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Exercise 1. Let B = B(a,r) CR". Let f : B — B be a contraction mapping
(i.e. a Lipschitz mapping with constant q € [0, 1), or equivalently 3q € [0, 1), Vx,y € B, || f(x) — fWIl < qllx — ylI).

1. Prove that f is continuous.

Let x € B. %et£>0.
- i 0
Set&:{ q fa+

1 otherwise

Let y € B. If |lx — yll < 6 then || f(x) = fFWII < qllx — yll <e.
Hence f is continuous at x.

We define a sequence inductively by picking x, € B and then setting x,., = f(x,).

2. Prove that Vn € Ny, |Ix,41 — x,Il < ¢"lIx; — xll.

Let’s prove it by induction on n.
Base case at n = 0: ||x; — x|l < qollxl —xpll = lIx; — xoll

Induction step: assume that the statement holds for some n € N, then

”xn+2 - xn+l” = ||f(xn+1) - f(xn)”
= ‘1||xn+1 - xn”

=q¢""x, - xoll by the induction hypothesis.

n
3. Prove that Vm,n € Nyg, m>n = ||x,, — x,|| < 1"_—q||x1 — Xgl|-

Let m,n € Ny . Assume that m > n, then

1

l1x,, = x, Il = (%01 — ;)
1

n

3

< Ix;o1 — x;1I by the Triangle Inequality
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q'llxy = xoll by Question 2.
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4. Prove that (x,),en., is a Cauchy sequence.

Let € > 0.
Case 1: if x| = x then for any m,n € Ny satisfying m > n, ||x,, — x,|| <

n

q
l-gq

by —xoll =0 < &.

n

Case 2: otherwise, since lim =0 (as|q| < 1),
n—+o0o | — q
q" 3
(1) AINeN,n>N = 0< <

L—=q ™ |lx; = xoll
Let m,n € Ny, if m > n > N then

ql’l
X = xull <
m n l—q

<eby (1)

Ix; = xoll by Question 3

We proved that Ve > 0, AN € Ny, Vm,n € Nyg, m>n> N = ||x, —x,|| <&
e (Xp)pen,, 15 a Cauchy sequence.

5. Prove that (x,) ey, is convergent in B.

Since (xX,)yen,, is a Cauchy sequence in R", it admits a limit x € R".
And sinceVn € N, x,, € Band B C R" is a closed subset, its limit x must lie in B.

6. Prove that f admits a fixed point, i.e. 3x € B, f(x) = x.

By the previous question, there exists x € B such that ligrn X, = X.
n—T00

Hence, by continuity of f (cf Question 1.), lir+n f(x,) = f(x).
Since Vn € Ny, f(x,) = x,,,1, by uniqueness of the limit, we get that f(x) = x.

7. Prove that f admits only one fixed point (i.e. if y € B is another fixed of f point then x = y).

Assume by contradiction that there exists y € B another fixed point, i.e. x # y and f(y) = y.

Then |lx = yll = 1L f/(x) = fFWI < gllx = ylI.
Since ||x — y|| > 0, we get that q > 1, which contradicts the assumption q € [0, 1).

You just proved the

Theorem 2 (Banach fixed point theorem). A contraction mapping f : B(a,r) — B(a,r) admits a unique fixed point.
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Exercise 3. Let U C R”" be an open subset containing 0 and f : U — R" be a C' function satisfying f(0) = 0 and

DfO)=1,,.
1. Prove that there exists t > 0 such that B(0,t) C U and Vx € B(0,1), det(D f(x)) # 0.

Since f is C', x — Df(x) is continuous (the entries of Df(x) are the partial derivatives of the components of f

which are continuous by definition of C').

Then ¢ : U — R defined by p(x) = det(D f(x)) is continuous too by composition of continuous functions.

Since ¢ is continuous at 0, there exists t; > 0 such that
1

Ix=0[ <7, = |p(x)—@0)] < 5

ie.
1
Il <1, = oo -1l < 3
Since U is open, there exists t, > 0 such that B(0,t,) C U.

Sett = min(ll, tz)
Then B(0,1) C B(0,1,) C U.

