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Why Cohomology?

General Philosophy:

- We may study a category C by studying functors F : C Ñ D
where D is a “simpler” category.

- Many functors are either “too coarse” or ”too complicated”:

Too Coarse:

ProjVark Ñ Veck , X ÞÑ ΓpX ,OX q.

Too Complicated:

PointTopÑ Grp, pX , xq ÞÑ πnpX , xq.

- (Co)homology functors occupy a middle ground through
(co)homological algebra: constructions in C correspond to
abelian category constructions in D.
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Why Hodge Structures?

Problem: Topological cohomology still to coarse for arithmetic
and algebraic geometry.

e.g. all elliptic curves are homeomorphic, hence have the
same cohomology

Solution: “Remember” additional structure on the cohomology of
complex manifolds. Obtain functors

Algebraic Varieties{CÑ Hodge Structures over pZ,Q,R...q,

which are often injective on (subclasses) of objects, Hodge
conjecture predicts fully-faithful on “motives”, etc.
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In Terms of Topological de Rham

Suppose that X is a projective complex manifold. For each n, we
have two natural complex cohomology vector spaces: Hn

BpX ,Cq
and Hn

dRpX ,Rq b C, and a comparison isomorphism

cdR : Hn
dRpX ,Rq b CÑ Hn

BpX ,Cq, rωs ÞÑ

ż

p´q

ω.

Hn
dRpX ,Rq b C has a natural filtration:

F kpHn
dRpX ,Rq b Cq “

à

p`q“n

Hp,q

Hp,q “ span

$

’

&

’

%

dz1 ^ ¨ ¨ ¨ ^ dzp
loooooooomoooooooon

holomorphic

^ dz 11 ^ ¨ ¨ ¨ ^ dz 1q
loooooooomoooooooon

anti-holomorphic

,

/

.

/

-

As the the complex structure of X varieties, the filtration F ‚

varies, but Hn
BpX ,Cq stays fixed.
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Abstract Definition

The subspaces Hp,q Ă Hn
BpX ,Cq satisfy Hp,q “ Hq,p with respect

to the conjugaction coming from Hn
BpX ,Rq. More generally:

Definition

Given a subring R Ă R, a R-Hodge structure of weight n consists
of a R-lattice V and a filtration F ‚ of VC such that whenever
p ` q “ n ` 1

- we have F pVC X F qVC “ 0;

- and F pVC ‘ F qVC “ VC.

Alternate definition (for those familiar with Shimura varieties): an
R-lattice V with a map

ResC{RGm,R “ SÑ GLpV qR

with weight homomorphism Gm,R Ñ SÑ GLpV qR equal to
multiplication by tn.
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In Terms of Algebraic de Rham Cohomology

Algebraic de Rham cohomology:

- If X {C is affine, form the algebraic de Rham complex

0 Ñ OX
d
ÝÑ Ω1

X
d
ÝÑ ¨ ¨ ¨

d
ÝÑ Ωn

X Ñ 0,

and define H i
dRpX {Cq “ kerpΩi

X
d
ÝÑ Ωi`1

X q{impΩi´1
X

d
ÝÑ Ωi

X q.

- In general,
H i

dRpX {Cq “ Hi pX ,Ω‚X q.

Filtration given by

F pH i
dRpX {Cq “ impHi pX ,Ω‚ěpX q Ñ Hi pX ,Ω‚X qq.

Lattice structure from the comparison

H i
dRpX {Cq » H i pX an,Zq b C.
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Hyperelliptic Example

C “ C ˝ Y t8u, where C ˝ is given by the affine equation:

y2 “ x2g`1 ` λ2gx
2g ` ¨ ¨ ¨ ` λ1x ` λ0,

with non-vanishing discriminant.

(1) From the long exact sequence of a pair
H1

dRpC{Qq » H1
dRpC

˝{Qq.
(2) Algebraic de Rham cohomology is spanned by

dx

y
,
xdx

y
, ¨ ¨ ¨ ,

xg´1dx

y
, ωg`1, . . . , ω2g ,

where ωg`1, . . . , ω2g are forms of the “second kind”.

(3)

F 1H1
dRpC{Qq “ span

"

dx

y
,
xdx

y
, ¨ ¨ ¨ ,

xg´1dx

y

*

.

(4) The integral lattice is given by the usual homology basis for
the torus C an transferred along H1

dRpC{Cq
„
ÝÑ H1

BpC
an,Cq.
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Reasons to Care about Hodge Theory as a Number
Theorist

Most arithmetic consequences of Hodge theory come from
understanding Hodge vectors; elements of
Hdgpnq “ HnpX an,Qq X Hp,p with n “ 2p. Conjecturally, the
following is true:

- If X is defined over Q, γ P Hdgpnq is a Hodge vector, and ω is
an algebraic form on X , then

ş

γ ω P 2πiQ.

- If X is defined over Q, elements of Hdgpnq constrain the
image of

GalpQ{Qq Ñ H i
étpXQ,Q`q.

- Can study Shimura variety phenomena in more general
settings (e.g. CM points and CM theory)
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Variations of Hodge structure (Idea)

Suppose that f : X Ñ S is a smooth proper family of complex
manifolds, with S smooth.

- Ehresmann’s fibration theorem says that over small enough
balls B Ă S , the family f ´1pBq Ñ B is a trivial fibre bundle.

- Thus over B, we have canonical isomorphisms
H i pXs ,Zq » H i pXs 1 ,Zq where s, s 1 P B.

- Defines an integral local system V.

- Hodge filtration defines filtration F ‚ of H “ VbOSan by
vector subbundles.

- Variation of Hodge structure is a pair pV,F ‚q, with fibres
giving Hodge structures, plus transversality condition.
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Why Study Hodge Structures in Families?

The advantage of studying Hodge structures in families is that it
can be easier to understand arithmetic properties of Hodge
structures using monodromy data.

E.g., the proofs of the Shafarevich and Tate conjectures for K3
surfaces (trivial canonical bundle, not a complex torus) both begin
with the following step: construct an embedding

VK3 ãÑ EndpVAbq,

of variations of Hodge structures, where VK3 arises from a family
of K3 surfaces, and VAb arises from a family of abelian varieties.

Transferring arithmetic properties from VAb to VK3 cannot be
done without variational language.
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