MAT?244, 2014F, Solutions to Final Exam

Problem 1. Solve the initial value problem

2

(32 + 2y) dz + (x+6%) dy=0  y(0)=3.

Solution. As M = 3z + 2y, N = x—l—%ﬁ, M,—- N, =2 - (1—%2) and
(M, —N,)/N = 1/x is a function of x only. So we can find integrating factor
p = p(x) from p'/p = 1/r = Inp = Inz (modulo constant factor) and
i = x. Therefore

(322 + 2xy)dx + (2 + 6y*)dy = 0.
then
U, = 32% + 2xy, U, = z? + 6y°

where the first equation implies that
U=a"+a%y+¢y)
and plugging to the second equation we see that

¢ =6y’ = y=2"
Then
U:==2+22y+2y°=C

is a general solution and finding C' = 54 from initial condition we arrive to

U:= 2%+ 2%y + 2y = 54.

Problem 2. Find the general solution of

2y 4 623y® + 722y + 2y — y = 3Inz + cos(Inz).



Solution. It is Euler’s equation. Its characteristic polynomial is

r(r—=10r—=2)(r=3)+6r(r—1)(r—-2)+7r(r—1)+r—1=
rt— 63+ 11r% —6r +6r° — 18 + 12r + T2 —Tr+r—1=7* -1
with characteristic roots 9 = %1, r34 = £¢ and plugging ¢t = Inz we arrive

to
gy =3t + cos(t). (2.1)

Solution to homogeneous equation is

z = Cre' + Coe™ + C3cos(t) + Cysin(t) =
Ciw + Cyx ™'+ Cscos(Inz) + Cysin(lnz)  (2.2)

and the particular solution to inhomogeneous equation is y, = yp1 + Yp2 With
Yy = at + b and y,o = (ccos(t) + dsin(t))t solving equation with right hand
expressions f; = 3lnx and fy = cos(In ) respectively.

Plugging y,1 we get

—at—b=3t = a=-3,b=0 = y, = -3t =-3nz (2.3)

and plugging y,, we get

1
3(esin(t) — dcos(t)) = cos(t) = ¢=0,d= -3 -
1 1
Y2 = 3 sin(t)t = —3 sin(lnz)Inz. (2.4)

Adding (2.2)—(2.4]) we get
1 : L.
y=Ciz+ Coz™" + Cscos(lnz) + Cysin(lnz) — 3lnz — 3 sin(lnz) In .

]

Problem 3. Find the general solution of the system of ODEs

) 5 3 2
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Solution. Characteristic equation is

| wleo

_5_

3 5
4 4

with characteristic roots 5 = 243 5
Finding corresponding eigenvectors: (a) 7

(F 2)6)-
).

1 . .. .
b) o = 2 and e, = since matrix 1s syminetric eigenvectors are
1 Yy g

and then @ = f = 1 and eigenvector is e; = (1

orthogonal).
Therefore the general solution of the homogeneous system is

(Zj:) - G) G (—11) (3.1

To solve inhomogeneous system we use method of variation of parameters
leading to

e"s e 2 Cy =
¢ = Te —
<6_2 —e_2t) ( ’ 0

t t
C| = N Cl:/l—e:et dt = 2arctan(e?) + ¢4,

2t th ; et ; .
!/

where the first integral is taken by substitution u = ez and the second by
substitution u = 1 + €.
Thus

x t 1y _1 1 _
(y) = (2arctan(ez) + ¢1) (1) e 2!+ (¢ —In(1 +€") + ) (_1) e 2.
]
Problem 4. Find the general solution of the ODE

ry =y — xel?

and solve the initial value problem y(1) = —2 .

3



Solution. Since it is homogeneous equation we plug y = ux and then
W'z +ur = ur — xe' = u = —€' = 2 'dr = —e du =
hr=e"+InC = u=—-Inln(Czr) = y=—zlnln(Cx).
Asz=1,y=-2u=-2weget nlnC =2 and y = —xIn(e?* + Inz). O

Problem 5. For the system of ODFEs

(a) describe the locations of all critical points,

(b) classify their types (including whatever relevant: stability, orientation,
etc.),

(c) sketch the phase portraits near the critical points,

(d) sketch the phase portrait of this system of ODEs.

Solution. (a) Solving x(5 — 2z — 3y = 0, y(5 — 3z — 2y) we have 4 cases
r=y=0,r=5-3r—-2y=0,y=5—-2r—3y=0and b — 3x — 2y =
5 — 2z — 3 = 0 giving us 4 points (0,0), (0,2), (3,0) and (1,1).

(b) Let f = z(5—2x—3y) = bz—2x*—3xy, g = y(5—3x—2y) = Sy—2y*—3zy.
Then f, =5 —4x — 3y, f, = =32, 9. = =3y, g, = 5 — 4y — 3x.

(i) (0,0); matrix (j;z gz

r1 = ry = 5; and eigenvectors (1,0)” and (0, 1)7; unstable node;

) at this point equals <(5) (5)) with eigenvalues

(ii) (0,2); matrix <§$ §y> at this point equals ( 2 05> with eigenval-
T Yy 9

ues 1y = —32, r, = —5 and eigenvectors (1, —3)" and (1,0) respectively;
stable node;

(ili) (2,0); the same as in (ii);

-3
ry = —5and ro = 1 and eigenvectors (1,1)” and (1, —1)7 respectively; saddle.

(iv) (1,1); matrix (gm i;y) at this point equals ( :3) with eigenvalues
z Yy



(c-d) Plotting

x ' = x [5-2x-3y)
¥ =y (5-3x-2v)
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Remark. This is “two competing species” system.

Problem 6. For the system of ODEs

v, = 4ty — 22 — 4oy + 2y,
Y, = —day® + 297 + day — 2o

(a) linearize the system at xo =1, yo =1 and sketch the phase portrait of
this linear system,

(b) find the equation of the form H(x,y) = C satisfied by the trajectories
of the nonlinear system,

(c) describe the type of the critical point xo = 1, y9 =1 of the nonlinear
system.



Solution. (a) Let f = 42’y — 22 — 4oy + 2y, g = —4xy® + 2y* + 4dzy — 2x;
then f,(1,1) =0, f,(1,1) =2, g.(1,1) = =2, f,(1,1) = 0 and the linearized

system is
{ X =2Y,
Y/ = -2X

with phase portrait consisting of clock-wise circles.
(b) Rewriting system as fdz — gdy = 0 we get

(4ay? — 2y° — day + 22) dz + (4oy — 22° — day + 2y) dy = 0
which is exact; then

H, = 4zy® — 2y° — 4oy + 22, H, = 42’y — 22° — 4oy + 2y)
and the first equation implies that

H = 22%y* — 2xy* — 22%y + 2% + é(y)

and the second equation implies that ¢’ = 2y and y = y* and then

H = 22%? — 22> — 202y + 2> + y* = 2% (y — 1) + 9 (z — 12

(c) Since linearized system has a center and original system has a solution
H(x,y) = C the type of the stationary point is a center.

Remark. In fact the system has also critical point (0,0) of the type center,
and critical point (%, %) of the type saddle (see next page)
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