Now let x € B(0,1), then, since ||x|| <t <t,
1
I=11-¢x +ex)| <|1-0X)]|+|px)| < 5+ | ()]

Hence |p(x)| > % and therefore p(x) # 0.
We just proved that Vx € B(0,1), det(D f(x)) # 0.

2. Define F : U — R" by F(x) = f(x) — x.
(a) Compute DF(0).

DF(0) = Df(0) — Did(0) = L,-1,,=0eM,,[R)
(b) Prove that there exists r € (0, 1) such that Vx € B(0,r), | DF(x)|| < %
Since F is C', DF is continuous, hence there exists ry > 0 such that

1
lx =0l <r, = [DF() - DFO)| <3
ie. |
Il <ry = IDFGOI< 3
2
(c) Prove that there exists s € (0, r) such that

Therefore we can take r = min (rl, L )

Vx,y € B(0,s), |[F(x)— FIl <| sup [IDF@I|Ilx - yll
ZGE(O,S)

Comment: we use the Frobenius norm for matrices as in PS4 (recall that ||AB|| < ||A|ll| B]|)-

Take s = % and then follow one of the proofs from the document “an MV T-like inequality”.
(d) Prove that ¥x, y € B(0.5), | F(x) = F)|l < 3llx = yll.

Let x,y € E(O, s), then

|F(x)— F(yll < [ sup || DF(2)Il [llx — yll by Question 2.(c)
z€B(0,5)

< %Hx — y|l by Question 2.(b) since B(0,s) C B0, r)
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3. Letye B (o, %). Define 0, : U — R" by 0,(x) = y — F(x).
(a) Prove that 0, (E(o, s)) C B, s).
Let x € B(0, s) then
16,COll = lly = FGI|

< Ayl + 1EOl
< % + || F(x) — F(0)|| since ||y|| < % and F(0) =0

< -+ %llx — 0|l by Question 2.(d), since x € B(0, 5)

s
2
< s since x € E(O, s)
Hence Vx € B(0,s), [|6,(x)]| < s.

(b) Prove that 0., B(0, s) — B(0, s) is a contraction mapping with constant %
We first notice that since 0, <§(0, s)) C B(0,s) C B(0,s), the function 0, : B(0, s) - B(0,s) is well-defined.
Let x,x" € B(0, s), then

16,06) = 8, = lly = F(x) = y + Fx|
= |F(x) = F(<)|

< %le — x"|| by Question 2.(d)

Therefore 0, is a contraction mapping with constant %

(c) WesetV = B(0,s)n f~! (B (0, %)) and W = B (0, %).
Prove that f : V — W is a well-defined bijection between two open subsets of R" containing 0.

We first notice that V' and W are obviously open subsets.

Then we check that f : V — W is well-defined:

e Since B(0,s) C B(0,t) C U, we have well that V' C U. Hence f is well-defined on V.
e Moreover f(V) C W by definition of V.

Finally, we check that f . V — W is a bijection:
Letye W. . .
We know from Question 3.(b) that 6, = B(0,s) — B(0, s) is a contraction mapping, hence, by the Banach fixed
point theorem, there exists a unique x € B(0, s) such that x = 6,(x).
Notice that x = Hy(x) Sx=y—fxX)+xy=f(x).
Hence x € f~! (B <0, %)) since y € B (0, %)
Moreover, by Question 3.(a), x = 6,(x) € B(0,s). Sox € V.
To summarize, we just proved that
VyeW,lxeV,y= f(x)

ie. f :V — W isa bijection.
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4.

(a)

Prove that f~' : W — V is Lipschitz with constant 2 and then that it is continuous.

Let y,,y, e W.
Set x; = f~N(y,) and x, = £~ (y,) which are well-defined by Question 3.(c).
Notice that

llxy = xoll = || (f(x1) = f(x2)) = (F(xp) = Fx))|
<||fGx) = fG)|| + | FGep) = FGxp)|| by the Triangle Inequality

So
Ixy = x|l = |[f Gxp) = FODI S N F(xq) = F(xo)|
< %Hx1 — x|l by Question 2.(d)
Hence
Iy — x5l < 2|1 f(xq) = f(xp)l
ie.

