REFINED MASS-CRITICAL STRICHARTZ ESTIMATES FOR SCHRODINGER
OPERATORS

CASEY JAO

ABSTRACT. We develop refined Strichartz estimates at L? regularity for a class of time-dependent
Schrédinger operators. Such refinements quantify near-optimizers of the Strichartz estimate, and
play a pivotal part in the global theory of mass-critical NLS. On one hand, the harmonic analysis is
quite subtle in the L2-critical setting due to an enormous group of symmetries, while on the other
hand, the spacetime Fourier analysis employed by the existing approaches to the constant-coefficient
equation are not adapted to nontranslation-invariant situations, especially with potentials as large
as those considered in this article.

Using phase space techniques, we reduce to proving certain analogues of (adjoint) bilinear Fourier
restriction estimates. Then we extend Tao’s bilinear restriction estimate for paraboloids to more
general Schrodinger operators. As a particular application, the resulting inverse Strichartz theorem
and profile decompositions constitute a key harmonic analysis input for studying large data solutions
to the L?-critical NLS with a harmonic oscillator potential in dimensions > 2. This article builds
on recent work of Killip, Visan, and the author in one space dimension.

1. INTRODUCTION

In this article, we prove sharpened forms of the Strichartz inequality for nontranslation-invariant
linear Schrédinger equations with L2 initial data. Recall that solutions to the linear constant-
coefficient Schrodinger equation

(1) 10pu = —%Au, u(0,-) = up € L*(RY),

satisfy the Strichartz inequality [Str77]

(2) ull 2wr2) < Cflu(0, ) z2(ra)-

Lt,zd (R‘XRd)
On the other hand, it is also known if v a solution that comes close to saturating this inequality, then
it must exhibit some “concentration”; see [CK07, MV98, MVV99, BV07]. Such inverse theorems
may be equivalently formulated as a refined estimate

3) Jull s S [l .
t,x
where the norm X is weaker than the right side of (2) but measures the “microlocal concentration”
of the solution. We pursue analogues of such refinements when the right side of (1) is replaced by
a more general Schrodinger operator —3A + V (¢, z).
Inverse theorems for the Strichartz inequality have provided a key input to the study of the
L?-critical NLS

(4) 10 — —%Au +ultu, u(0,) € LA(RY),

so termed because the rescaling u — uy(t, z) := A%2u(\*t, \z) preserves both the equation (1) and

the L?-norm M[u] := [u(®)[|L2rey = [w(0)]|12me)- Indeed, they are used to construct the pro-

file decompositions underpinning the Bourgain-Kenig-Merle concentration compactness and rigidity

method by identifying potential blowup scenarios for nonlinear solutions with large data. Using this

method, the large data global regularity problem for (4) was recently settled by Dodson [Dod16a,
1
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Dod16b, Dod12, Dod15], building on earlier work of Killip, Visan, Tao, and Zhang [KTV09,
KVZ08, TVZ07]. For further discussion of this equation we refer the interested reader to the
lecture notes [KV13].

The large group of symmetries for the inequality (2) is a significant obstruction to characterizing
its near-optimizers. Besides translation and scaling symmetry, both sides are also invariant under
Galilei transformations

s ugy (8, ) = 80 —atolly (g o —1gy), & € RY

This last symmetry emerges only at L? regularity and creates an additional layer of complexity. In
particular, while the Littlewood-Paley decomposition is extremely well-adapted to higher Sobolev
regularity variants of (2), such as the H'-critical estimate

lull sasz S IV0(0) ] 2(ra)
t,x
it is useless for inverting the L?-critical estimate because one has no a priori knowledge of where the
solution is concentrated in frequency. Instead, the mass-critical refinements cited above combine
spacetime Fourier-analytic arguments with restriction theory for the paraboloid.
In physical applications, one is naturally led to consider variants of the mass-critical equation (4)
with external potentials, such as the harmonic oscillator

1
(5) i0pu = <—§A + waz?)u + \u]%u, u(0,-) € L*(RY).
J

For instance, the cubic equation (with a |u|?u nonlinearity) has been proposed as a model for Bose-
Einstein condensates in a laboratory trap [Zha00] where ||u(t)|/ 2 represents the total number of
particles, and in two space dimensions the critical Sobolev norm for this equation is precisely L?.

While introducing the potential breaks scaling symmetry, one nonetheless expects solutions with
highly concentrated initial data to be approximated, for short times, by solutions to the scale-
invariant equation (4). Less obviously, the equation is invariant under “generalized” Galilei boosts,
detailed in Lemma 1.1 below, where the spatial and frequency parameters act together on the
solutions; in the constant coefficient setting, this reduces to the usual independent space translation
and Galilei boost symmetries.

This article develops refined Strichartz estimates for the linear equation

o= (LA +V)u, u(0,) € LR,

for a class V of real-valued potentials V (¢, x) that merely satisfy similar bounds as the harmonic
oscillator and possibly also depend on time. Specifically, define

(6) Vi={V:RxR! = R:[|0;V]|r < My for 2 <|a| <N =N(d).}

for fixed constants 0 < My, Mo, ..., My. These estimates play a key role in the large data theory
for nontranslation-invariant L2-critical Cauchy problems typified by (5). We briefly discuss the
nonlinear problem in the last section of the introduction.

The case of one space dimension was treated in a previous joint work with Killip and Visan [JKV].
This paper extends the methods introduced there to higher dimensions.

1.1. The setup. To clarify the structure of our arguments we begin with a slightly more general
setup. Hence we consider time-dependent, real-valued symbols a(t, x, §) which are measurable in ¢
and satisfy

(7) 10907 a| < cap for all |a] + || > 2.
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Further, we assume the characteristic curvature condition
(8) Hdeta&]—l‘—l—H]a&H—l‘S&

for some small 0 < ¢ < 1. For concreteness, all matrix norms in this article denote the Hilbert-
Schmidt norm, but the exact choice of norm is inessential.
These hypotheses encompass several interesting situations:

e Schrédinger Hamiltonians with time-dependent scalar potentials a = £[£|? + V (¢, z), where
Ve
e Electromagnetic-type symbols a = 3[¢|? 4 b(z,£) + V/(t,z), where the first order symbol

b(x, &) is real and satisfies \8§8§Bb| < cqp forall |a|+ 8] > 1, and V € V is a scalar potential
as before.
e The frequency 1 portion of the Laplacian on a curved background.

For a symbol as defined above, write a“ (¢, z, D) for its Weyl quantization. Let U (¢, s) denote its
unitary propagator on L?(R%), so that u := U(t, s)us is the solution to the equation

(9) (D¢ +a®(t,z,D))u =0, u(s,-)=us € L>(RY),

Evolution equations of this type were studied by Koch and Tataru [KT05]. While translations and
modulations do not preserve the equation (9), they do preserve the class of equations defined by our
assumptions. For an element (z9,&p) of classical phase space, define the “phase space translation”
operator 7(xg, &) by

m(20) f(x) = X700 £ (2 — ).
Then a direct computation, as in the proof of [KT05, Proposition 4.3], yields

Lemma 1.1. IfU(t, s) is the propagator for the symbol a and o — 2% = (27,£7) is a bicharacteristic
of a, then

U(t, s)m(25) f = el Ph20) =020 x ()70 (¢, 5),
where U s the propagator for the equation
[D¢ + (a*)*(t, z, D)]u =0,
a®(t,2) = alt, 2 + 2) — (z, as(t, 25)) — (€ ag(t, 20)) — a(=5),
and the phase is defined by

ot20) = [ ae(r.55).5) alr. ) dr

Observe that the transformed symbol a* satisfies the same estimates assumed of a. As a special
case, symbols of the form a = 3|¢|? 4+ (A(t,z),€) + wjk(t)ziz* are themselves preserved by the
mapping a — a® if A = Ajdacj is a 1-form whose components are linear functions of the space
variables with time-dependent coefficients. In two and three space dimensions, such A are potentials
for uniform magnetic fields.

The preceding hypotheses imply that the equation (9) satisfies a local-in-time dispersive estimate:

Lemma 1.2. If the symbol a satisfies the conditions (7) and 8, there exists Ty > 0 such that the
propagator U(t, s) for the evolution equation (9) satisfies the estimate

(10) Ut sz S 16— 51 for all |t — s| < Ty,
Hence, the solutions to (9) satisfy local-in-time Strichartz estimates
HUHLgL;(Ide) Sm ||UsHL2(Rd)

for any compact time interval I, and for all Strichartz exponents (q,r) satisfying 2 < q,r < o0,
%4— % = g, and (q,r,d) # (2,00,2).
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Proof sketch. The dispersive estimate is shown in Koch-Tataru using wavepacket parametrices [KT05,
Proposition 4.7]. Standard arguments (see Ginibre-Velo [GV95] and Keel-Tao [KT98]) then yield
the Strichartz estimates. O

It suffices to choose the time increment T so that
(11) To <1, Tollagell + Tgllaze|| <,
where 77 = n(d) is a small parameter depending only on the dimension.

Remark. The concrete cases of scalar potentials and magnetic potentials were studied much ear-
lier by Fujiwara and Yajima, respectively, who proved the dispersive bound using Fourier integral
parametrices [Fuj79, Yajol).

We seek refinements of the Strichartz inequality analogous to those for the constant-coefficient
equation. The earlier arguments for constant coefficient equation relied crucially on subtle bilinear
estimates from Fourier restriction theory. We isolate and reformulate the technical lynchpin in the
present context.

Hypothesis 1. There exist Ty > 0 and 1 < p < % such that the following holds: if f,g € L*(R%)
have frequency supports in sets of diameter < N which are separated by distance ~ N, then

(12) IUX@OFUXOgN rr | ((~10,m0) xR S N_(stHLQ(Rd)HgHLQ(Rd)7

for all s € [=1,1] and all 0 < X\ < 1, where US(t) = U5(t,0) are the propagators for the time-
translated and rescaled symbols a5, == Na(s + A2t Az, \71€).

When a = %|§ 2, the scaling and translation parameters )\, s are extraneous, and inequalities
of the form (12) are called (adjoint) bilinear Fourier restriction estimates. They were utilized by
Bégout-Vargas to obtain mass-critical Strichartz refinements in dimension 3 and higher [BV07] (the
results in dimensions 1 and 2, due to Carles-Keraani, Merle-Vega, and Moyua-Vargas-Vega utilized
linear restriction estimates [CK07, MV98, MVV99]). For further discussion of such estimates see
for instance [Tao03] and the references therein.

