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Pensieve header: Demo for the package FreeLie'. More at http://www.math.toronto.edu/~drorbn/Talks/LesDiablerets-1508/

Note: The web root for my “Academic Pensieve” is http://drorbn.net/AcademicPensieve/. The packages FreeLie' and
AwCalculus’ are at http://drorbn.net/AcademicPensieve/Projects/WKO4/.

Initialization

path = "C: /drorbn/AcademicPensieve/";
SetDirectory[path <> "2015-08/LesDiablerets-1508"];
Get[path <> "Projects/WKO4/FreeLie.m"];

Get[path <> "Projects/WKO4/AwCalculus.m"] ;

x =1LWe"x"; y=LWe"y"; u=LWe"u";
$SeriesShowDegree = 6;

Initialization

FreeLie ' implements / extends
{*, +, **, $SeriesShowDegree, (), J, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop, cw, CW,
CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE, Exp,
Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,

t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, I', ¢, A, O, h, —, A}.
Initialization

FreeLie' is in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150814.
Initialization
AwCalculus®™ implements / extends {*, x*x, =, dA, dc, deg, dm, dS, dA, dn, do, El1, Es,
hA, hm, hS, hA, hn, ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, tA, tn, to, T', A}.

Initialization

AwCalculus® is in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150814.

BCH
BCH[x, y]
BCH
3% 1 — 1 1 —
LS[®+Y, —, — XXy + — ®Yy, —XRYY,
2 12 12 24
1 1 1 1 1 1
- —— XX XXV + XX XYYy + X XYY V+ XY XYY + XXY XYy - —" XYY VY,
720 180 180 120 360 720
XXX RXRYVY 1 1 1 X XYV VY
-+ XX XYY Y+ XXY XYY + XXXy XYy -—"7""—, ]
1440 360 240 720 1440
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KVDirect

{F=1LS[{x, y}, Fs], G=LS[{x, y}, Gsl}; Fs["y"] =1/2;
SeriesSolve[{F, G},

al (LS[x+y] -BCH[y, x] = F-G-Ad[-x] [F] +Ad[y] [G]) /\divx[F] +divy[G] =

1 . ad . d . d
—tru[adSer:Les[ , x] [u] +adSer1es[ , y] [u] —adSerJ.es[ , BCH[x, y]] [u]]];
ead_ ead_l ed_1
{F, G}
KVDirect
vV XY 1 — 1 — 1 — 1 ———
{LS[_z T XYY, T XXXy + T XXYY + XYY Yr
2 6 24 180 80 0
1 1 1 1 XYV VY XXX XXY XXXRYVY
- XX XYY+ T XRXRYY Y+ RXRYXYYy + — XXY XY - y - +
720 240 24 720 1440 5040 1344
13xx XYYy I —— XXXKYXY xXXYYyyy XYXRYYYy xXXYYyXY XYYyVyvy
————— + — XXY XYYy + + + + - ,...},
15120 840 3360 6720 1260 1680 10080
% 1 1 Y 1 1 —
LS[O, — XYY, - XXXy + X XYY + XYY VY,
12 24 360 120 0
1 —— 1 — 1 1 XYYV VY XXX XXV XXX RXRYVY
- XX XYV + X XYYV YV + XY XVY + XXY XY - y -
720 240 240 720 1440 10080 2016
XXXYYY XXYXYY XXXYXY XXYYVY 1 = XXYYXY XYYVVY
+ + + + —— XY XYY V+ - }}
1890 1120 5040 2520 840 1260 5040
RandomOps
{b[F, G], trx[F]}
RandomOps
1 — 1 — 1= 1 —— ¥y Xyy 1 —_— 1 ==
{LS[O, O, - — XYY/, - XYYV, T XXXYY - " XXYYyY-—" -~ XXYXY- XYY VY,
24 48 720 240 1440 720 360
XXXYYy Y 1 = 1 —— 71xXyyXYy ZXyyyvyy
—— - — XXYyyyy- XY XYY Y- + o]y
1440 480 288 2880 2880

