Braids and the Grothendieck-Teichmuller Group Baby (?)

Dror Bar—Natan, Toronto, January 2011, http://www.math.toronto.edu/~drorbn/Talks/Toronto—

IAbstract. The “Grothendieck-Teichmuller Group” (GT) appears as a “depth
certificate” in many recent works — “we do A to B, apply the result to C, and
get something related to GT, therefore it must be interesting”. Interesting or
not, in my talk I will explain how GT arose first, in Drinfel’d’s work on asso-
ciators, and how it can be used to show that “every bounded-degree associator
extends”, that “rational associators exist”, and that “the pentagon implies the
hexagon”*.

In a nutshell: the filtered tower of braid groups (with bells and whistles at-
tached) is isomorphic to its associated graded, but the isomorphism is neither
canonical nor unique — such an isomorphism is precisely the thing called “an
associator”. But the set of isomorphisms between two isomorphic objects al-
ways has two groups acting simply transitively on it — the group of automor-
phisms of the first object acting on the right, and the group of automorphisms
of the second object acting on the left. In the case of associators, that first
group is what Drinfel’d calls the Grothendieck-Teichmuller group GT, and the
second group, isomorphic but not canonically to the first and denoted GRT,
is the one several recent works seem to refer to.

IAlmost everything I will talk about is in my old jpaper| “On Associators and
the Grothendieck-Teichmuller Group I”, also at larXiv:q-alg/9606021.
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i See arXiv:math/0702128 by Fu-
rusho and jarXiv:math/1010.0754
by B-N and Dancso.
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IMain Theorem.

The projec-

tion ASSO™ — ASSO(m~V
is surjective. (yey!)
Given ASSO™ =

Sketch.
0

(hard,

analytic),

sufficient

is surjectivity of GRT) —
GRT ™Y enough is surjectiv-
ity of grt(™ — get(™=1 | polyhe-
dron on left use, little homologi-
cal algebra too.

1 = diTdTdD(dsT) " (d,T) ",

s 14d = dlfeet“(((111")1243)’105““”24)(dgf)4123@"(’““2"““

W — do0, ' : 1—dy = (product around shaded area).

— 1+ dytb — dotp = (product around shaded area)

by successive approximations presents no problems. For this we introduce the
following modification GRT(k) of the group GT(k). We denote by GRT (k)
the set of all g € Fr (4, B) such that

g(B, A)=g(4,B) ", (5.12)
g(C,A)g(B,C)g(A,B)=1 ford+B+C=0, (5.13)
A+g(4.B) 'Bg(4,B)+g(4,C) 'Cg(4,C)=0 5.14)

ford+B+C=0,
g(XIZ B X24)g(.-\’13 L xB XY
_e(XB, Xg(x" 4+ X7, X+ X9exX xP). (51
where the X"/ satisfy (5.1). GRT,(k) is a group with the operation
(8,°8)(A4, B)=g,(g,(4, B)dgy(4.B)'. B)- g,(A. B (5.16)
On GRT, (k) there is an action of k", givenby g(A4, B) = g(z‘_lA. ¢ 'By, ce

k™. The semidirect product of &~ and GRT, (k) we denote by GRT(k). The
Lie algebra grt (k) of the group GRT (k) consists of the series y € fr, (4. B)
such that

w(B, A)=—-y(4.B), (5.17)
w(C,A)+w(B,C)+w(A,B)=0 ford+B+C=0. (5.18)
[B, wA, B)]+[C, w(d,C)]=0 ford+B+C=0, (5.19)
w7 X7 X wx e xP 0
=P, XN e e X e X s wx XY (5200
where the X" satisfy (5.1). A commutator { , ) in grt, (k) is of the form

(3.21)

h

W vy =L, wml+D, (w) =D, (v,).

where [y, , w,] is the commutator in fr, (4, B) and D, is the derivation of
fr(4, B) given by D, (4) = [v. Al, DV(B) = 0. The algebra grt, (k) 1s

PROPOSITION 5.1. The action of GT(k) on M(k) is free and transitive.

Proor. If (u,¢p) € M(k) and (@, @) € M(k), then there is exactly one
f such that @(4, B) = flp(A, B)e'p(A.B)"" ., e®) - p(4, B). We need to
show that (4, f) € GT(k), where A = 7i/u. We prove (4.10). Let G, be the

semidirect product of S, and exp uﬁ . Consider the homomorphism B, — G,
that takes g, into

.
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where ¢ € S, transposes / and j. It induces a homomorphism K, — exp at,
and therefore a homomorphism « : K, (k) — exp a:‘ where K, (k) is the k-

pro-unipotent completion of K, . !’1! is c’elisily shown that the left- and right-hand
sides of (4.10) have the same images in exp a: . It remains to prove that «, isan
isomorphism. The algebra Lie K, (k) is topologically generated by the elements
::/‘ 1 < i < j < n, with defining relations obtained from (4.7)-(4.9) by
substituting X, = exp éu . The principal parts of these relations are the same as
in (5.1), while (a,), (&) = uX"+ {lower terms}, where (a,),: Lie K, (k) — a:
is induced by the homomorphism «, . Therefore «, is an isomorphism, i.e.,
(4.10) is proved. (4.3) is obvious. To prove (4.4), we can interpret it in terms
of K, and argue as in the proof of (4.10), or, what is equivalent, make the
substitution

X, = B, )etoB, ) e
X;=9(C, A)e(‘w(('. A7

°

= e" X
(5.4)

where 4+ B+C=0.
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