In the first part of this paper, we connect (12) to Strichartz refinements. To measure concentra-
tion in the solution we test it against scaled, modulated, and translated wavepackets. Set

||

(13) D(x) = cae™ 2, gy = T(wo, C0), g = 2 Y 2a 3L,
where S} is the the unitary rescaling S f(x) := )\*d/2f()\flx)_

Theorem 1.3. If Hypothesis 1 holds, then there exists 0 < 8 < 1 such that for all initial data
ug € L2(RY), the solution u to the equation (9) satisfies

o 1-6
(14) [ull 2@r2) < sup [(SXYa0,60, u(t)) L2(Ra) ) [l o]l -
L™ a ([-1,1]xR4) (0</\§1, [t|<1, (z0,£0)€T*RE s (Be) ) L2(R)

The generality of our hypotheses requires us to formulate the estimates locally in time. Indeed,
for most potentials the left side of the Strichartz estimate (14) is infinite if one integrates over
R x R%: for instance, the harmonic oscillator potential V = |z|? admits periodic-in-time solutions.
Nonetheless, our methods do yield (a new proof of) a global-in-time refined Strichartz estimate

0
-0
loll s S sup (SN .00 (1)) 2] ) llwoll 0

(RxR) ()\>0, teR, (z0,&)ET*RE

t,x
for solutions to the constant coefficient equation (1).

In applications to PDE, such a refined estimate is nowadays interpreted in the framework of con-
centration compactness, and yields profile decompositions via repeated application of the following
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Lemma 1.4. Assume the estimate (14) holds. Let u, := U(t) fn be a sequence of linear solutions
with initial data u,(0) = f, € L2(R?) such that [frll2mey < A < 00 and [[up|| 242 > € > 0.
d

t,z

Then, after passing to a subsequence, there exist parameters
{(Anstns n, &n) e € (0,1] x [1,1] x RY x R
and a function 0 # ¢ € L*(R?) such that
W(mmgn)_lS)TnlUn — ¢ in L?
SN

loll 2 2(5) ” -

Further,
1fall 2 = [Lfa = Utn) " S, (@0, €0)S2, 01172 — U (1) ™ S0, 7 (w0, ) Sx, 01 72 — 0.

Proof. By the estimate (14), there exist A, ty, Tp, &, such that
1-6

(St Ultn) )] = 10,7, £0) S50 2 2(5) 7

The sequence W(xn,ﬁn)*ls/\_nlU(tn) fn is bounded in L?, and therefore converges weakly in L? to
some ¢ after passing to a subsequence. The lower bound on ||¢||;2 is immediate, while

1 fallZz = 1o = U(tn) " a7 (@n, &)l 72 = 1U (80) ™ S (s £) S| 72
= 2Re<fn - U(tn)_ls)\nﬂ-(xm fn)¢a U(tn)_lsx\nﬂ-(-rm gn)¢>
= 2Re(n(zn, &) 1S3 U(tn) fo — ¢, 6) — 0.
O

Further discussion of profile decompositions and inverse Strichartz theorems may be found in
the lecture notes [KV13] and the references therein.
In the second part of this paper, we verify Hypothesis 1 for scalar potentials.

Theorem 1.5. Consider a Schridinger operator of the form H(t) = —%A +V(t,x), where V € V.
Suppose S1, S5 C Rg are subsets of Fourier space with diam(S;) < N and c 1N > dist(S1,52) > N
for some 0 < ¢ < 1. There exists a constant n =n(c) > 0 such that if 7o > 0 satisfies

(10 + 70) 07V |z <,

then for any f,g € L*(RY) with supp(f) C S1 and supp(j) C Sa, the corresponding linear solutions
u=U(t,0)f and v =U(t,0)g satisfy the estimate

d+3

d—d+2 d+2
(15) vl Lagmy mo)xray Se N0 | fllz2llgllzz  for all y q<—

+1- d
foranye >0, N>1,andV € V.

For V' = 0, the above estimate was conjectured by Klainerman and Machedon without the epsilon
loss, and first proved by Wolff for the wave equation [Wol01] and subsequently by Tao [Tao03] for
the Schrédinger equation (both with the epsilon loss). Strictly speaking, the time truncation is not
present in the original formulations of those estimates, but may be easily removed by a rescaling
and limiting argument.

Finally, while we make no attempt to address general magnetic potentials, a simple case with
some physical relevance does essentially follow from the proof for scalar potentials. The necessary
modifications for the following theorem are sketched in the last section.
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Theorem 1.6. The conclusion of the previous theorem holds for Schrodinger operators of the form
H(t) = —3(V —iA)? + V(t,z) where A = Ajda’ is a 1-form whose components are linear in the
space variables (i.e. the vector potential for a uniform magnetic field), and condition on the time
increment 1y 1S replaced by

7ollasell + (70 + 76) |l azall < 1.

We remark that the restriction estimate (12) does not hold for all symbols satisfying the con-
ditions (7) and (8). For instance, it was observed by Vargas [Var05] that when U(t) = %9
is the “nonelliptic” Schrédinger propagator in two space dimensions (thus a = £;§,), the bilinear
restriction estimate (7) can fail unless the frequency supports of the two inputs are not only disjoint
but also separated in both Fourier coordinates. In fact, the refinement (14) as stated is false for
the nonelliptic equation; for a correct formulation, one should enlarge the symmetry group on the
right side to include the hyperbolic rescalings u(z,y) — u(uz, u~'y); see the work of Rogers and
Vargas [RV06].

While the classical bicharacteristics of elliptic and nonelliptic propagators seemingly have no
qualitative difference—and indeed the dispersive estimates hold equally well for both—the quantum
propagators have radically different behavior in terms of oscillations in time. If one compares the
travelling wave solutions

ei[xfz-kyfy—%(&%-i-fg)}’ ei[x§x+y§y_t£z£y] ,

it is evident that unlike in the elliptic case, two solutions to the nonelliptic equation which are
well-separated in spatial frequency need not decouple in time.

The lesson of this counterexample is that while the dispersive and Strichartz estimates follow
directly from properties of the classical Hamiltonian flow, an inverse Strichartz estimate depends
more subtly on the temporal oscillations of the quantum evolution, which is connected to the
bilinear decoupling estimates.

1.2. The main ideas. Suppose one has initial data uy € L? such that the corresponding solu-
tion u has nontrivial Strichartz norm. Then, we need to identify a bubble of concentration in wu,
characterized by several parameters that reflect the underlying symmetries in the problem. In the
L?-critical setting, the relevant features consist of a significant length scale Ao as well as the position
xg, frequency &gy, and time ¢y when concentration occurs.

The existing proofs of Strichartz refinements for the constant-coefficient equation first use space-
time Fourier analysis (including restriction estimates) to identify a cube @ in Fourier space ac-
counting for a significant portion of the spacetime norm of u, which reveals the frequency center &
and scale A\g of the concentration. For example, Begout-Vargas [BV07] first establish an extimate
of the form

g G L L MG W 8
Q@ dyadic cubes

Then, the time ty and position xy are recovered via a separate physical-space argument. These

arguments ultimately rely on the fact that when V' = 0, the equation is diagonalized by the Fourier

transform.

For equations with variable coefficients, it is more natural to consider position xy and frequency
&o together as a point in phase space, which propagates along the bicharacteristics for the equation.
Following the approach in [JKV] for the one-dimensional equation, we work in the physical space
and first isolate a significant time interval [tg — A3, %o + A3], which also suggests a characteristic
scale A\g. Then zy and &y are recovered by phase space techniques.

The first part of the argument in [JKV] carries over essentially unchanged; however, the ensuing
phase space analysis in higher dimensions is more involved and occupies the bulk of this article.
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1.3. An application to mass-critical NLS. This article was originally motivated by the problem
of proving global wellposedness for the mass-critical quantum harmonic oscillator

1
(16) i0pu = <—§A+ijzx§>u:|: |u]%u.
J

By spectral theory, the Cauchy problem for (16) is naturally posed in the “harmonic” Sobolev

spaces
ug € H® := {ug € L* : (-A + Zw]?|ac]2)s/2, ug € L}
J

Global existence for data in the “energy” space H! was studied by Zhang [Zha05]. More recently,
Poiret, Robert, and Thomann established probabilistic wellposedness in two space dimensions for
all subcritical cases 0 < s < 1, as well as for other supercritical problems [PRT14]. Another recent
contribution by Burq, Thomann, and Tzvetkov constructs Gibbs measures and proves probabilistic
global wellposedness for the critical case in one dimension [BTT13].

It is well-known that the isotropic harmonic oscillator w; = % may be “trivially” solved; to
construct solutions on unit length time intervals for arbitrary L? data, it suffices to observe that u

is a solution of (4) on Ry x R% iff its Lens transform

T 7i|m|2 tan t
tant, —)e 2

Lultyw) i= (mu(an s

solves (16) on (—7/2x 7/2); x R¢ with the same initial data. However, this trick relies on algebraic
cancellations that no longer hold for more general harmonic oscillators. For further discussion of
the nonlinear harmonic oscillator as well as its connection with the Lens transform, consult the
article of Carles [Carll].

To solve (16) for large data in the critical space L?, the concentration compactness and rigidity
approach is much more promising. Experience has shown that constructing suitable profile de-
compositions is a core difficulty implementing this strategy for dispersive equations with broken
symmetries (e.g. loss of translation-invariance). For instance, see [Jaol6] for the energy-critical
variant of the quantum harmonic oscillator, as well as [IPS12, KVZ], and the references therein, for
other energy-critical NLS on non-Euclidean domains. Thus this article supplies the main harmonic
analysis input for the deterministic large data theory of (16) at the critical regularity.

Acknowledgements. The author is grateful to Michael Christ, Rowan Killip, Daniel Tataru,
and Monica Visan for many helpful discussions, and also wishes to thank the anonymous referee for
numerous suggestions for improving the original manuscript. This research was partially supported
by the National Science Foundation under Award No. 1604623. Part of this work was completed
during the 2017 Oberwolfach workshop in “Nonlinear Waves and Dispersive Equations.”

2. PRELIMINARIES

2.1. Notation. We use the Japanese bracket notation (z) := (1 + ]:n|2)%

2.2. Classical flow estimates. We collect some elementary properties of the classical Hamiltonian
flow

t=uag, x(0)=
() V25

Solutions to this system are bicharacteristics. For a point z = (z,£) in phase space, let o +— 27 =
(27,£7) denote the bicharacteristic initialized at (x,&). Write (y,n) — (2'(y,n), & (y,n)) for the
flow map.

