° = +(k+1)? .
(k+D)QK* +Tk+6)  (k+1D)(k+2)2k+3) _ (k+D((k+D)+ D2k +1)+1)
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Q.E.D.
(i) P+-tn’ =1+-+n)
First of all, we prove that 1+-~-+n=M
Proof: Forn=1, we know 1=1.(1+1)=1,
if n=k, we know 1+---+k=k<k+1),then,
1+~--+k+(k+1):—k(k2+l)+(k+1):k(kﬂ);z(kH)
C(k+D)(k+2)  (k+D((k+D)+1)
2 2
_n(n+1)

thus, we already proved 1+---+n
now let’s go back to the 1° +---+n’ = (1+---+n)’
Forn=1,weknow 1° =1 also 1° =1, then, the equation is correct.

If forn=k, we know 1° +---+ k> =(1+---+k)’, then

Paot B+ (k+1)° =1+ + k) +(k+1)°
=(+-+k) +(k+1)(k+1)°
=(I+-+k) +k(k+1)* +(k+1)

=y 2 EEE Gy

=+ 4k +2- A+ + )k + D)+ (k+1)° =A+--+k +(k+1))°
Q.E.D.



5. Prove by induction on n that

1_ n+l
l+r+r> 4+ tr" = lr if r#0
—-r
Proof:
Forn— 1 1-7? :(l—r)(1+r)

=(l+r) r#0,equation checked.

1-r (1-r)
Lkt
Assume forn=k, l+7r+r>+---+rF = , then
-r
l_rk+l 1_rk+l+ 1—7’}"k+1
l+r+r 4+ 47 = +ri = a=r

1-r 1-r
B l—l"k+l +rk+l —Vk+2 l—l"(k+1)+l

= = r#1
1-r 1-r

Q.E.D.

(b) Derive this result by setting S =1+ 7+ r’ +---+ 7", multiplying this equation by r, and
solving the two equation for S.

Solve:

let S=1+r+r>+--+r", thenS-r=(1+r+-+r"Yy=r+r’ +--+r"+r""
=S—1+r""

n+l gt
LSr=Serole s - = les= 1Ty

r—1 |

6. (a) If x,,x,,---,x,are distinct numbers, find a polynomial function £, of degree n-1 which is

lat x; andOat x; for j#i.

Solve:

Let 0(x)=]](x—x;), wehave d(x,)=0, forVk=i

J=1
J#EI

slet o(x)= 5((;.)) then o(x,)=1land o(x,)=0 fork #i

l

Q.ED.

(b) Now find a polynomial function f of degree n-1 such that f(x,)=a, wherea,,---,a

n
are given numbers.
Solve:



ﬁ(x_xi)

let 5(x)=) a,~“——— then S(x,)=aq,

J n
=1
/ H (xj - xi)
i=1

i#]
13. (a) Prove that function f with domain R can be written f = E+ O where E is even

and O is odd.
Solve:

Let E(X):W O(X):W

then

S (x) = E(x)+O(x)
E(—x)= f (—x)2+ S () = S ) +2f (=) =E(x) Eiseven.
O(=x) = f(—X)Z— S _ ) —2f(—X) __0(x) Oisodd

O.E.D.

(b) Prove that this way of writing £ is unique.

Proof:

assume there are more than one way to do so, then there must be
f=E+Oand f=E+0O" inwhich E and E' are even, O and O' are odd
then E(—x) = E(x), E'(—x) = E'(x), O(—x) = -0(x), O'(—x) = -0'(x)
LX)+ f(=x)=E(x)+O(x)+ E(—x) + O(—x)

=FE(x)+O0(x)+ E(x)—O(x) = 2E(x)

also f(x)+ f(—x)=E'(x)+O'(x)+ E'(—x) + O'(—x) = 2E'(x)

thus E'(x) = E(x)

similarly, we can prove that O'(x) = O(x).

Q.E.D.



