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Diagrammatic statement. Let R = expS ∈ Aw(↑↑). There exist
ω ∈ Aw(W) and V ∈ Aw(↑↑) so that

(1) = V

(2) (3)

WW

W

V

unzip unzip

(2) (3) →→

Knot-Theoretic statement. There exists a homomorphic expansion
Z for trivalent w-tangles. In particular, Z should respect R4 and
intertwine annulus and disk unzips:;(1)

Group-Algebra statement. There exists ω2 ∈ Fun(g)G so that for
every φ, ψ ∈ Fun(g)G (with small support), the following holds in
Û(g): (shhh, ω2 = j1/2)∫∫

g×g

φ(x)ψ(y)ω2
x+ye

x+y =

∫∫

g×g

φ(x)ψ(y)ω2
xω

2
ye

xey.

(shhh, this is Duflo)

Unitary statement. There exists ω ∈ Fun(g)G and an (infinite
order) tangential differential operator V defined on Fun(gx × gy)
so that
(1) V êx+y = êxêyV (allowing Û(g)-valued functions)
(2) V V ∗ = I (3) V ωx+y = ωxωy

Algebraic statement. With Ig := g∗ ⋊ g, with c : Û(Ig) →
Û(Ig)/Û(g) = Ŝ(g∗) the obvious projection, with S the antipode
of Û(Ig), with W the automorphism of Û(Ig) induced by flipping
the sign of g∗, with r ∈ g∗ ⊗ g the identity element and with
R = er ∈ Û(Ig) ⊗ Û(g) there exist ω ∈ Ŝ(g∗) and V ∈ Û(Ig)⊗2 so
that
(1) V (∆ ⊗ 1)(R) = R13R23V in Û(Ig)⊗2 ⊗ Û(g)
(2) V · SWV = 1 (3) (c⊗ c)(V∆(ω)) = ω ⊗ ω

Convolutions statement (Kashiwara-Vergne). Convolutions of in-
variant functions on a Lie group agree with convolutions of invari-
ant functions on its Lie algebra. More accurately, let G be a finite
dimensional Lie group and let g be its Lie algebra, let j : g → R

be the Jacobian of the exponential map exp : g → G, and let
Φ : Fun(G) → Fun(g) be given by Φ(f)(x) := j1/2(x)f(expx).
Then if f, g ∈ Fun(G) are Ad-invariant and supported near the
identity, then

Φ(f) ⋆ Φ(g) = Φ(f ⋆ g).

Unitary =⇒ Group-Algebra.

∫∫
ω2

x+ye
x+yφ(x)ψ(y)

=
〈
ωx+y, ωx+ye

x+yφ(x)ψ(y)
〉
=

〈
V ωx+y, V e

x+yφ(x)ψ(y)ωx+y

〉

=〈ωxωy, e
xeyV φ(x)ψ(y)ωx+y〉=〈ωxωy, e

xeyφ(x)ψ(y)ωxωy〉

=

∫∫
ω2

xω
2
ye

xeyφ(x)ψ(y).

Some A-T Notions. an is the vector space with basis x1, . . . , xn,
lien = lie(an) is the free Lie algebra, Assn = U(lien) is
the free associative algera “of words”, tr : Ass+n → trn =
Ass+n /(xi1xi2 · · ·xim = xi2 · · ·ximxi1) is the “trace” into “cyclic
words”, dern = der(lien) are all the derivations, and

tdern = {D ∈ dern : ∀i ∃ai s.t. D(xi) = [xi, ai]}

are “tangential derivations”, so D ↔ (a1, . . . , an) is a vector space
isomorphism an ⊕ tdern

∼=
⊕

n lien. Finally, div : tdern → trn is
(a1, . . . , an) 7→

∑
k tr(xk(∂kak)), where for a ∈ Ass+n , ∂ka ∈ Assn is

determined by a =
∑

k(∂ka)xk, and j : TAutn = exp(tdern) → trn

is j(eD) = eD
−1

D · divD.

Theorem. Everything matches. 〈trees〉 is an⊕tdern as Lie algebras,
〈wheels〉 is trn as 〈trees〉 / tdern-modules, divD = ι−1(u − l)(D),
and euDe−lD = ejD.

Differential Operators. Interpret Û(Ig) as tangential differential
operators on Fun(g):
• ϕ ∈ g∗ becomes a multiplication operator.
• x ∈ g becomes a tangential derivation, in the direction of the
action of adx: (xϕ)(y) := ϕ([x, y]).
• c : Û(Ig) → Û(Ig)/Û(g) = Ŝ(g∗) is “the constant term”.
Trees become vector fields and uD 7→ lD is D 7→ D∗. So divD is
D −D∗ and jD = log(eD(eD)∗) =

∫ 1

0
dtetD divD.

Alekseev-Torossian statement. There are elements F ∈ TAut2 and
a ∈ tr1 such that

F (x+ y) = log exey and jF = a(x) + a(y) − a(log exey).

Theorem. The Alekseev-Torossian statement is equivalent to the
knot-theoretic statement.
Proof. Write V = eceuD with c ∈ tr2, D ∈ tder2, and ω = eb with
b ∈ tr1. Then (1) ⇔ euD(x + y)e−uD = log exey,
(2) ⇔ I = eceuD(euD)∗ec = e2cejD, and
(3) ⇔ eceuDeb(x+y) = eb(x)+b(y) ⇔ eceb(log exey) = eb(x)+b(y) ⇔ c =
b(x) + b(y) − b(log exey).
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Convolutions and Group Algebras (ignoring all Jacobians). If
G is finite, A is an algebra, τ : G → A is multiplicative then
(Fun(G), ⋆) ∼= (A, ·) via L : f 7→

∑
f(a)τ(a). For Lie (G, g),

(g,+) ∋ x
τ0=expS //

expU

((P

P

P

P

P

P

P

P

P

P

P

P

P

expG

��

ex ∈ Ŝ(g)

χ

��

(G, ·) ∋ ex τ1 // ex ∈ Û(g)

so

Fun(g)
L0 //

Φ−1

��

Ŝ(g)

χ

��

Fun(G)
L1 // Û(g)

with L0ψ =
∫
ψ(x)exdx ∈ Ŝ(g) and L1Φ

−1ψ =
∫
ψ(x)ex ∈

Û(g). Given ψi ∈ Fun(g) compare Φ−1(ψ1) ⋆ Φ−1(ψ2) and
Φ−1(ψ1 ⋆ ψ2) in Û(g): (shhh, L0/1 are “Laplace transforms”)

⋆ in G :

∫∫
ψ1(x)ψ2(y)e

xey ⋆ in g :

∫∫
ψ1(x)ψ2(y)e

x+y

Wheels and Trees. With P for Primitives,

0 //〈wheels〉 ι //PAw(↑n) π //〈trees〉 //

l
ll

urr
0,

with

2

2

21

(u,l)
−−−−→




1 2

,
21



.

So projKw(↑n) ∼= U (〈trees〉 ⋉ 〈wheels〉), or

Aw(↑n) ∼= U ((an ⊕ tdern) ⋉ trn) .

trees atop a wheel,

and a little prince.
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