Y YY XXy Xyy TvY @ EXyy XyXy Xyyy YYYY
cWs [- =, = + + -

6 24’ 180 80 360 180 240 240 1440
+ - + - + + - - +

5040 6720 1120 945 336 6720 10080 3360 1344 2240
XXYXXY . 13 XXYXyy N AXYYRY XXYYYY  XYXYXY . XYXYYY N XYYXYY . XYYYYY . YYYYYY ]}
2016 10080 1680 3780 840 5040 2240 6720 60480
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VCapSolution
A\@‘KA ; IQ\/( AN
r Yz r )‘ . /A . x y T Y
N J = - g~ &T Yy xr y &I y < &
a=LS[{x, y}, as]; B=LS[{x, y}, Bs]; ¥y =CWS[{x, y}, ¥s]’
V=Es[(x->a, y->B), ¥];
kx =CWS[{x}, xs]; Cap = Es[{(x > LS[0]), x];

Rs[a , b ] := Es[{(a—>LS[0], b- LS[LWea]), CWS[0]];

R4Eqgqn = V% (Rs[x, z] // dA[x, x, y]) = Rs[y, z] **Rs[x, z] **V ;

UnitarityEqn = (V% (V// dA) = Es[(x - LS[0], y~>LS[0]), CWS[0]]);

CapEqn = ((V* (Cap // dA[x, x, y]) // dc[x] // dec[y]) = (Cap (Cap // do[x, y]) // dc[x] // dc[y]));
Bs["x"] = 1/2; Bs["y"]=0;

SeriesSolve[{a, B, ¥, K}, (ﬁ‘l R4Eqn) /\ UnitarityEqn /\ Caqun];

{v, x}
VCapSolution
. In degree 1 arbitrarily setting {«s[x] - 0}.
VCapSolution
. In degree 3 arbitrarily setting {as[x, y, y] - 0}.
VCapSolution
. In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.
VCapSolution
: Further output of will be suppressed during this calculation. >
VCapSolution
8% TX XKV Tx XY Xy 31 XXX XXY 31 xxxX XY 83xx XY
{Es[<?%LS[O,—fy, 0, y YYJr YYYIO,7 Y+ Yy YYy
24 5760 5760 1440 967 680 483840 967 680
31 xXY XYY 3lxxXy Xy 13xXyyyy 101Xy Xyyy DB27TxXYVYYyXY XYVVYVY }
- + + + - .o
725760 645120 241920 1451520 5806080 60480 ’
_ 3 XY X XRY 1 — 1 ——— XX XXY XXXVY XRXY XY
y%LS[*,—*, 0, ——— - —xXXVy + XYY VYV, — +
2 12 5760 720 720 7680 3840 6912
XXX XKV 23 XXX XYY 13xxXxXYVY Yy XXYXYVY 41 x XXy XY
- + - - - +
645120 483840 161280 22680 580608
XXYyyy XYXyyy JIxXXYyXy XVyyyy ]>
15120 12096 483840 30240 '
XY XXXV RXYY RYXY XYYV KXXXXY  RXXXYY  RXXYXY  RXXYYY
cws[o, - ——, 0, . . - , 0, - - - - -
48 2880 2880 5760 2880 120960 120960 120960 120960
XXYyXXYy  XXYXYY  XXYYXY  XXYYYY XYyXyxy | AYXYYY XYYXYY _ AYYYYY H
241920 120960 120960 120960 362880 120960 241920 120960 '
XX XXXX KXXXXX
CWS[O, -—, 0, —, 0, -—m, }}
96 11520 725760
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atkv

logF = A[V]I[M1] // do[{x, y} - {y, x}];

exd-1
logF // EulerE // adSeries[—, logF, tb]
ad
atkv
v xy 1 1 1 1
<'§'%LS[*, —, — XYY, - T XXXV + —XRXYY + XYY Vs
2 6 24 180
1 1 1 1 XYV VY XXX XXY XXXRVY
- XXXYyYy + —— XXYYV Y+ XY XYY + XXy XY - ’ - +
720 240 240 720 1440 5040 1344
13xxXyyy 1 —— XXXYXY XXYyyy XYXYyy XXYYXY XYYVYVyy
—_—— — + XXY XYYy + + + + - ],
15120 840 3360 6720 1260 1680 10080
= Xy 1 — 1 — 1 1 ———
YALS[OI o T XYYy - XXXV + XXYY + XYY ¥r
12 24 360 120 0
1 1 1 1 XYV VY XXX XXY XXXRVY
- XX XYV + X XYV Y+ XY XYY + XXY XY - ’ - +
720 240 240 720 1440 10080 2016
XXXYyyy XXYXYy XxXXYXY xXXYVYyyy E—— XXYY XY XYYVVY >
+ + + + —— XY RXVY Y+ - ]
1890 1120 5040 2520 840 1260 5040