The linearization of (17) satisfies the following Gronwall estimates:

Y
7.
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Lemma 2.1. Suppose ]t|||8§7§aHLoo <1. Then

8$t ¢ T ¢T
an :/0 age(r, a7, €7) dr + O(t||ase|lace|l) + O]l ase |l lage )
ol 2
8777 =1+ O(t|lagz|]) + Ot ||azs| || acell)
(18)
ozt
87y =TI+ O(t|laxe|) + O(tzuazxwaﬁém
ogt [t v ogr 2 3| aze ||
e /0 ~ a0 (7,27, 7) d7 + O(| 0| ae]]) + O (| ae *llace )

Proof. The linearized system takes the form

Y = Qgzly + agen,
N = —0Ogzy — Qg

A preliminary application of Gronwall implies |y(t)| + [n(¢)| < |y(0)] + |[1(0)].
Consider initial data y(0) = I, n(0) = 0. Then

t t
n(t)] < /0 lagayl dr + /0 lagen(r)| dr.

so [n(t)| S tllazz||. Substituting this into the equation for y, we deduce

t t
=11 [ agosldr+ [ Jagenl dr < el + 2llacel e

This in turn yields the refinement
t

10)+ [ asedr] S Ellassllaea] + ozl oce]
0

The case y(0) = 0, n(0) = I is similar. We have

t t
()] < / laen| dr + / lacoy] dr = [y()] < tllace)

which yields

t t
n(t) — 1] < /0 ltaslllagelIr dr + /0 agen] dr < tlasell + 2 as | lace

t
)= [ acedr] S Pllacl lagel + el e -

These imply, in view of the normalizations (8), the integrated estimates
ty—wy =2l — s+ [+ 0]t - 9)(& - &)
+O(|t = slllaxe ) (|27 — 23] + [t — sll&7 = &1)
+O(It = sPllags ) (J2] — 23]) + |t — s[l&] — &3)).
(19) §-&=6-6
+ O(It = slllagz )|} — 3|
+O(It = sPllase | lazelDlzf — 23] + O(It — slllaxelI€F — &
+O(|t = sPllasa|*)lef — 23] + O(It - s||azal)I€5 — €31,
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where I’ is an orthogonal matrix which equals the identity if age is positive-definite. In particular,
we have

Corollary 2.2. If |z5 — x3| < r, then |2} — 2| > Cr whenever ‘é(_}gg‘ < |t—s| <Tp.

Physically, this means that two particles colliding with sufficiently large relative velocity will
only interact once in the time window of interest.

Next, we record a technical lemma first proved in the 1d case [JKV, Lemma 2.2]. This is used
in the proof of Lemma 4.3 below but the computations use the preceding estimates.

Lemma 2.3. There ezists a constant C = C(||0%a||) > 0 so that if Q, = (0,n) +[-1,1]?? ¢ T*R?
and r > 1, then

U ()M +1rQy) C B(to) (2l + OrQy).
[t—to| <min(|n| ~1,1)

In other words, if the bicharacteristic z¢ starting at z € T*R¢ passes through the cube zh+ rQy
in phase space during some time window |t — ¢o| < min(|n|~!, 1), then it must lie in the dilate
zéo + Cr@,, at time t.

Proof. If z € ®(t) 71 (24 +rQ,), by definition we have |z! — z§| < r and |¢¢ — & —n| < r. Assuming
that |n| > 1, the estimates (19) imply that

@t — | <7+ [n| 7 (0l + )

+O(In| =M 0%al)(r + [0l = (Inl + 7)) + On| 2 18%al) (r + 0|~ (In] + 7))
<Cr

€' = & = nl < v+ O(n| " lage )7 + (1|72 (laz | laze )r + O(nl~ llaze ) (In] + )

+ ([n]?lawelI*)r + O(nl~?(lazz ) (In] + )
< Cr.

The case |n| < 1 is similar. O

2.3. Wavepackets. Let R > 1 be a scale and zyp = (z,&p) be a point in phase space. A scale-R
wavepacket at zg is a Schwartz function ¢,, such that ¢,, and its Fourier transform ¢, concentrate
in the regions |z — zo| < RY/? and |€ — &| < R™1/2, respectively:

— —N — —
(R0, 00| S (Tt IR0 60,00 S (S50

There are many ways to decompose L? functions into linear combinations of wavepackets. For the
first part of this article, it is technically more convenient to use a continuous decomposition. Later
on in Section 6.3, we switch to a discrete version which is more common in the restriction theory
literature.

In this section we recall a standard continuous wavepacket transform. To keep things simple
we work at unit scale since that is all we shall need. For a function f € L?(R%), its Bargmann
transform or FBI transform is the function T'f € L?(T*R?) defined by

Tf(z) = (f,¢2)r2may, = =m(2)y asin (13).

The transform satisfies a Plancherel identity ||Tf[| p2(7-ra) = | f| 12(re); dually, for any wavepacket
coefficients F' € L?(T*R4), one has

>7N Vi, N > 0.

1Pl =|| [ Few.ds], < 1Pl
T*Rd L3
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Indeed, TT* is the orthogonal projection onto TL?(R%). Then as T*T = I, any f € L*(R%) can
be resolved (nonuniquely) into a continuous superposition of wavepackets

f@) = [ o)

Applying the propagator U(t) to both sides and using linearity and the next lemma, one obtains
a wavepacket decomposition

u(t,z) = /uz(t,x) dz, u,(t,x) = f.[U ()] (x)

of Schrédinger solutions. For brevity we sometimes omit the arguments and write f = [ f,dz, u =
f Uy dz.

Lemma 2.4 (Evolution of a packet). If 1., is a scale-1 wavepacket, U(t) is the propagator for the
equation (9), and zo — 2z}, is the bicharacteristic starting at zo, then U(t)1s, is a scale-1 wavepacket
concentrated at z}, for all |t| = O(1).

Proof sketch. Using Lemma 1.1 we reduce to the case zg = 0 and also ensure that the symbol
a(t,z,€) vanishes to second order at (z,&) = (0,0) in addition to satisfying the bounds (7). Then
it suffices to show that propagator U(t) for such symbols maps Schwartz functions to Schwartz
functions on unit time scales. This is done using weighted Sobolev estimates as in [KT05, Section 4].

O

The term wavepacket shall also refer to spacetime functions of the form U(t)v,, not just the fixed
time slices. Later it will be essential to exploit not just the spacetime localization of wavepackets
but also their phase as described in Lemma 1.1.

3. CHOOSING A LENGTH SCALE

We begin with the following lemma from [JKV, Proposition 3.1], obtained by a variant of the
usual TT™* derivation of the Strichartz estimates. While that article concerned just Schrédinger
operators with scalar potentials, the proof works equally well in the current more general setting.

Proposition 3.1. Suppose U(t,s) satisfies a local in time dispersive estimate as in Lemma 1.2.
Let (q,r) be Strichartz exponents (i.e. satisfying the conditions in that Lemma) with 2 < q < oo.
Assume that f € L>(RY) satisfies | fllL2(ray =1 and

||U(t)f||L§L;([—171}><Rd) > e,
Then there is a time interval J C [—1,1] such that

_ 1 g
HU(t’ S)f”Lg—lL;(Jde) Z |J|‘7(q*1)€q—2.

Equivalently,

1 1-2 2
Ut 8)f oz (Jes[gg ST 103 Fl g remy) 171 ey
Note that by pigeonholing we may always assume that |J| < Ty, where T is the time increment
selected in (11).
Now let (g, 7) be the Strichartz exponents determined by the conditions %—Fg = % and ¢g—1=r.

Itiseasytoseethat2<r<2(%2)<q<oo.

For each J = [s — u, s + p] C [—1, 1], we write

Uttof = (20) 0 (= 0.0)7( R F= ()" 1 ([ 10).
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where U(t, s) is the propagator for the rescaled equation (D; 4+ a*)@ = 0, and

a(t,z,€) = —a S—I—ft \/7 \/FO

Changing variables, we obtain

__1 ~ ~
|J| a(a=1) HU(t) S)fHLg—lLr(JXRd) = HU(t)fHLf_ng([—TO,TO]><Rd)'

By interpolating with L2 L ([~To, To] xRY), which is bounded by unitarity, we see that Theorem 1.3
(d+2)

would follow if we prove that for some 2 < gg < and 0 < 0 < 1, the scale-1 refined estimate

(20) HOXE) Fll oo (75 70] xRy S (5P ey IDCI I

holds for all s € [—1,1], 0 < XA < 1, where the notation U(t) is as in Hypothesis 1.
Over the next two sections we establish

Proposition 3.2. If Hypothesis 1 holds, then so does the estimate (20).

4. A REFINED BILINEAR L2 ESTIMATE

In previous work [JKV], we proved (20) when d = 1 with gy = 4 by viewing the inequality as a
bilinear L? estimate and exploit orthogonality. Such a direct approach fails in d > 2 dimensions;

since 2 < (dH) < 4, the left side of (20) could well be infinite when gy = 4. To obtain a refined

linear L% estlmate for gy < Q(ddﬁ), we also begin by interpreting it as a refined bilinear L9/2

estimate, but use dyadic decomposition and interpolate between two microlocalized estimates:

e A refined bilinear L? estimate (“refined” in the sense of exhibiting a sup over wavepacket
coefficients) with some loss in the frequency separation of the inputs.

e A bilinear L? estimate for some p < d+2 which yields gains in the frequency separation,
essentially the content of Hypothesis 1.

This section discusses the former. In the next section we put together the two estimates, and
the LP estimate is established in the remainder of the paper.

Proposition 4.1. Suppose f = [ f..dz and g = [ g.1).dz are L*(RY) initial data with cor-
responding Schrédinger evolutions uw = [u,dz and v = [v,dz, where u,(t,x) = f[U(t).](z),
v(t,z) = g.[U(t)¢](x). Then

(21) H/ Uz Vs ledZQ‘
|§1—&2|~N

for some a = a(d) and 1 < p < 2.

< N© 1/p' 1/p 1/p’ 1/p
aezomorey ~ WL ) s lg: [ 9= )

Proof. Square the left side and expand

/legzzf23gZ4KN(Z17 22,23, 24) ledZQdZ3d24,
where K := KX|¢, —¢y|~N, |¢3—4]~N> and
K(21, 22,23, 24) = (U)Y2, U(t) Y, U)Y,U(t )w24> ([~To,To]xR%)"
The estimate would follow if we could show that
(22) N~z — 2)%(23 — 24)?| K5 (%)] is a bounded operator on L?

%,z for some 6 > 0,
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as Young’s inequality would then imply

9 1/2 1/2
H/Uz dz‘ 14 S </ ‘fz1gz2’2<21 - Z2>720 d21d32> </ ‘fz3924‘2<z3 - Z4>29d23d24)

' i en2 2

< sup]fZIQ/p sup\gz\Q/p HfHL/QpHgHL/Qp for some 1<p<2.
z z

In view of the crude bound |K(Z)| < min;x(z; — 2) !, which follows simply from the spacetime

supports of the wavepackets, (22) would follow from

Lemma 4.2. The localized kernel Ky satisfies

=
BNz, 2 S N,

2172 Z3%4

where « is a constant depending only on the dimension.

Proof of Lemma 4.2. In view of the unit scale spatial localization of the wavepackets and the prop-
agation estimates (19), we may further truncate the kernel to the phase space region

R ={|r1 — 22| <4|& — &, o3 — 24| < 4)&3 — &4}

For instance, if |27 — 25| > 4|¢§ —&5| and |t —s| < T, with the parameter 7 in (11) chosen sufficiently
small,

21192 o
jah — 2h| > (1= |t — 5?02V || ool IV L) 28 — a5
121192 .
— ([t = 8| + |t = 8|02V || ool o1 N0Vzoey 5 — g5

1 S S 3 S S
t — s||§7 — &5

> _ _Z
Z 2’331 5| 2‘

1
> <laf - a3l

therefore | K n (1 — xr)| Sar (w1 — 22) "M (zg — 24) " N—M for any M > 0. Thus it suffices to prove
that

IKnXRI 22 S N

An estimate of this flavor was proved in the 1d case [JKV]. We shall argue similarly, but the proof
is somewhat simpler since we aim for a cruder bound at this stage, completely ignoring temporal
oscillations, and defer the more delicate analysis to the bilinear LP estimate.

