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Expansions Day 5: Back to 4D — Side

w-Jacobi diagrams and. AY(Y T) = AY(TTT1) is

.

same relations, plus

oYY

deg= J#{vertice=6

‘simple”)? To arbitrary codimension-2 knots?

BF Following [CR]. A € QXM = R4, g), B € Q4(M, g*),
S(A,B) = f (B, Fa).
M
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Knot-Theoretic statement (simplifiedfhere e-
Xists a homomorphic expansi@hfor trivalent /

%

w-tangles. In particulaZ should resped®4.

Diagrammatic state-
ment (simplified). Let
R = expH e AY(T).
There existvV € AY(T1) so
that:

R

Algebraic statement (simplified\With r € g* ® g
and withR = € € U(lg) ® U(g) there exisV € U(1g)** so thatV(A
1)(R) = RV¥R?3V in U(16)*? ® U(g)

the identity element

Unitary statement (simplified)There exists a unitary tangentlalfﬁd:
rential operatoWV defined on Funf x gy) so thatvexy = eV (allo-
wing ﬂ(g) -valued functions)

With «: (S = R2) > M, 8 € Q°(S, g), @ € QY(S, g*), set RS
i
O(A,B,k) = f DBDa exp(ﬁ f (B, e pa + K* B)). @
S B
The BF Feynman RulesFor an edge, let @ be it
direction, inS® or S1. Letws andw; be volume forms d \
onS3 andSl Then L _ Cattaneo
maon o) o).
ZBF = (O3 w3 D, w1
dlagramsIAUt(D)l n ¢ ]b;l ¢
S vertices M vertices
(modulo some IHX-like relations). See alavd]
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Group-Algebra statement (simplifiedfror everyg, i € Fun@)® (with
small support), the following holds i/(g):

[[ #utre - f [ suee.

gxg (shhh, this is Duflo

degree= #(rattles)

Issues.e Signs don’t quite work out, and BF seems to reprod
only “half” of the wheels invariant on simple 2-knots.

Unitary = Group-Algebra. ffex+y¢(x)1//(y) =
(VL VEYo(Xu(y)) (L, €eVe(X)y(y))
] e€'(x)u ().

(L eYp(uly) =
(L ep(Xu(y))

_le There are many more configuration space integrals tha
- Feynman diagrams and than just trees and wheels.
e | don’t know how to defing analyze “finite type” for genera

nal Lie group and leg be its Lie algebra, and I& : FunG) — Fun()
be given by®d(f)(x) := f(expx). Theniff,g € Fun@G) are Ad-invarian
and supported near the identity, the(f) x ®(g) = ©(f x Q).

Convolutions statement (Kashiwara-Vergne, SlmpllflG@)]hVOlUthhSiz'knOts- ) )
of invariant functions on a Lie group agree with convolusiafinvariante | don’t know how to reduc&gr to combinatoricg algebra.
functions on its Lie algebra. More accurately,&be a finite dimensidreferences.
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Convolutions and Group Algebréignoring all Jacobians). [& is finite,
Ais an algebrar : G — A is multiplicative then (Fur®), x) — (A,)
viaL: f — Y f(a)r(a). For Lie G, g),

To=€XPs

(3, +) > X e e S(g) Fun@) —— S(g)
LEXR; EXPy l)( (o) o1 lX
G.) 5 & & e DU(q) FunG) —2— (g

with Loy = [y (x)edx € S(g) andL1®d~Yy = [y(x)eX € U(g). Given
Wi € Fun(s) compareb=1(y1) * ©~(y2) andd1(y1 * y) in U(a):

sinG: [[nuapee  «ina: [[nauamie

pe Invariant, BF Theory, and an Ultimate Alexander Invatian/KBH,
arXiv:1308.1721

[BND1] D. Bar-Natan and Z. Dancséjnite Type Invariants of W-Knotted O
jects I: W-Knots and the Alexander Polynomiaf\WKO1, arXiv:1405.1956

[BND2] D. Bar-Natan and Z. DancsoFinite Type Invariants of W
Knotted Objects II: Tangles and the Kashiwara-Vergne Reabku/WKO2,
arXiv:1405.1955

[CS] J. S. Carter and M. Sait&Knotted surfaces and their diagramislath.
Surv. and Mono55, Amer. Math. Soc., Providence 1998.

[CR] A. S. Cattaneo and C. A. Rossliilson Surfaces and Higher Dime
sional Knot Invariants,Commun. in Math. Phys256-3 (2005) 513-537
arXiv:math-pti0210037

[KV] M. Kashiwara and M. VergneThe Campbell-HausdgiFormula and -

u < w The diagram on the right explains kTG —2 = WTF

nvariant Hyperfunctiondnvent. Math.47 (1978) 249-272.

2-Knot Story

~ “God created the knots, all else in
topology is the work of mortals.”

Leopold Kronecker (modified)

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Louvain-1506/
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Question.Does it all extend to arbitrary 2-knots (not necessarily

uce

n Bl
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