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Finite sets — 1

Definition: finite set
We say that a set E is finite if there exists n € N and a bijection f : {keN :

Then we write |E| = n.

i k<n}-> E.

Note that {keN : k<n} ={0,1,2,...,n—1}. J
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Finite sets — 2

k<n} > {keN :

k < p}thenn < p.

Let n,p € N. If there exists an injective function f : {k e N :

Proof. We prove the statement by induction on n.
® Base case atn =0: for any p € N we have n < p.

® Induction step. Assume that the statement holds for some n € N.
Let p € N. Assume that there exists an injective function f : {keN : k<n+1} > {keN : k<p}.
- . . . _ . _ S(x) if f(x) < f(n)
Defineg: {keN : k<n} > {keN : k<p—1} as follows: g(x) = { foo=1 0G0 > fn)
Note that f(x) # f(n) since f is injective.
* Claim 1: g is well-defined, i.e. Vx e {k eN : k<n}, gx)e{keN : k<p—1}.
Letxe {keN : k<n}.
So either, f(x) < f(n) and then g(x) = f(x) < f(n) < p, therefore 0 < g(x) < p— 1.
Or, f(x) > f(n) and then g(x) = f(x)— 1 < p—1, therefore 0 < g(x) < p—1.

* Claim 2: g is injective.
Letx,y € {k €N : k < n} be such that g(x) = g(y).
First case: f(x), f(y) < f(n).
Then g(x) = f(x) and g(y) = f(»). So f(x) = f(») and thus x = y since f is injective.
Second case: f(x), f(y) > f(n).
Then g(x) = f(x) — 1 and g(y) = f(») — 1. So f(x) = f(y) and thus x = y since f is injective.
Third case: f(x) < f(n)and f(») > f(n).
Then g(x) = f(x) < f(n) and g(») = f(») — 1 > f(n) — 1 > f(n). Therefore, this case is impossible.

Therefore, by the induction hypothesis, n < p—1,i.e. n+1 < p. | ]
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Finite sets — 3

Definition: finite set

We say that a set E is finite if there exists n € N and a bijection f : {keN : k<n} - E.
Then we write |E| = n.

y

Corollary

Let E be a finite set. If |E| = nand |E| = m, then m = n.
Then we say that | E| is the cardinal of E, which is uniquely defined.

4

Proof. Assume there exists a bijection f, : {k €N : k <n} - E and a bijection f, : {keN : k<m} - E.
Then fz‘1 ofi : {keN : k<n} > {keN : k <m}is abijection, so by the above lemma, n < m.

Similarly, fl‘1 of, i {keN : k<m}— {keN : k <n}is abijection and thus m < n.

Therefore n = m. [ |

Remark: the empty set

|E|l=02 E=¢

Indeed, if E=@then f : {keN : k <0} - E is always bijective: injectiveness and surjectiveness are
vacuously true. So |E| = 0.

Otherwise, if E # @ then f : {k e N : k <0} — E is never surjective (thus never bijective), so | E| # 0.
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Finite sets — 4

Proposition
If E C F and F is finite then E is finite too, besides, |E| < |F|.

Proof. Let’s prove by induction on n = |F| thatif E C F then E is finite and |E| < n.

® Base case at n = 0: then F = @, so the only possible subset is E = @ and then |E| = 0.

® Induction step. Assume that the statement holds for some n € N.
Let F be a setsuchthat |F| =n+ 1.

® First case: E = F. Then the statement is obvious.

® Second case: E # F. Then there exists x € F \ E.
There exists a bijection f : {keN : k<n+1} - F.
Since f is bijective, there exists a unique m < n+ 1 such that f(m) = x.
Defineg : {keN : k<n} - F\ {x} by g(k) = f(k) for k # m,
and, if m # n, g(m) = f(n).
Then g is a bijection, so F \ {x} is finite and |F \ {x}| = n.
Since E C F \ {x}, by the induction hypothesis, E is finite and |[E| <n < n+ 1.
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Finite sets — 5

Proposition

Let E c F with F finite. Then |F| = |E| + |F \ E|.

Proof. Since F\ E C F and E C F, we know that E and F \ E are finite.
Denote r = |E| and s = |F \ E|.
There exist bijections f : {keN : k<r} > Eandg:{keN : k<s}—> F\E.
. k) ifk<r
Defineh : {keN : k<r+s}— F by h(k) = A . .
tke + s} y hk) gk—r) ifk>r
e his well-defined:
Indeed, if 0 < k < r then f(k) is well-defined and f(k) € E C F.
Ifr <k <r+sthen0<k—-r<ssothat gk —r)is well-defined and g(k —r) € F\ EC F.
® his a bijection:
® hisinjective: let x,y € {0,1,...,r 4+ s — 1} be such that h(x) = h(y).
Either h(x) = h(y) € E and then f(x) = h(x) = h(y) = f(y) thus x = y since f is injective.
Or h(x) = h(y) € F \ E and then g(x — r) = h(x) = h(y) = g(y — r) thus x — r = y — r since g is injective, hence x = y.
® his surjective: lety € F.
Either y € E, and then there exists x € {0, 1,...,r — 1} such that f(x) = y, since f is surjective. Then h(x) = f(x) = y.