Associator

®s[2, 1] = &s[3, 1] = &s[3, 2] = 0; &s[3, 1, 2] =1/24; & =DKS[3, &s];

SeriesSolve[§, (§°[3’2’1] = —§) /\ (i wx ®011:23.4] 4, 50[2/,3,4] - 50[12,3,4] 4 §°[1'2’34])] ;
]
Associator
. In degree 3 arbitrarily setting {®s[3, 1, 1, 2] - 0}.
Associator
. In degree 5 arbitrarily setting {®s[3, 1, 1, 1, 1, 2] - 0}.
Associator
Dks [0, 1 Tt 0, - 7 tiztoztoztos . 7T tiztiztostos  tiztaististos
24 5760 5760 1440

31 tiztoztogtoztostos 157 tiztistoztoztistos 31 tiztostiztostostos

967680 1935360 387072

31 ti3tiztostostostas ) 11 ti3tiztiztestiztos . 31 ti3tiztostiztostos .

483840 290 304 725 760
83 tistististastostos 13 ti3tistiztiztostes . tistististististas ]
967 680 241920 60480 ’
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TheBuckle

R =DKS[t[1, 2] /2];

Zp = (-3)C°l13:2/4] 4, 5011,3,2] 4, ROI2,3] 4y (L) Ol1/2,3] 4, gol12,3,4],

Zp@ {4}
TheBuckle

“tos 1 1 1 1
DKS[ r - T tiztos - T tiatos+ —tiatsa+ T tostse, O,
2 12 24 24 12

T13 Loz oz tos . 7T tigtogtogtog . T1at3gtostog  Tratagtsgtog 7 Tigtsgtsgtag

5760 5760 1920 1920 5760
Toat3at3gtss tratoatagtoy  tratogtiatsg  Ttigtsgtogtsg 1 —
+ + - - —— tiztiztostos+
5760 1920 1920 1920 720

1 ———— T tigtigtostog T tigtigtsgtsy Tigtogtsgtss  Tigtigtigtoy
— tiztiztiztes - + +

720 5760 5760 5760 1440
t14tigtig tay 1 ———— tistogtogtsy 1 ———— — tostoagtogtsy
- twtiatostaar ————— - ——toatostaatyy - ——————————— ]
1440 960 5760 960 5760
1112 3 |4
—

VFromPhi

(E1[2s // oMap[1, 2, 3, 4], CWS[O]] // T // tn* // tn® // hn® // hn* // ho[{3} > {2}] //
to[{2, 4} » {1, 2}]) [1]

VFromPhi

12 71112 71122 1222 31111112 31111122 83111222
<19LS[O,77, 0, - + , 0, - + - -
24 5760 5760 1440 967 680 483840 967 680
31112122 311112712 13112222 101121222 527112212 122222 }
- + + + -
725760 645120 241920 1451520 5806080 60480 ’
T 12 1112 1 — — 11112 11122 11212
2-5Ls[—, -—,0, ——-——1T22+ 1222, - + -
2 12 5760 720 720 7680 3840 6912

111112 231117122 13111222 112122

+ —

645120 483840 161280 22680
411112712 1712222 1271222 71112212 122222 ]>
+ + + -
580608 15120 12096 483840 30240
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Borromean

Rs[a_, b ] := Es[(a—»LS[0], b-» LS[LW@a]), CWS[0]];
iRs[a_, b_] := Es[{(a—» LS[0], b-» -LS[LWea]), CWS[0]];
€= iRs[r, 6] Rs[2, 4] iRs[g, 9] Rs[5, 7] iRs[b, 3] Rs[8, 1];

DO[; = g // d-“l[rl kl r]l {kl 11 3}]; ’: 3 .
Do[g = £ // dm[g, k, g], {k, 4, 6}]; i \/
Do[E = £ // dm[b, k, b], {k, 7, 9}]; /J