Partition the 4-particle phase space (T*R%)* according to the degree of physical interaction
between the particles. Let

Ey={Ze (I"RY": min mex [z — op| <1},

Ep, ={zZe (T'RH* . 2871 < min max |2t — zt| < 2F
(= {7e (R wnin max [of — ] < 24,

and decompose the kernel Ky = > k>0 KN XE,. Then we have the following pointwise bound
(67 + 69 — g — g9)-m
t(Z t(Z) t(Z t(2) ]

167 - &1+ 169 - &)

where #(Z) is a time minimizing the “mutual distance” max; ;|z{ — z%|. Further, the additional
localization to R implies, by the estimates (19), that

1

I — & — (&G —&)| S TO|51 — &
1

165 — &l — (& — &) S T0|£3 — &4

7 € Ey,

~

(23) (K (Z)] Swm 2
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drawing.eps

FIGURE 1. Z,, ,, comprises all (21, 22) such that z{ and 2% belong to the depicted

phase space boxes for ¢ in the interval 1.

for all |t| < Tp. In particular |§i(2) — 55(2)| ~ \55(2) - fi(g)| ~ N; thus, while the 5; may vary rapidly
with time if xz are extremely far from the origin, the relative frequencies retain the same order of
magnitude.

Assuming the bound (23) for the moment, we apply Schur’s test to complete the proof of
Lemma 4.2. Fix (23, 24) belonging to the projection Ej, — T*R%, x T*R?,, define

Ey(23,24) = {(21, 22) : (21, 22, 23, 24) € E}},

and let ¢; be the time minimizing |z —z/'| < 2F. For any (21, 22) € Ej(z3, 24), the mutual distance

max; |25 — ]| between zf, #h, 25, 2 is minimized in the time window

2k
I={t:|t—t1] Smin(l, ——)},
| | ( €5 — §4|)}
as for all other times we have |z4 — x| > 2% (Corollary 2.2).
We estimate the size of the level sets of |[K|. For a momentum ¢ € R, let Q¢ = (0,£)+[—1,1]% x
[—1,1]? ¢ T*R? denote the unit phase space box centered at (0,¢), and write ®¢ = ®(¢, 0) for the
propagator on classical phase space relative to time 0 for the Hamiltonian h(z, &) = %|§ 24+ V(t, ).

For p1, po € R%, define

t ¢ t t
_1(%3+ =z z3+ 2
Z,U,l,p,g — U(¢t ®(pt) 1(% +2kQ,U,1> X (% _’_2147@#2)
tel
This set is depicted schematically in Figure 1 when k& = 0, and corresponds to the pairs of wave
packets (z1,22) € En(z3,24) with momenta (u1, u2) relative to the wavepackets (z3,z4) at the
“collision time” t(Z).
We note that Ey(z3,24) C UMI,MQGZd Zu1 s, and recall the following estimate from the 1d paper,
whose proof we reproduce below for convenience:

Lemma 4.3.

(24) | Zyiy iz | S 24 max(L, |, |, |2 -

Proof. Without loss assume |u1| > |p2|. Partition the interval I into subintervals of length |pq|~?
if 11 # 0 and in subintervals of length 1 if g1 = 0. For each t’ in the partition, Lemma 2.3 implies
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that for some constant C' > 0 we have

t t t t/
U ‘I)(t)_l (M + 2kQM1) C @(t/)—l(zii + 2 + C2kQu1)
jt—t/| <min(L, 1| 1) 2 2
25+ 2t 2+ 2
U o)t (% + 2"?Qu2) c o(t)? (% + 02’6@”2),
[t—t'|<min(1,|p1]~1)
and so
t t t t
U @oeem) (212 +250,) x (212 +24,,)
[t—t/|<min(1,[p1|~1)
25 + 28 25+ 2
C (@) @ () (B + 02Qu ) x (B +024Q).

By Liouville’s theorem, the right side has measure O(21%) in (T*R%)2. The claim follows by
summing over the partition. ([l

#(2)

(%) )
For each (z1, 22) € Ej(23, 24) N Zy, 41y, We have by definition z; € G M QkQuj, thus

a7 +67 -7 &P =m0
67 - 67 = - 2+ 0(2")

Hence when (21, 22) € Zy, 4, for any M we have

>—M

(25) K(2)| g 27— W) 7
(lpa = pol + 1677 = &40

To apply Schur’s test, we combine the estimates (24), (25), and evaluate

/|KN(Z1,Z2723,Z4)|1_5XEk(5) dzidze < Z |K &\ °x g, dzadz

1,2 €2 iz

Sw2ME N MRy )M
|1 —p2| SN+2F
< Ndo—(M-d)k

For fixed z1, z2, the integral over z3 and z4 is estimated the same way. This concludes the proof of
Lemma 4.2, modulo some remarks on the crucial pointwise bound (23).
To obtain that estimate, we use Lemma 1.1 to write

‘ 4
K(%) = / e TU™ 0y (a — 2t), dadt,
7=1

O(t,2:2) = Y 05 (w — o, ) + 6(t, 70,0)|
J
where o = (+, 4, —, —), and we denote [[; ¢; := cicac3¢4.

It is convenient to partition the integral further, writing

U% (typ(a — af) = Y UF (0w (z — )by, (z — at)),

£;>0
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where ", 0 is a partition of unity with 6, supported on the dyadic annulus of radius ~ 2¢. For
7 € Ej, only the terms

K{2): /“I)HUZJ x—a:)Gg(:z:—a:)da:dt

with £* := max; ¢; 2 k will be nonzero.
By Lemma 2.1, the integral is supported on the spacetime region

ot

and |z — l‘§| < 24y,

{(t.2) : |t = 1(2)] < min (1,

max; j |£Z?(Z) . 52(2)|)
and for all such ¢ we have
of —afl S 27, lg -l - (P - 6P 52

Integrating by parts in z, we may produce as many factors of |&f + €5 — &8 — €4|™1 as desired and
freeze t = t(Z) to obtain

. e <§115( é.t(z) gé(g) _ Z(E)>—M
|KZ(Z)| ’SM 2 oM Z P zZ Z
(1e® — &9+ 167 - &)

and the bound (23) follows upon summing over /.

forany M >0,

This completes the proof of Proposition 4.1.

5. PROOF OF THEOREM 1.3

We prove Proposition 3.2 and hence Theorem 1.3. Begin with a Whitney decomposition of

RIxRHO\{(&9):¢eRY= | U @

Ne2Z Qeln

where Q is the set of dyadic cubes in R x R? with diameter ~ N and distance ~ N to the
diagonal. For each ) € Qp, its characteristic function factorizes X%(&,&) = XN (52) 2(52),

Q.J

where x 3 are characteristic functions of d-dimensional cubes of width N. Then we can decompose

1€,6) = xo(€1.8) + Y. Y. xF @ (&),

N>1QeQn

where x¢(£1,&2) is supported on the set [ — & < 1.
Now suppose u and v are linear solutions with initial data f = [ f.¢.dz and g = [ ¢.4. dz,

respectively, where f, = (f,%.) and g, = (g,v.). Writing u, = f,U(t)1),, v, = g U(t)1,, we
deduce as a consequence of Hypothesis 1 that

(26) H Z /uzlvz2 dz1dzo

QeQN

< N9 .
LT T xR S £z llg=l 2

for each N > 1. Indeed, for each cube @ the integral has a product structure

/Quzlz)Zdeld,ZQ = (/uzlxN (&1)d$1d§1) (/UZQXN (ﬁz)d@d&)
— 00| [ £.08" €0 drde [0 [ 0ux§ (€210, druds).



16 CASEY JAO

By ‘;he rapid decay of the wavepackets, we may harmlessly insert frequency cutoffs )Z%’j (D), where
)Z%’] are slightly fattened versions of X%J and still have supports separated by distance ~ N, and

apply Hypothesis 1 to estimate

H/ Uz Vo dZ1dZ2HL SN™ H/lexN’ 51)dl‘1d§1‘L2 RA) /QZ2XN (§2) dx2 52‘

SN 6||szN (€ )HL%HQZXN x(€ )HL%
The left side of (26) is therefore bounded by

S NS Ol llox @@z < N (X 1A OB (X oI5

Qe9nN Qeln QelN
< Nﬁa”fz”Lz ngHLg,

L2(R4)

as claimed.
Now decompose the product

uv—/uzleQXO(fl,fz)dzleQ—i- Z Z /uzlvz2 dz1dzo,

N>1QeQnN

and estimate each group of terms in L? for g between p and 2. For the sum over Qn we interpolate
between the LP and L? bounds. Writing é = 1},%0 + g, we have

1-6 0
H Z /Uz1vz2 dzleQHLqSH Z /umvm dZIdZQHLP H Z /u21vz2 d21d22HL2
Qeon 7@ Qeon 7@ Qeon 7@

_ _ o / /10 — 160
< N0+ 9[(Sgp|<f,¢z|)1/” Sgp|<g,¢z\)1/p] (1Flz2llglza)' "

and for ¢ sufficiently close to p (hence 6 sufficiently small) the exponent of N is negative.

For the “near-diagonal” sum, we interpolate between L' and L?. For the L' bound we simply use
Minkowski’s inequality and the estimate ||U(t)1,, U ()., |0 Sy (21 — 22) ™Y when |& — &] < 1
to obtain

H/U21U22X0(§1752)d331d$2d£1d§2‘ o N / | For Gl (21 — 22) N x0(&1, &2) d21d22

S ||fz||L§||gz||L§,

which when combined with Proposition 4.1 yields

/ /

0
/UzlszX0(§1,§2)d21d22 Lo

H/UzlszXO(&,fQ)dzldzzHLq S H/UZIUZQXO(&,&)ledZQHLI

/ 160’ 1—0’ o
S [sup |£DY7 (sup |g=DYP 7 (1f= 22 gz llz2) "
z z

< (sup (£} sup |(g, w)) 7 (1 2 gl o)~

/

for some 1 < p < 2, Where%:1—9’+—
Summing in N, we conclude that

Juvllza S [(sup (7,620 sup (g, w)) ) (1112 lgl2) '

for some 6 = 6(p) € (1, #2). Taking u = v we obtain Proposition 3.2.
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6. THE RESTRICTION-TYPE ESTIMATE

This purpose of this section is to prove Theorem 1.5.

We shall systematically use the following notation. For N > 1 and a potential V', we consider
the rescaled potentials

Vn(t,x) ;== N72V(N "%, N 'z).