177 oD = £ o) < 21y = 22l

We just proved that £~ is Lipschitz with constant 2.
Then f~' is continuous as a Lipschitz function (you can adapt Question 1. of Exercise 1.).

Prove that f~' : W — V is differentiable.
(Hint: use the very definition of differentiability together with Question 1.)

Let y, € W and set x, = f~ ().
Since f is differentiable at x, we have

(2) fx)=f(xg+x—x0) = f(xp) +dy f(x = x0) + E(x)

where

3) E(x)

x=x [lx = xoll

Since V' C B(0,1), de f is invertible by Question 1.
Hence we may compose (2) with <de f >_1 in order to obtain that
-1 -1
(4f) F@= o) =x=x0+ (/) (E)
which we may rewrite in terms of y = f(x):

(i) =300 = 1700 = 1700+ (d ) (E (7))

Hence

=00+ (4r)” 0=y (a,r) (E(70)

-1
We already know that (de f > is linear, so, to prove that £~ is differentiable at y,, it is enough to check that

-1
(47)  (E(r00)
lim =0
y=Yo 1y = yoll

We first notice that ||x — x|l = /') - f‘l(yo)ll < 2|y — yoll by Question 4.(a) from which we derive that
1 < 2
ly = yoll = IIx = xoll
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and next that »
d.f) (E(/'»)) _
L sl ()
1y = yoll 0 llx = xoll

When y — y, we have x — x,, by continuity of f (Question 4.(a)) and hence that 2% — 0 by (3).

llx—xol

-1
We know that (dxo f ) is continuous (since linear) and that || - || is continuous too, hence

(dr) " (E(770)

L E® >
<2|(d 0
1y = woll B H< x°f> (le—xoll y=Yo
Therefore
-1
(4./) (E(/7'0)
lim =0
y=Yo 1y = yoll

and =1 is differentiable at y,.

(c) Provethat f=' : W - VisC!.
(Hint: study D (f~') using the Chain Rule.)

Since f~! is differentiable, we may apply the chain rule to the LHS of the identity f o f~' = id in order to
obtain

Df(f ) D () W) =1,
Since D f ( f ‘l(y)) is invertible by Question 1, we deduce that

p(r o= (Df ()"

The entries of the RHS matrix are continuous by the formula giving the matrix inverse in terms of the cofactor
matrix, hence the entries of the LHS matrix are continuous too.

But the entries of the LHS are the partial derivatives of the components of ', so they are continuous.
Therefore f~' is C'.

You just proved that

Claim 4. Let U C R" be an open subset containing 0 and f : U — R" be of class C" such that f(0) = 0 and Df(0) = I,,,,.
Then there exist V., W C R" two open subsets such that 0 € V c U,0 € W and f : V — W is a C'-diffeomorphism (i.e.
fiscCt, bijective and flisch.
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Exercise 5. Prove the Inverse Function Theorem (the statement is below).
(Hint: reduce to the case considered in the above claim.)

Theorem 6 (The Inverse Function Theorem). Let U C R" open, f : U — R" of class C' and a € U. Assume that
D f(a) is invertible.

Then there exist V, W C R”" two open subsets such that a € V. .C U, f(a) € W and f : V — W is a C'-diffeomorphism
(ie. fis C!, bijective and f~'is C').

Notice that f(x) = (d,f )L (f(a+ x) = f(a)) is well-defined in a neighborhood of the origin.
Moreover f(0) = 0 and Df(0) = I,,, by the chain rule.
So we may apply the previous claim to f in order to deduce the statement for f.
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Exercise 7. Derive the Implicit Function Theorem from the Inverse Function Theorem (the statement is below).

Theorem 8 (The Implicit Function Theorem).
Let U c R" and V' C RP be two open subsets. Let (xy,yy) € U X V.
UxV - R

Let F : be of class C'.
(x,) = F(x,y) f

If D, F(xy, yo) is invertible then there exist r, s > 0 such that B(xy,r) C U, B(yy,s) C V and
there exists ¢ : B(xq,r) = B(yy, s) of class C! such that

V(x9 y) € B(X(), r) X B(y09 S)9 F(X, y) = F(XO, yO) < y= (p(X)

Hint: apply the Inverse Function Theorem to w(x, y) = (x, F(y)).