G —

{eM1]-@{5}, E[2]@{5}} // Print

Borromean

=

p— 1 1 1 1 1

— 1 1 — — —
{Ls[o, bg, ;bbg+bg7+5bgg, “bbbg+ -—bbgr+-—bggr+-—bbgg+ - —bgrr+— bggg,

6 2 2 4 2 6
1 — 1 1 1 — 1 — 1 1
— bbbbg + —bbbgr + —bbggr + —bbbgg + —bbgrr + —bgggr + —bggrr —-bbgr g+
24 6 4 12 4 6 4
1 — — 1 I e— 1 — 1 1 —
—bbggg-2bbrgg+ —bgrrr+ —bgbgr -bgbrg - — bbgbg- —-—b9rgr+ — bgggg, ],
12 6 2 12 2 24
— bbbgr bbgbr bbggr bbgrg bbgrr bbrbg
Cws|0, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr, - + + + + -
3 2 2 2 2 2
3bbrgr bgbrr 3bggbr bgggr bggrg bggrr bgrgg 3bgrrg bgrrr brggr brgrr Dbrrgr }}
+ - + - + + - + + - + Ce.
2 2 2 3 2 2 2 2 3 2 2 2
The below is adapted from pensieve://Projects/\WKO4/CellExport.nb.
ConditionalExport|[fname String, rest __] := Module[{temp, exists},
temp = "ConditionalExportTemporary" <> "." <> FileExtension[fname];

exists = FileExistsQ[fname];

Export[temp, rest];

If[exists && FileByteCount|[fname] === FileByteCount|[temp],
DeleteFile[temp],

Print["Exporting " <> fname<>"..."];

If[exists, DeleteFile[fname]];
RenameFile[temp, fname]

1;

fname

SetOptions[$FrontEndSession, PrintingStyleEnvironment -» "Working"];
TagProperties[_] := {};
TagProperties["Initialization"] = {PageWidth - 8};
TagProperties["VCapSolution"] = {PageWidth - 7};
TagProperties["Borromean"] = {PageWidth - 6.6};
Options[CellExport] = {
PageWidth -» 6.28, CellFilter - Identity, ExportBaseFilename - Automatic,
ExportFormat -» ".pdf", ExportOptions - {}, Split -» False

};
CellExport[tag String, opts___Rule] := CellExport]
NotebookGet [EvaluationNotebook[]],
tag, opts
1;
CellExport[nb Notebook, tag String] := CellExport[nb, tag, TagProperties[tag]]:;

CellExport[nb_Notebooktp: aerbmietyAdagemiPptidersBakiievnddrdts-1 50sModmdeslicanotebooks
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{cells, cell, filename, format},
filename = OptionValue[ExportBaseFilename] /. Automatic - tag;
format = OptionValue [ExportFormat] ;
cells = OptionValue[CellFilter] [Cases|[
nb, c Cell /; FreeQ[List@@c, Cell] && ! FreeQ[c, CellTags - tag],
Infinity
11
If[! OptionValue[Split],
If[Length[cells] 21,
If[Length[cells] =1,
cells = Append[First[cells], PageWidth - 72 OptionValue[PageWidth]],
cells = Cell[CellGroup[cells], PageWidth - 72 OptionValue[PageWidth]]
1;
ConditionalExport|[
filename <> format, cells,
ImageResolution - 300,
OptionValue [ExportOptions]
1
1,

k=0;
Table[
++k;
ConditionalExport|
filename <> "-" <> ToString[k] <> format,

Append[cell, PageWidth - 72 OptionValue[PageWidth]],
ImageResolution - 300,
OptionValue [ExportOptions]

1,
{cell, cells}

1
1;
nb = NotebookGet[EvaluationNotebook[]]
tags = Cases[nb, (CellTags -» tag_ ) :» tag, Infinity ] // Union;
CellExport /@ tags

Exporting Borromean.pdf...
{Associator.pdf, atkv.pdf, BCH.pdf, Borromean.pdf, Initialization.pdf,
KVDirect.pdf, RandomOps.pdf, TheBuckle.pdf, VCapSolution.pdf, VFromPhi.pdf}
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