Let U(t, s) and Uy (t, s) denote the propagators for the corresponding Schrodinger operators H (t) :=
—3A 4V and Hy(t) := —2A + V. We will often use the letter U to write the propagators for
different potentials V' € V; this ambiguity will not cause any serious issue, however, since all the
estimates we shall need are valid uniformly over V. Further, due to the time translation invariance of
our assumptions we shall usually just consider the propagator from time 0 and write U(t) := U(t, 0),
Un(t) := Un(t,0).

In the sequel, the letter C' will denote a constant, depending only on the dimension d, which may
change from line to line.

6.1. Preliminary reductions. The hypotheses of Theorem 1.5 are invariant under various trans-
formations of v and v.

e Galilei boosts u(0) — 7(20)u(0), u +— w(2§)u®, where u® satisfies (D; — A + VZ0)y® =
0, u*(0) = u(0).
e Spatial rotations: for an orthogonal matrix g, (g - w)(t,z) := u(t, g~

[Di(g-u) —A+(g-V)|(g-u)=0.

L. 2) satisfies

e Rescaling u — uy = )\_%u()\*zt,)\*lx) for A > 1. Then uy satisfies (D; — A 4+ V))uy =0
with a smoother potential Vi (¢, z) = A2V (A2, A~ 1x).

We may and shall assume hereafter that V' vanishes to second order at x = 0, that is, V(¢,0
and 9,V (¢,0) = 0 for all t. Indeed let 2§ = (z},&}) be the bicharacteristic with (xg,&) = (
Then by Lemma 1.1,

IO STl 4z = ||(W(ZE)UZO(t)f)(W(ZS)UZO(t)g)HLgfﬁ) =T @)U )g]l ass,
and the potential V*(t,z) = V(t,z}+z) =V (t, z}h) — 20,V (t, z}) vanishes to second order at x = 0.
Theorem 1.5 is equivalent by rescaling to

):
0,0).

Theorem 6.1. Given S1,5; C Rg with diam(S;) < 1 and ¢! > dist(S1,S2) > ¢ for some
0 < ¢ < 1, there exists a constant n = n(c) > 0 such that if V€V and 19 > 0 satisfies

(27) (10 + 1) 102V [l25s, <,

then for any f,g € L*(R%) with supp(f) C S1 and supp(§) C Sa, the corresponding Schridinger
solutions uy = Un(t)f and vy = Un(t)g satisfy the estimate

d+3 d+2
(28) lunvnllzaq-ronz monz xra) Se Mo lrzllgllze - forall == < ¢ < ——

for anye >0 and N > 1.
In fact it suffices to take S; and S5 of the form

(29) Si={€: 16— gl < gk S = 1€+ le+ gerl < 355

General S; can be reduced to this case by decomposing f = Zj f] and § = ), gr into pieces
supported in small balls and applying an appropriate Galilei boost and rotation for each pair (f;, gx)
and possibly also a rescaling to bring the Fourier supports closer, which only reduces |02V || .
Henceforth we shall assume (29).
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6.2. General remarks. We use the induction on scales method pioneered by Wolff for the cone [Wol01]
and adapted by Tao to the paraboloid [Tao03]. Our proof is modeled closely on Tao’s treatment

of the V' = 0 case, and the reader may find it helpful to read the following exposition in parallel
with [Tao03]. The main differences are as follows:

e The induction scheme (section 6.5) is complicated by the fact that frequency is not con-
served, so one cannot directly apply an induction hypothesis which involves assumptions
on the frequency supports at time 0 to a spacetime ball at a later time.

e The low regularity of V in time makes the bilinear L? estimate (section 6.8) more delicate
and we obtain weaker decay from temporal oscillations.

e In the final Kakeya-type estimate, the tubes in the key combinatorial lemma (Lemma 6.11,
the analogue of Lemma 8.1 in Tao) are curved. Also, we need to be slightly more precise
to compensate for the weaker decay in the L? bound.

6.3. Discrete wavepacket decomposition. While the first part of this paper employed continu-
ous wavepacket transforms, the following discrete decomposition, taken essentially from Tao [Tao03],
is more conventional in restriction theory and convenient for the combinatorial arguments involved.
To each zg = (0, &) in classical phase space with bicharacteristic v, () = (zf, &), we associate a
spacetime “tube”

T., = {(t,z) : |z — 24| < RY%, |t| < R}.

For such a tube T, let 2(T") = («(T"),&(T")) denote the corresponding initial point in phase space.
A wavepacket ¢ associated to the bicharacteristic zg — 2{; is essentially supported in spacetime on
the tube T3, and we shall often emphasize this fact by writing ¢r.

Lemma 6.2. Let u = Un(t)f be a linear Schrédinger solution with supp(f) C Si. For each
1 < R < N2, there exists a collection of tubes T and a decomposition

uw=Yarer,

TeT

into R x (R1/2)d wave packets with the following properties:
e Each T € T satisfies (x(T),&(T)) € RV/?Z4 x R=1/2Z4.
o Each wavepacket ¢ is a Schridinger solution localized near the bicharacteristic (z(T)¢, £(T)Y),
i.e. which satisfies the pointwise bounds
x—a(T)\—M
(R0, 6r(t)] Sear (i)
- —~ §—&(T)'\-M
(R0 60 ()] S (P20 )

Moreover, (Z}[O} is supported in a R='/? neighborhood of £(T) € Sy.
e The complex coefficients ar are square-summable:

> larl* S N1£13--
T

(30) for all k, M > 0.

Moreover, for any subcollection of tubes T' C T and complex numbers ar, one has
1Y arérlia S ) larf
TeT! TET!

A similar decomposition also holds for v = Up(t)g.

Proof sketch. We outline the main steps as this construction is fairly standard; consult for instance
Lemma 4.1 in [Tao03]. Begin with partitions of unity 1 =3, 74 n(z—z¢) and 1 = 3¢ 7a x(§—&0)
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such that x and 7 are compactly supported. By rescaling and quantizing, we obtain a pseudo-
differential partition of unity used to decompose the initial data

f= Z (R1/2> (RY*(D = &))f.
(w0,60)

The propagation estimates then follow from the next lemma. ]

Lemma 6.3. If ¢, is a scale-R wavepacket concentrated at zp, and Un(t) is the propagator for
H(t) = —3A + Vy, then Un(t) is a scale-R wavepacket concentrated at 2§ for all |t| < R.

Proof. By rescaling we reduce to R = 1 and replace V by VN/ pi/2 which also belongs to V since
N/RY? > 1. Then the symbol a = €2 + Vi ri2(t, ) satisfies the estimates (7), and we can
appeal to Lemma 2.4. O

6.4. Localization. The proof of Theorem 6.1 begins with the observation that it suffices to estab-
lish the same estimate with the spacetime norm restricted to a box of the form

Qn = [-N2, N?| x [-AN?%, AN?)2.
Theorem 6.4. Assume the hypotheses and notation of Theorem 6.1 and replace ¢ by ¢/2 and take
diam(S;) < 11/10. Then there exists A = A(c) > 0 such that

< £
(31) IIUNUNIIL%(QN) Se NeIflc2llgll 2

for any € > 0.

Remark. In the wavepacket decomposition of uy and vy, the Fourier supports of the wavepackets
are contained in a slight dilate Sj+ B(0,CN~1) of S;. Hence at various junctures we need to adjust
various constants to accommodate this minor enlargement of Fourier supports.

The full theorem then follows from an approximate finite speed of propagation argument:
Lemma 6.5. Theorem 6.4 implies Theorem 6.1.

Proof of Lemuma. Partition physical space R% = Ujezd Q; into cubes of width ~ N 2 where Q;

denotes the cube with center N2j € N2Z?. Decompose u := uy and v := vy into N? x (N)d
wavepackets, and group the terms in the product according to their relative initial positions. Write

UZZGT¢T= Z Z ur,
T

jEZd TETj

UZZbT/¢T/ = Z Z vy,
T/

j€ZIT'ET),
where T; = {T' € T : z(T) € Q;} and similarly for Tj. Using the triangle inequality we estimate
(32) uvll g < ZH S0 uper
20 [j—j'|~2F TET;, T'eT,

For the kth sum, note from (19) that if (z1,&1) := (2(T),&(T)) and (z2,&2) = (x(T"),&(T")), we
have

d+3 .
Ld+1

|2} — ab| > (1= Ct|| 02V || o) |zt — wa| — (Jt] + CtP|02Viv| =) |1 — &2
> (1= Cr3||03V || oo ) |21 — 22| = N*(1 + C75 |02V || 1|1 — &2
> (1—Cn)lzy — 22| — N*(1+ Cn)|é — &,

where C hides the harmless Gronwall factor. As |£; — &| < ¢!, there exists k(c) such that if
|z1 — 22| > 2¥N? and 7 is chosen small enough we obtain |2} — 25| > 2¥N? for k > k(c). Thus
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the tubes in T; and T;- are separated in space by distance > 2¥ N2, and since each wavepacket ¢r
decays rapidly away from its tube 7" in units of N, we have

|pr o1 HL% < 9~ 101dk py—101d

and estimate crudely as follows:

H Z Z wpvg s < 9 101dk \—101d Z Z larbr|

lj—3'|~2k T€T;, T'€T, l—j'|~2F TeTj,T’eT;,,

< prlouk 1000 5 (50 larl?)% > fbrl?)

|j—3'|~2k TET; T'eT,
1
_ _ 3
<9 100dk py 100d<z Z |aT|2) (Z Z \be|2>
j TET; J TET),

S 27N | 2l g ) e

N

N|=

For the “near diagonal” part of the sum (32), where |j — 5| < 2¥(9), we group the terms by their
average initial positions:

) XY wer| s 2 )N D DERECY s
i=3'|S1TE€T;,T' €T, meZA+Zd |j—j'|SLj+j'=m TeT; T'eT,
L,
For each pair (j,j), we translate the initial data by the midpoint z;; := 3'53 N2 of Q; and Qj,

using Lemma 1.1 to write

ur = ﬂ(zﬁj,)angT =:Up, vp = bT/ﬂ(Z§j/)Q3T/ =: Uy,
where 2 = (J:jj’a 0) and
dr(t) = U O (t)w(—x;5,0)¢r[0]

is a wavepacket solution for the modified potential V@579 The norm on the right side above
therefore can be written as
| $ o

T€eT; I'eT

a+3,
[, d+1

where the initial positions (T) and z(T") of the tubes now belong to the translated cubes Q; :=
Qj —xjjr, Qi — x5, which are now distance N? from the origin (note however that the tubes in

’T‘j are not simply translates of those in T}).
By simple bicharacteristic estimates and the wavepacket bounds (30), for large A the norm

outside Qy = [-N2, N?] x [-AN?, AN?]¢ is negligible:
1/2 1/2
e <N—100d< 2) ( b 2)
| 3w LT (N2 V2] ([~ AN?, AN2]9)) 2 lor! 2, Itrl
TeT;,T'€T TET; T'eT)
1/2 1/2
5N—100d< Z ‘GT‘Q) ( Z \bT\2>
T€eT; T’ET;

z;1,0)

Inside Qx we invoke Proposition (6.4) using the fact that the 14 also satisfies the hypothe-
sis (27), and that the wavepacket decompositions of uy and vy satisfy the relaxed Fourier support
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conditions in that proposition. Altogether, the right side of (33) is bounded by

> Y (T al?) (X eep)”

meZi+Z4 j—j'|$1,j+j'=m  TET; T'eT;
2
(Y Y ) ( > )"
m =B IS1TET; J—B|S1TeT),

SV (S lar) (X )

S NI lzzllgll 2

thus recovering Theorem 6.1. g

6.5. Induction on scales. Our induction scheme is set up slightly differently from Tao’s to ac-
commodate the non-conservation of frequency support of solutions.
In this section, we explicitly display the dependence of the propagator on the potential, and
write U (t) = UX (t,0) for the propagator with potential V.
Let TH(«) denote the following statement:
There exists C, > 0 such that for each N > 1 and for all potentials V' € V), the
estimate

\%4 \4 2c
(34) HUN(t)fUN(t)gHL%(Q )S CaN"*[| fllz2llgll 2

N

holds for all f,g € L?(R%) with f, g supported in S and So, respectively.

