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You can only use the material covered in class up to lecture 17 (i.e. up to Chapter 6, §4).
Write your solutions concisely but without skipping important steps.
Make sure that your submission is readable on Crowdmark.

Exercise 1.
Prove that Va,b € N\ {0}, @(ab)p(gcd(a, b)) = p(a)p(b) gcd(a, b).

Make sure to explain each step.

Exercise 2.
Alice posted her RSA public key on her website: (n, e) = (4559, 17).

1. Eve wants to spy on Alice: help her to find a suitable private key (n, d).
2. Eve intercepts the ciphered message ¢ = 2741 that Bob sent to Alice. What is the original message?

You may use a computer to compute modular exponentiations, nonetheless, you need to explain your steps.
You can use the list of prime numbers less than 100 given in the lecture notes.

Exercise 3.

e Lkx
1. Let x € R. Compute lirp LZLJ
n—+0oo n

2. Use the above question to prove that any real number is the limit of a sequence of rational numbers.

For this question, you can use results about sequences from your first year calculus course.

Exercise 4.
Let A, B C R be such that inf(A) and sup(B) exist.

1. Prove that if inf(4) = sup(B) then A N B contains at most one element.

2. Under the assumption that inf(A) = sup(B), is it possible for A n B to be empty?
You need to justify your answer.
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Sample solution to Exercise 1.
Method 1:
Let a,b € N\ {0}. Write the prime factorization of gcd(a, b) as

ged(a.b) = [ "
i=1

where r € N, the p; are pairwise distinct prime numbers and 6; € N\ {0}. We set r = 0 when gcd(a, b) = 1.

Since gcd(a, b)|a, we may write
N

.

6;+v; a;

a= HP,-' ' H 9
i=1

Jj=1

where s € N, the g; are prime numbers such that the p;, q; are pairwise distinct, y; € Nand «; € N\ {0}.
We allow s = 0, with the convention that the product is then equal to 1.

Since gcd(a, b)|b, we may write
r t
_ 0;+7i Bi
b= H P H My
i=1 k=1

where 1 € N, the m, are prime numbers such that the p;, m; are pairwise distinct, 7, € Nand g, € N\ {0}.
We allow t = 0, with the convention that the product is then equal to 1.

Note that {q;,...,q,} N {m,...,m;} = @ since otherwise a common prime number would divide gcd(a, b).
Then the prime factorization of ab is

r N t
8:+y;+7; o;
ab:llpit Vi ytllqjjllmik
k=1

i=1 j=1

where the p;, ¢ ;» My are pairwise distinct prime numbers.
As seen in class, we have

p(ged(a, b)) = ged(a, b) <1 _ l)
=1

- 1\ 1
p(a) =a <1——> <1——
il} Pi/ 41 4j

Therefore

N t r
1 1 1
1-— 1 - — ) ged(a, b) (1 - —)
=1< ‘Ij>£[1< mk)g ,11 Di
r t
1 1
] bH(l—E>H<l—m—> ged(a, b)

p(ab)p(ged(a,b) = ab [ | (1 _ I})
i=1 i

k

®(a)p(b) ged(a, b)
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Method 2:

Leta,b € N\ {0}. Given a prime divisor p of ab, by Euclid’s lemma, exactly one of the following occurs:
e Either p divides a but not b,
e Or p divides b but not a,
e Or p divides both a and b, i.e. p| gcd(a, b).

According to the lecture notes,

pab)=ab [] <1 - %)

p prime,
plab
1
@(a) =a H <1——>
p prime, p
pla
1
oby=b [] (1——)
p prime, p
plb
1
o(ged(a, b)) = ged(a,b) ] (1--)
p prime, p
pla and p|b
Therefore
pab)=ab [] (1—1>
p prime, p
plab
- 1L (=3) L (=3) I (=5)
p prime, p p prime, p p prime, p
pla and p}b ptaand p|b plaand p|b
1 1 1 1
a IT (v-=) IT (t=-=){le IT (t-=) I (1--
p prime, p p prime, p p prime, p p prime, p
pla and ptb plaand p|b ptaand p|b plaand p|b
I (-5)
p prime, p
pla and p|b
1 1
a [T (t==){fe TT (1-=
p prime, p p prime, p
_ pla plb
I (-3)
p prime, p
plaand p|b
b
_ ged(a.py_P@2®)

@(gcd(a, b))
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Sample solution to Exercise 2.

1. Note that n = 4559 = 47 x 97 where 47 and 97 are prime numbers (see Example 3 of Chapter 3).
Therefore p(n) = (47 — 1)(97 — 1) = 46 X 96 = 4416.
Let’s find a Bézout's identity for ¢(n) = 4416 and e = 17:

4416 = 17 x 259+ 13

17=13x1+4
13=4x3+1
Therefore

1 =13-4%3 =13-(17-13)X3 = 17Xx(=3)+13%x4 = 17Xx(=3)+(4416—17%x259)x4 = 17x(—1039)+4416x4
Thus, if we set d = —1039 + 4416 = 3377 then d > 0 and ed = 1 (mod ¢(n)):
ed =17 %X (—1039 + 4416) = 17 X (—1039) + 4416 x 4 (mod 4416) = 1 (mod 4416)
Thus (n, d) = (4459,3377) is a suitable private key.
2. ¢¢ =2741%77 = 2718 (mod 4559), then m = 2718 is the original message since m € {0, 1, ...,4558}.
Sample solution to Exercise 3.

1. Since Vk € N, |kx] < kx < kx| + 1, we get

Dot Lhx] ko kx nn+1) n+1
< =X =X

n? - n 2n? 2n
and . .
Y= Lkx] - Yo (kx = 1) n+1 1
> =X - =
n2 n2 2n n
Therefore "
_1 1k
A2 NN 2= Lkx] PED
2n n n? 2n
Since lirp xn;— 11 = lirp xn;— ! = %, we get from the Squeeze Theorem that
n—+co n n n—+oo n
lim Y Lkx] _Xx
n—+oo n2 - 2

2. Letx € R. Forn € N\ {0}, setu, = 2#-

ThenVn e N\ {0}, u, € Qand x = lirp u, from the previous question.
n—>+00

Sample solution to Exercise 4.

1. Let A, B C R be such that inf(A) and sup(B) exist.
We are going to prove the contrapositive: if AN B contains at least two elements then inf(A) # sup(B).
Assume that there exist x, y € A N B such that x < y.
Then, since sup(B) is an upper bound of B and y € B, we have y < sup(B).
Since inf(A) is a lower bound of A and x € A, we have inf(A) < x.
Therefore inf(A) < x < y < sup(B), so inf(A) # sup(B).

2. Let A =(0,42) and B = (—x,0). Then inf(A) = sup(B) =0and An B = @.