Or y e F\ E, and then there exists x € {0, 1, ..., s — 1} such that g(x) = y since g is surjective. Then a(x + r) = g(x) = y.
Therefore |F| =r+s=|E|+ |F\ E|. [ |
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Finite sets — 6

Proposition

Let E and F be two finite sets. Then
©Q |[EUF|=|E|+|F|-|EnF|
O |EXF|=|E|X|F|

Proof.
0 Using the previous proposition twice, we get

[EVF|=|EUW(F\(EnF)|=|E|+|F\(EnF)|=|E|+|F|-|EnF|

e We prove this proposition by induction on n = |F| € N.

® Basecaseatn=0:then F=@gso ExF=@gtooand |[EXF|=0=|E|x0=|E|x|F|.

® Case n = 1: we will use this special case later in the proof.
Assume that F = {x} and that |E| = n. Then there exists a bijection f : {keN : k<n} - E.
Note that g : {k €N : k <n} — E x F defined by g(k) = (f(k), *) is a bijection.
Therefore |[EX F|=n=nx1=|E|x|F|.

® Induction step. Assume that the statement holds for some n € N.
Let F be a set such that |[F| =n+ 1.
Since |F| > 0, there exists x € F and |F \ {x}| = |F| - |{x}| =n+1—-1=n. Then

[EXF|=|(EX(F\{x)U(EX{xD]=[EXF\{xDH]+|Ex{x}|
= |E| x |F \ {x}| + | E| using the induction hypothesis and the case n = 1
=|EIX(F|-1D+|E| = |E|x|F| [ ]
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Finite sets — 7

Proposition

Assume that E c F with F finite. Then E = F & |E| = | F|.

Proof.

= It is obvious.

< Assume that |E| = |F|. Then |[F\ E|=|F|—|E|=0. Thus F\ E=g,ie. E=F. [ |

Proposition
Let E afinite set. Then F is finite and | E| = | F| if and only if there exists a bijection f : E — F.

Proof.

= Assume that F is finite and that |E| = |F| = n.

Then there exist bijections ¢ : {keN : k<n} > Eandy : {keN : k<n} > F.

Therefore f = w o' : E - F is a bijection.

< Assume that there exists a bijection f : E - F.

Since E is finite there exists a bijection ¢ : {keN : k< |E|} - E.

Thus fop : {keN : k< |E|} - F is a bijection. Therefore F is finite and |F| = | E|. |
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Finite sets — 8

Proposition
Let E, F be two finite sets such that |E| = |F|. Let f : E - F. Then TFAE:
© 7 is injective,

@ f is surjective,
© 7 is bijective.

Proof.

Assume that f is injective.

There exists a bijection ¢ : {keN : k< |E|} - E.

Then fop : {keN : k< |E|} - f(E)is abijection. Thus |f(E)| = |E| = | F]|.
Since f(E) C F and |f(E)| = |F|, we get f(E) = F, i.e. f is surjective.

Assume that f is surjective.
Then for every y € F, f~!(y) C E is finite and non-empty, i.e. lf“(y)| > 1.
Assume by contradiction that there exists y € F such that |/~ (y)| > 1.

|_| o)l = Z |£~')| > |F| = | E|. Hence a contradiction.

yEF YEF

Thus |E| =
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Finite sets — 9

Proposition

Let E and F be two finite sets. Then |E| < | F| if and only if there exists an injection f : E — F.

Proof.

= Assume that |E| < |F].

There exist bijections ¢ : {(keN : k< |E|} > Eandy : {keN : k< |F|} > F.

Since |E| < |F|, f =we.¢ ! : E - F is well-defined and injective.

= Assume that there exists an injection f : E - F.

Then f induces a bijection f : E — f(E), so that |E| = | f(E)|.

And since f(E) C F, we have |f(E)| < |F]|. |

Corollary: the pigeonhole principle or Dirichlet’s drawer principle

Let E and F be two finite sets. If | E| > | F| then there is no injective function E — F.

Examples

® There are two non-bald people in Toronto with the exact same number of hairs on their heads.

® During a post-covid party with n > 1 participants, we may always find two people who shook hands to
the same number of people.
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Finite sets — 10

Remark: trichotomy principle for finite sets

Since the cardinal of a finite set is a natural number, we deduce from the fact that N is totally
ordered, that given two finite sets E and F, exactly one of the followings occurs:
e either |E| < |F|
i.e. there is an injection E — F but no bijection E — F,
® or|E| =|F|
i.e. there is a bijection E — F,
® or |[E| > |F|
i.e. there is an injection F — E but no bijection E — F.
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