We prove:

Inductive Step: If IH(«) holds, then IH(max((1 — &)a, C8) + €) holds for all 0 < 6, < 1.

By choosing ¢ and ¢ sufficiently small depending on «, we can always arrange that max((l —
d)a, 05) + Ce < a — ca? for some absolute constant ¢, and Theorem 6.4 follows.

The inductive hypothesis ITH(a)) shall be used to improve the estimate (34) over subregions
Qr C Qu at smaller scales diam(Qg) ~ N2(079) <« N2,

Proposition 6.6. Suppose IH(c) holds. Then for all 1 < R < N?/16 and all spacetime balls
Qr C 2QpN of diameter R, the estimate

IUN () FUX (t)gll oz S CaRfll2lgll e
1(Qr)

holds for all f,g € L*(R%) with f, g supported in Sy := Sy + B(0, 155) and Sy := Sy + B(0, 166)
respectively.

Proof. We begin by estimating how much the Fourier supports can shift.

Lemma 6.7. For 1 < R < N2, let Qr C 2Qn be a spacetime ball with center (tg,zq) and diameter

R. Suppose the initial data f, g satisfy supp(f) C S1 and supp(§) C Sy. There exist decompositions
u(tg) = f1 + f2 and v(tg) = g1 + g2, with the following properties:

o f1 and §1 are supported in sets S|, S} with diam(S7}) < {5 and dist(S], 93) € [, 3.
o [If2ll2 S N7 fllzz and [lgollzz < N7 gl 2.

Proof. Begin by decomposing u = UX; fand v = U]‘\;g into N2 x (N)? wavepackets:

(35) uw=Y arér, v= Y bror.

TeT, TeTy
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By the spatial localization (30), we may ignore in u and v the packets whose tubes T' € T; do not
intersect 2Qy := [~N2?, N?] x [-2AN? 2AN?], as the portion of the sum involving those terms
contributes at most O(N~10%)|| f||;2|lg|l 2. Thus there are O(N??) remaining terms.
Suppose ¢7, and ¢7, are wavepackets in the decomposition for u.
Let (z4,&!) and (2%, €L) be bicharacteristics with |z1], |z2| < 2AN?. By (19), for [t| < 0 N? we
have
€] = & — (&~ &)] < CroN N2V || e (2AN? + oN?|&1 — &2])

< C(r0A + 10)|0%V || 1~ < Cn.

Therefore, recalling the definitions of gj, we see that we have \5;‘9 — §;Q| < 55 + Cn if £,&2 both

belong to Sy or Sy, while \giQ —§;Q| € [%8, %] if& € S and & e S Choosing 1 = n(c) sufficiently
small,
Consequently, if

(36) Shi={¢:¢e8;, |z| < AN?}

denotes the set of frequencies of the wavepackets at time ¢, then diam(sg) < diam(S;) + Cn and
dist(S%, S4) > 2 dist(51, S2). Now let S’ denote O(N~9/10) neighborhoods of S’jt, and decompose

u(tg) = fi+ fo, v(tg) =91+ g2,

where fl is supported on S} and fg on the complement, and similarly for g;, go. For N large enough

we have dist(5]55) € [45, 5¢]. The estimates in the second bullet point now follow from the rapid
decay of each wavepacket from its central frequency on the N~! scale (the estimates (30) with
R = N?). O

The proof of the proposition concludes with several applications of Lemma 1.1. Write
Ut to)f1 = U(t, tg)m(xq, 0)m(—xq,0) fr = m(2H) U (t, to)fi = m(26)u(t + tq)

where 222 = (2¢,0). For [t—tg| < R and |zg| < 14N2 we have ]x"Q—xg?[ < 2|t—tg| < 2R provided
that 7 is sufficiently small. Therefore, denoting Qr = 2(Qr — (tg,zq)),

o —100d
luvll ars S N@0ll s . N %l g2 Mgl 2

(Qr) (@Qr)

It remains to consider the first term on the right side. The initial data fl, g1 for 4 and ¥ have
Fourier transforms supported in S}, S5. We abuse notation and redenote

f=h, g:=aq.
Cover S;- = Uy Bj i by finitely overlapping balls of radius 555. Using a subordinate partition of
unity, we reduce to the case where supp f C Bjj, and supp g C Ba ,. Again using Lemma 1.1, we
may assume By, = —Bsk, and that their centers lie on the e; axis.

Since 2¢ > dist(By k,, Bak,) = §, there exists some scaling factor A € [§,2] such that A™'Bj, C
S;. Consider the rescalings

_ 77V _ 7V _ 7V _ v
uy = U% (t)fr= U(ZR)%(t)fm vy = U% (t)gxn = U(QR)%(t)gm
where

V(t,x) = 2RAAN 2V (2RA\2N"2¢, (2R)2 AN~ 'z).



MASS-CRITICAL REFINED STRICHARTZ 23

The potential V satisfies |02V ||p < [|02V ||z since 2RA2N—2 < 8RN~2 < L and 1, (0) and
vx(0) are supported in S7 and Sy. Hence we can apply IH(«) to conclude that

Slluavall as < CaR[|fAll 2]l 2
R) Ld+1(Q2R)

|

[ad]| ars
Ld+1

From here on the argument hews closely to Tao’s. We recall the following notation: write
ALB

if A <. N°B for all N > 1 and for all € > 0.
To reiterate, we want to prove

(37) IUN FUN gl P N2max(=0)eC0)| £ s g e
T(Qy) ™
assuming supp(f) C 51 and supp(g) C Sp with diam(S;) <1 and dist(51,S2) > ¢
Normalize f and ¢ in L?, and decompose

u:=UxNf = ZGT¢Ta vi=Uy = ZbﬂbT
T T

As in the proof of Lemma 6.7, we discard all but the O(N2?) wavepackets whose tubes intersect
2Q . We also throw away the terms where |ar| = O(N~10%) or |bp| = O(N~10%) as that portion
of the product can be bounded using the estimates (30) and Cauchy-Schwartz.

Consequently, in the decompositions of u and v we only consider the tubes T with N 1004 <
lar|,|br| < 1. Partitioning the interval [N =104 1] into log N dyadic groups, we may further restrict
to the tubes with |ap| ~ 1 and |bp| ~ 7 for dyadlc numbers N71004 < 41~y < 1. Let Ty, Ty be
the tubes for u and v, respectively with this property. It therefore sufﬁces to prove

H Z d)Tl Z ¢T2 da+3 é (N2(1—6)a + NQCJ)#Tim#Téﬂ

+
T €T TheTs ()

(we have absorbed the complex phases into the wavepackets).

We have in effect reduced to considering the region of phase space {(z,€) : |z| < N2, |¢] < 1},
where the potential makes only a small perturbation to the Euclidean flow. For if |25 < N? and
[t — s| < N2, one has

21| S N?
t t 1
-2 [ mEanlars ] [ @] dsdr S w2V S
S s 0

Thus if £ € S;, then ¢ belongs to a small neighborhood of S; provided that n < ¢ is a small
multiple of ¢. For concreteness we choose 7 so that

t
(39) I

6.6. Coarse scale decomposition. Following Tao, for small § > 0 we decompose Qx = Ugcp B
into O(N?°?) smaller balls of radius N2(179) and estimate

| > > ononl g, S0 X énonl g
TheTy Tr€Ty BeB T1€T) 12Ty

Let ~ be a relation between tubes and balls to be specified later. Estimate the norm by the local
part

(39) ZH Z oy Z ¢T2

BeB T1~B To~B

+
1
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and the global part

(40) > H > énén

BeB Ty»=B or ToxB

Ld+1(B)

d+3
d

We use Proposition 6.6 with R = N2(07%) < N2/16 to estimate the local term by

(39) < Z N2(1—5)a< Z 1>1/2< Z 1)

BeB T\ ~B To~B

< ( S #{B:Ty ~B})1/2< S #{B:T ~B}>1/2
T1€Ty T>€T2
1

1/2

QA

if the relation ~ is chosen so that each T is associated to < 1 balls. Note that this step is why we

the Fourier supports are enlarged in that proposition, as supp(gT\l(O)) is not quite contained in S.
Heuristically, a judicious choice of ~ allows one to avoid the worst interactions that would
otherwise occur in the bilinear L? estimate if one were to natively interpolate between L! and
L?. For example, if all the tubes were to intersect in a single ball B, it would be better to bound
L%(B) directly using the inductive hypothesis rather than attempt to estimate L?(B).
The global piece (40) is controlled by interpolating between L' and L?. By Cauchy-Schwartz
and conservation of L? norm,

> ‘ ‘ > éndn

B Ti»=B or TowB L1(B)
SN (DI B P
B T,~B L2(B) Ty~B

< NUN2yTi/2uTl/?,

)

(P

2w HT;:B (Z)T‘

The remaining sections prove the L? estimate

(42) | > énen

Thv~B or ToB

_d-1 1/2m1/2
< N~ 7 NOpT/°T1./°.
) #T,' T,

6.7. Fine scale decomposition. Cover Qy = quqq by a finitely overlapping collection q of
balls of radius N. It suffices to show

Z H Z é1 O

q€q:qC2B T1»B or To=B

2

S N~ U-UNCIu T
12(g) vt
We adopt the following notation from Tao. Fix q¢ € q and let u1, uo, A1 be dyadic numbers.

e T,(q) is the set of tubes T € T; such that 7'N N?q is nonempty, where N%q denotes a N°
neighborhood of gq.

T7P(q) ={T € Tj(q) : T = B}.

q(p1, p12) is the set of balls ¢ such that #{7; € T, : T; N N%q # ¢} ~ p;.

AT, p1, p12) is the number of (N neighborhoods of) balls ¢ € q(u1, p2) that T intersects.
T;[A1, 11, po] is the set of tubes T' € T; such that A(T) 1, p2) ~ 1.

