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Theorem. Let U C R" open, f : U — R of class C*,a € U.

Then
_ n af 1 n n 02f
fa+h) = f@+ ; ox @hi+ 3 Zf ; o, hih + )
where lim Eh)
SR

Proof. Let h € R" be of norm small enough to ensure that V7 € [0,1], a+ th e U.
By the previous theorem, there exists 8 € (0, 1) such that

n of 1 n o n 02f
fa+h) = f(a)+ ; a—Xi(a)h,- +3 2 ; oo (a+ 6h)h;h;
Hence
n af 1 n n azf
E(h) = h-f@-Y ~(h, — - h;h;
(h) = f@a+h) - f(a ; 5 @ pIp) 0xj0x,-(a) ih;
n n 2 2
1 o~ f o f
= - h) - h.
2 Z_: & <0x»6x-(a+9 ) 6x<0x<(a)> hih;
Jj=1i=1 Joo Jo
So that

Eh 1xw [ 0°f ’f hih;
=123 (srgmer - @)

Ihi? 2= & \ox; 0x; [Ihl?

Notice that by continuity of the second order partial derivatives

2 2 2 2
b 0
lim o f (a+ 6h) — / (= oy (@ - / @=0
h—0 dx;0x; 0x;0x; 0x;0x; 0x;0x;
ikl 1kl 1251
and that ||hg2 h‘ g g S |
Hence L =0
h—0 ||h||?
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