Pigeonholing dyadically in w1, pe, and A1, it suffices to show

Z H Z Z é1 P

g€a(p1,12):qC2B T €TTB(q)NT1[A1,p1,p2] T2€T2(q)

S NON-@Dar 4T,

2
L2(q)
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6.8. The L? bound. Fix a ball ¢ = q(ty,z,) € q(p1, u2) centered at (t4,x4). Suppose want to
estimate an expression of the form
|23 onor,

T T»

2
L2(q)

There are two main points to keep in mind:
e Only tubes that intersect N°g will make a nontrivial contribution; that is, tubes whose
bicharacteristics (xf,£) satisfy |xfe — x| < N1H9.
e To decouple the contributions of tubes that all overlap near q, one needs to exploit oscillation
in space and time. While Tao employs the spacetime Fourier transform, we instead integrate
by parts in space and time. Expanding out the L? norm

(43) > (¢ndn, ¢rém,)
Ty, T5 Ts, Ty
and integrating by parts in both space and time, we shall obtain terms of the form
(NIgi+& — &b — &l (Viel - &P — 1gs — €)™
where (zf,&%) are bicharacteristics with ]méq — 4] < N9 Since, by (19), the relative
frequencies f; — & vary by at most O(N~2+2%) during the O(N'*%) time window when the
wavepackets intersect the ball N%¢g, we can freeze t = ty above; see Lemma 6.10 below.

Hence, the integral (43) will be small unless ]:1;2‘1 —z4 <N 149 for all j and the frequencies f;
satisfy both resonance conditions

(44) 6"+ &' & — & =0T, 6" - &P - lg - &P =0T
The preceding discussion motivates the following definition. Let
Zyj = {(x,€) : || <2AN?, €€ 8;, |zl —z,] < NTY}.
For frequencies & and &}, define the “spacetime resonance” set
Z(&,8) = {(21,€]) € Zg1 : there exists (z2,&) € Zg2 such that
&+ = (E)" +& and & — &' = (€)' - &},
m(€1,6) = {(&)" : (21,€1) € Z(&1,€) }-

This is a slight modification of Tao’s definition which reflects the time dependence of frequency.
The following lemma follows from elementary geometry.

Lemma 6.8. The set 7(&1,8&5) is contained in the hyperplane passing through & and orthogonal
to & — & and is therefore transverse to C5 — ¢ if 1 and ¢ are small perturbations of & and &),
respectively.

Due to the limited time regularity of the phase, we can actually integrate by parts just once in
time. The resulting weaker decay still turns out to be just enough provided that we slightly refine
the analogue of Tao’s main combinatorial estimate for tubes (estimate (48) below). Hence we need
to account more carefully for the contributions away from the “resonant set” .

For &1,&, and k > 0, define the “time nonresonance” sets

Z(€1,6h) = {(2),€]) € Zg1 + there exists (9,&) € Zg0 such that
61+ & — (€)' =& < N7 and [|6 - &P = (&))" — &[°| < N7,

Zi(&,8) = {(#1,&]) € Zg1 « for all (x2,&) € Zg o with [&; + £ (el)ta — gl < N~1+CD,
161 — €712 — (€)' — 42| € (21N 1O, gk IR
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the “space nonresonance” set
Z°(61,65) = {(2,€1) € Zg slr + &' — (€)' + &5 > N1 for all (w2,62) € Bz},
and the corresponding frequencies at time %,
(61, &) = {(§)" « (#1,61) € Z3(&1,62)},
(&1, &) = {(&)" « (21, €1) € Z°(&, &)}
An elementary computation shows that

(45) dist(rk, 7) < 28 NTIFCD,

Indeed, writing 81 := (&])% — &1, 62 := f;q — &4, and decomposing 0; = (5]” + (5;- into the components
parallel and orthogonal to & — &, we have

61— &P = (€D — &2 =& — & — &P — |61 + & — &2
= —2(& — &),61 + 62) + 05 — 67
= —2(¢& — &, 6 + 61y + O(NT1HCY) (since |6; — b6y < N'H9)
= —4(& — &,6)) + O(N 1),

Thus |(&))% — &1, & — &5)] < 2P N1 and the claim follows from Lemma 6.8.
For q € q(p1, o) with ¢ C 2B, define

T75 (g, M i, 2, €1, €5, )
to be the collection of tubes T' € T75(q) N T1[A1, 1, p2) such that &(T) € 7t (&1,85). Set

(46> Vk(Q7 )\1,#1,,&2) = sup #TTB<q7)‘17/*L17/1’27§§q7 <£é)tq7 k)a
£1€851, £4,€52

where |21 — 2| + |(25)'s — x| S N1+,
Then, the analogue of Tao’s Lemma 7.1 is:

Lemma 6.9. For each q € q(u1, p2), we have

H > > ¢nén

Ty €TTE (q)NT1[A1,u1,12] T2€T2(q)

S NOON-@-D Sl;p 27 vk (g, M, o, p2)#(TTE (q) N Ta (M, g, o)) #T2(q).

2
L%(q)

Proof. For conciseness, set
1 =T7P(q) N T1[A1, pa, o]
T2 = Tg(q).

Then the norm L?(q) is bounded by the norm L?(nydzdt), where nx(t) is a smooth weight equal
to 1 on |t —t,| < N'* and supported in [t — t,| < 2N'*9.

H Z Z ¢T1 ¢T2 iQ(nNdxdt) = Z Z <¢T1 ¢T27 ¢T1’ ¢T2’>L2(XNdxdt)'

T ET/l TQE’I‘/2 T ,TIIGT‘/1 TQ,TQ/ET/2

By the bounds (30) and the tranversality of the tubes in T} and T, the integrand has magnitude
N2 and is essentially supported on a spacetime ball of width N. Thus we have the crude bound

(b1, 615, dryopy)| S NON 2N = NN,

On the other hand, we may integrate by parts to obtain a more refined bound.
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Lemma 6.10. For each ki,k2,¢ > 0 and for all tubes Th, T3 € T, Tz, Ty € T, we have
(b1, 01307 | Sk NOONC min [ N=Ygle + €51 — g7 — 427",
N7 ler - g — e - &7

Proof. The proof has a similar flavor to the earlier estimate (23) but takes advantage of oscillation
in both space and time.

Let z; = (xﬁ,f}f) denote the bicharacteristic for ¢r,, j = 1,2,3,4. By Lemmas 1.1 and 6.2, we
can write

(47) (61,612, 61,0m,) = [ ¥ on0ada61mn (1) dadt,
where ¢; is a Schrédinger solution which satisfies
(NO2)*;(t, @) Spear N™VHNT @ = af) =,

and

i 1 T T
V=Y ofw-abh - [ FIGF -V o=t
j=1
Using the rapid decay of each ¢, we may harmlessly (with O(N ~10%9) error) localize ¢; to a N°
neighborhood of the tube T}, so that ¢;(¢) is supported in a O(N'*9) neighborhood of the classical
path .
Then

1
0,V = Zaj£§’ -0 = 3 Zo’j|£§|2 + Zaj [V(t,m?) + (x — a:;, OIV(t,:rz)].
J J J

The first bound in the statement of the lemma results from integrating by parts in z, as in the
proof of (23), to gain factors of (N|¢f + &b — &4 — €4])~L. Since

€4 eh—h—gh =€ 4 gt — glr — €l o)

during the time window [t — to| < O(N'*°) when |zf — 2| < N1, we may replace ¢ by t,.

As in our work in one space dimension (more specifically, the proof of Lemma 4.4 in [JKV]),
instead of integrating by parts purely in time we use a vector field adapted to the average bichar-
acteristic for the four wavepackets ¢7;. Defining

4

4
Fe iy E-306,
j=1

j=1
L:= 815 + <§7 8€B>a

we compute as in that paper that

R - o
—LU = 5 Y o€+ D03 (VA ah) + (o — af, 0u(VE) (1, ),

where

T, =g
denote the coordinates of ¢, (t) in phase space relative to (zt, £0); see Figure 2.

We cannot yet integrate by parts since that would require two time derivatives of the phase
W, but the assumptions on V only allow ¥ to be differentiated once in time. However, we can
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drawing_2.eps

FIGURE 2. Phase space coordinates relative to the “center of mass”.

decompose ¥ = Wy + Uy, where W5 has two time derivatives and accounts for the majority of the
oscillation of €'¥; indeed, we define ¥y and ¥y via the ODE

1 — 1 _
_L\I/2 — § Zo-j|§tj|2 — Z(’giq _ §;q|2 - ’5? _ §Zq|2) + O(N 2—&—26),

LYy = ZO'] [VE(LE]) —+ <gj — x‘?’ax(vf)(tjﬁj))] — O(N72+25);

As before we have frozen t = ¢, in the main term with error at most O(N ~2+20) and also used the
estimates |2%j| < max; |zt — z}| S N, |z — 2| < N on the support of the integrand (47).
Note also that the equation %5; = —8mV(t,x§-) implies LWy = O(N~2). Now integrate by parts
using the phase ¥4y to obtain

i i . i LW, i e
RH (47) = /e P2 it H¢j nn(t) dedt = z/e Y2(L, IL‘I'2P>€ Y1) dodhs g i (t)dadt

J

; E’L\I/ 2 i L0 [
l 2 1 ¢1¢¢¢ td dt
Z/ |: ’ \IlQ‘ <|Z\I]2‘2’Z > 293 477N() xat,

and the second bound in the lemma follows. O

Returning to the proof of Lemma 6.9, we decompose the sum

DD DD VD DD D)

(T1,T})ET) x T} T{€T; ToeT) 0<kSlog N T{€T) , THeT)

where T is the set of tubes in T whose bicharacteristic ((z})?, (£1)?) satisfies (£])% € 75( iq, (&)ta),
and we abbreviate

t
e = TEP (M s o, €17, (69)'0, )

The contribution from the “space nonresonance” terms Tf is O(N ~1009).
Now consider the kth sum. Lemma 6.10 implies that

|<¢T1 ¢T27 QST{ ¢T2/>| S./ NCSN_(d_l)z_k.
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For each T} € T7P(q, M1, pa, pio, fiq, (€4)%, k), the possible tubes T correspond to the bicharacter-
istics (24, z4) such that
t t t _
o' — zq| < N0 g7+ &1 — (€)' — ()" = O(NTF).
The preimage of this set under the time t, Hamiltonian flow map is a (N1T¢9)d x (N~1+C0)=d oy,
so there are O(N®?) choices of tubes Ty. Therefore, the kth sum is at most
NCOIN—(d=Dg=ky, uqsu!
whereupon the sum over k is replaced by the supremum at the cost of a log N factor. ]

It remains to show that

(48) Z 27 ug(q, M, o, p2) #(TTP () VT [, o, o)) #Ta(q) S NOOHT 14T
q€q(p1,p2):qC2B
6.9. Tube combinatorics. This section begins exactly as in [Tao03, Section 8]. We define the

relation ~ between tubes and radius N2(1=9) balls. For a tube T € T [ A1, pa, po], let B(T, Ay, pa, p2)
be a ball B € B that maximizes

#{qg € a(pu,pu2) : TNAN°q # ¢; qN B # ¢}.

As T intersects roughly A\; (neighborhoods of) balls ¢ € q(u1, u2) in total and there are O(N?%9)
many balls in B, B(T, A1, i1, pt2) must intersect at least N~2°\; of those balls.

Declare T' ~y, ;5o B if T € T1[A1, p1, o] and B" C 10B(T, A1, pi1, p2). Finally, for T' € Ty set
T ~ Bif T ~, uy s B for some A1, u1, po. Evidently T ~ B for at most (log N)? < 1 many balls.
The relation between tubes in T9 and balls in B is defined similarly.

Now we begin the proof of (48). On one hand,

Z #(T1[A1, 1, p2] N'T1(q)) = Z Z L7 Ansq20

q€q(p,p2) geq(pr,p2) TYET1[A1,p1,12)NT1(q)

= > > Inancezs

TET1[A1,p1,12] g€EQ(p1,142)

SPIRN
TeT,
= M#T.
On the other hand, by definition #T2(q) < pe. The claim (48) would therefore follow if we could
show that
T
(49) vi(qo, A1, pas i2) = 2’“NC‘SP
1H2

for all go € q(p1, p2) such that gy C 2B.

Fix & € 51, & € S, and a ball gy = qo(tg, z4). Recalling the definition (46) of vy, we need to
show that

~B tq /\tq < ok ATCS #To

#Tl (QOaAla:ulanagl a(£2) ak‘))g2 N 7)\ .
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. . t
For brevity write T := Tif(‘lo; A1, 11, 2, €40, (€5)0e k).

Fix T} € T}. Since T} » B, the ball 2B(Ty, A1, ji1, pi2) has distance > N2(1=9) from ¢o. Thus
#{q € a(m, p2) : Ti N N°q # ¢, dist(g,q0) Z N*' 72} 2 N2\,
As each ¢ € q(u1, p2) intersects approximately po (IV %_neighborhoods of) tubes in Ty,
#{(¢, 7o) € q(pr, p2) x To: Ty N N°q # ¢, TyN N°q # ¢, dist(q, q0) Z N0} 2 N™2 A puo.
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Therefore

#{(q,T1,T2) €q x T) x T : TI N N°q # ¢, ToN Nq # ¢, dist(q,q0) & N-2N?}

Z N 72N\ uo# T

On the other hand, the cardinality can be bounded above by the following analogue of Tao’s
Lemma 8.1:
Lemma 6.11. For each 15 € To,
#{(q,T1) € qx T} : Ty N N, ToN N°q # 6, dist(q,q0) L N"PN?} S 2FN.

Proof. We estimate in two steps.

e For any tubes T} € T} and Ty € Ty, the intersection NOTy N N°T5 is contained in a ball of
radius N9,
e The number of tubes T} € T/ such that T} intersects N°T} at distance ZN ~20N? from g
bounded above by 2¥ N9,
The first is evident from transversality. Hence we turn to the second claim.

In Tao’s situation, the tubes in T} are all constrained to a O(N~!T¢?) neighborhood of a
spacetime hyperplane transverse to the tube Ty (basically because of Lemma 6.8), and there are
O(N9%) many such tubes that intersect Ty at distance Z, N"20N? from qp. The extra 2F factor
results from the fact that we allow the tubes to deviate from that hyperplane by distance 28 N —1+€9,
Also, since our tubes are curved it is more convenient to work with their associated bicharacteristics
instead of using Euclidean geometry in spacetime.

Fix a tube Th € To with ray ¢ — (24, &5). Then, the tubes T} € T such that NOTy, N NOT, are
characterized by the property that

|2(Ty)t — 2b| < N for some |t —t,| Z N2 N2,
We need to count the tubes in T with this property. The bicharacteristics for such tubes emanate
from the region
S ={(x,£) : dist(¢,81) < N7, e nf
|zl — xy| < N0 |2t — 2b| < N for some |t — t,| > N"2N?},
hence it suffices to bound the cardinality of the intersection (NZ? x N71Z4) N X,

Denote by ¢ the image of ¥ under the time ¢ Hamiltonian flow map (x,€) — (z¢, ). Recall
from (36) that S; denotes the image of the initial frequency set S; for initial positions x with

|z| < N?; we saw earlier in (38) that S% is a small perturbation of S;.

Fix a basepoint xo with |zg — 24| < N 149 By Lemma 2.1 and the Hadamard global inverse
function theorem, when ¢ # t, we can parametrize the graph of the flow map (a7, %) — (zf, &)
by the variables

(z',2") = ((a'r,€"(a", 2")) = (2", (2™, 2))).

Let &(t,x) == &'(xg, ) € T}, R? be the initial momentum &(t,z) € T R? such that the bichar-
acteristic with z'c = x¢ and &' = £(t, x) satisfies 2* = x.

Lemma 6.12. Suppose at least one Ty € T intersects N°T,. For |t — tql 2 N=2°N2 the curve
e Cao(t) := &(t, 2h) € T3 R? is transverse to the hyperplane containing m(&1,&) for all & € Siq
and &, € S;q (see Figure 3). More precisely there exists C(n) > 0 such that

£(Cao (1), m(61,8)) > C(n) for all & € Sy, & € Sy,

where the angle Z(v, W) between a vector v and a subspace W is defined in the usual manner.
Moreover, for each t the image of a N9 neighborhood of xb under the map x — £(t,x) belongs to
a N7 neighborhood of Cuy ().
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2d_figure.eps

FIGURE 3. (4, (t) € T;ORd is the set of tangent (covectors) for rays passing through
(ty» z0) that intersect the ray (t,x4) for the tube Ty at times |t — t,| Z N2~2.

Proof. By a slight abuse of notation we write (z'(y,(¢),&"(y,¢)) for the bicharacteristic passing
through (y,() at time t = ¢, instead of ¢ = 0. Both claims are consequences of Lemma 2.1, which
yields

@y = &' (0, Gag (1)), €"(0, Cao () = Cao (8),

€ = b = €' (a0, Cao) + o (8)
= (20, G (1)) + (¢ = tg) (1 + O()) Gao (8),
therefore
(50) Cuog(8) = (¢ — 1) (I + O(m)) (& — € (0, Cuo (1))

We claim that for any C > 1,
(51) dist(Cao (1), 1) So N7,

Otherwise, as [t — t,| Z N?079) for any ray («f,&) with & € Sp and |:c§q — x4 < N9 the
estimates (19) would imply that

t t
w1 — 25| 2 [t = tgll&" — Cao ()] = |2" — o]

2 N—l-‘rC(S _ N1+5 2 ]\714‘057

so we get the contradiction that every 77 € T misses Th by at least N o9,

By the near-constancy (38) of the frequency variable and the definition (29) of S}, the covector
&L — &, (4 (t)) belongs a small perturbation (say, of magnitude at most £g) of the difference
set So — 51 = —2ce; + B(0, £5), hence by Lemma 6.8 is transverse to the hyperplane containing
7(&1,&5). The first claim now follows from (50).

The argument just given also implies the second statement: a ray with z'c = zy and |z} — 2| <

N0 must satisfy [¢fd — (o (8)] S N7HHC0, =
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2d_figure_2.eps

FIGURE 4. The phase space region Y.

By the second part of the lemma, the fiber of X% in T;ORd is contained in a “frequency tube”
O(xg) == U B(Cyy (t), NT1HC9),
|t—tq|ZN2(179)

As the basepoint g varies in N'*® neighborhood of xq, the estimate (19) implies that the curve
Cao () shifts by at most O(N~1+3%). Hence the tubes ©(z¢) are all contained in a dilate of ©(z,),
which we denote by

O(zy) == B(&, (1), N )

with a larger C.
Therefore, X% is contained in the region

Sta = {(2,€) : | — xg] < N2, ¢ € mt N O(xy) C {€ € O(ay) : dist(, m) S 2FN~IHOY,
where for the last containment we recall the estimate (45). The region %% is sketched in Figure 4.
Using the previous lemma for the central curve (., the frequency projection (z,§) + &) of Yta can

be covered by approximately 2% finitely overlapping cubes Ui<j<or @j of width N 1409 By (19),
the preimage of each box

B(zg, N7 x Q;

under the flow map (x, &) — (2l &%) is contained in a (CN'TC%)4 x (CN~1C%)d hox, The union
of these preimages cover ¥ and contain at most O(2¥N®?) points in NZ¢ x N~1Z% O

7. REMARKS ON MAGNETIC POTENTIALS

We sketch the modifications needed to prove Theorem 1.6. The symbol for H(t) is
1
a=lE* + (A, &) + V(t,2),

where A = A;(t,z)d2’ and A; are linear functions in the space variables with bounded time-
dependent coefficients.

e Basy computation shows that the symbol map a — a® in Lemma 1.1 is
w0 L . . .
q% — §|§|2 + (AR (t,2), &) + (A7) (t,2), &) + V) (¢t 2),

where A’(Zi’) (t,x) = A(t, zh+x)—A(t, zf) and Afg) (t,z) = A(t, zh+x)—(z, 0, A(t, §)) — A(x}y),
and similarly for V. Thus when A is linear, the first order component of the symbol is exactly
“Galilei-invariant”, preserved by the transformation a — ¢® in Lemma 1.1.
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After rescaling, the inequality (15) takes the form

Un fU <. N¢ ,
IONTUNSN, 455 v e S NSl

where Uy (t) be the propagator for the rescaled symbol
1
ay := N 2a(N~%t, N1z N¢) = 5|»§|2 + N72(A(z),&) + N2V(N %, N 'z).

Exploiting Galilei-invariance, we may reduce to a spatially localized estimate as in Proposi-
tion 6.4. Note that in the region of phase space corresponding to that estimate {(z,¢) : |z| <
N2, [£] £ 1}, and over a O(N?) time interval, both potential terms have strength O(1)
when integrated over the time interval [t| < N2. However the magnetic term dominates
near x = 0.

Then, the rest of the previous proof can be mimicked with essentially no change except for
Lemma 6.10. There, one argues essentially as before except the vector field L for integrating
by parts should be replaced by

L := 0 + (ag(2}), 0x),

where 2% = («},£5) and ag(z;?) 1 >4 ae(2}). Then one finds that

L0 = 5 S €+ 3T AT, €+ 3o VAT + o - 0.V 0, 7).

[BTT13]
[BV07]
[Car11]
[CKO7]
[Dod12]
[Dod15]

[Dod16a)

[Dodl6b] |

[Fuj79]

and decomposes as before ¥ = W + WUy, where

LUy =1 Z o2 = €l — P — |els — € 1 o1+
—LWy = za] DED+ 30 [VE(LaT) + (o — at, 0.(VF) (8, 21))]
J

— O( 71+6).

As in the proof of Lemma 6.10 the error terms are computed from the estimates (19),
it —ty] S N9, and |2t;| < N1, The errors are larger than before due to the magnetic
term aze = O(N~2) but are still acceptable.
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