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Change of variables: usual coordinate systems
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1 Polar coordinates

o OF)X(-z.1) — R2\ {(x,0) € R? : x <0}

(r,0) — (rcos@,rsin@)
y
e
o <
‘B
= 0
|[————————> X
rcos 6

Dis C'.
® is bijective.

det D®(r,0) = det <

cos@ —rsind
sind rcos6
Hence @ is a C!-diffeomorphism.
And |det D®(r,0)| = r.

>=r(cos29+sin29) =r>0.

Example 1. Let A = {(x,y) €R? : 1 <x*+)* <9, x>0}.
We want to compute / St

A
First, notice that A = ® ([1, 3] X [—#/2, z/2]).
Hence,
/ ex2+y2dxdy = / " rdrdf by the CoV formula
A BIX[=7/2,7/2]

[1.3]
w2 3
= / / re" drdf by the iterated integrals theorem
—al2 J1

_ /7‘[/2 €9 _ ede
—xn 2
T
=3 (¢ —e)




2 Change of variables: usual coordinate systems

Example 2. We want to compute / x>+ y* = 2ydxdy.
B((1,1),1)

First notice that ¥ : R?> — R? defined by ¥(x,y»)) = x+ Ly+ DisaC 1—diffeomorphism and
that |det D¥(x, y)| = 1.

Moreover E((l, D,H=Y¥ (E(O, 1)). Hence

/ x2+y* = 2ydxdy = / x+ D2+ @+ 1D?>=2(y+ Ddxdy by the CoV formula
B((1,1),1) B(0,1)
= / x4 y2 —2xdxdy
B(0,1)
Next, we have B(0, 1) = ®([0, 1] X [~z x]).
Notice that there is an issue for r = 0 or § = +x (i.e. {(x,0) : x € [-1,0]}) but these sets have zero

content.
Hence

/ x>+ y* = 2xdxdy = / (r* = 2rcos O)rdrd0 by the CoV formula

B(0,1) [0,1]x[~7,7]
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2 Cylindrical coordinates

0,+0) X (—m, 1) XR  — R3\ ((—00,0] x {0} X R)
(r,0,z) > (rcos®,rsin, z)

(O

e disCl.
e @ is bijective.
cosf® —rsinf O .
e det DD(r,0,z) = det|sin@ rcosd 0= det (C‘.’se - Smg) =r>0.
0 0 1 sinf rcos@

Hence @ is a C'-diffeomorphism.
And |det D®(r,0,z)| =r.



4 Change of variables: usual coordinate systems

Example 3. We want to compute / zdxdydx
A

whereA={(x,y,z)ElR3:x+y< (H—z)20<z<H}

z
A

\ %
Notice that A = &(T") where T = {(r, 6.2): 0<r<R(H-2,0€e-nalze H]}.
Again, I' goes outside the domain of @ but the involved sets have zero content.

Hence

/ zdxdydx = / zrdrd0dz by the CoV formula
A r

H rx %(H—z)
=/ / / rzdrdOdz
-7
— (H - 2)*2d0dz
I

2
TR / (H—z)ZZdz

7zR2H2
12
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3 Spherical coordinates

(0,4+0) % (0,27) X (0, 7) — R3\ ([0, +00) x {0} X R)

(O3 . .
(r,0, @) — (rcos@sin ¢, rsin 6 sin @, r cos @)

In this course, we use the following convention *:

(r, 6, p) = (radius/distance to the origin, longitude, colatitude)

Z 4

e ®isCl.
o @ is bijective.
e The Jacobian determinant is

cosfsing —rsinfsing rcos6cos e
det D®(r, 0, ) = det|sinfsing rcosfsing rsinfcose
Ccos @ 0 —rsing

—rsin @ sin cos 6 cos . cos 0 sin —rsin @ sin
= cos @ det ’ me  ro @ —rsingpdet|( _, e ~rsmusme
rcosf@sing rsinfcos @ sinfsing rcos@sin@

) . —sinf® cos6 23 cosf —sinf
= r< cos (pSIn(pdet(cose sin0> r°sin” @ det Gind  cosd

= —r? cos? @sing —r

= —r?sin @ < 0since ¢ € (0, )

2 sin? @

e Hence @ is a C'-diffeomorphism.
e And |det DO(r, 0, p)| = r* sin .

* This convention may differ from the one used in other courses in math or in physics (the meaning of 6 and ¢ may be
swapped, some people use the latitude and not the colatitude...).
I believe that the usual convention in physics is (r,8, ¢) = (radius, colatitude, longitude) as in ISO 80000-2, i.e. the
meaning of # and ¢ are swapped from our convention in MAT237.



Change of variables: usual coordinate systems

Example 4. We want to compute [, zdxdydz where A = {(x,y,2) € R® : x> +y* +2z* <1,z > 0}.
Notice that A = @ ([0, 1] x [0, 2x] X [0, z/2]).

Again, there is an issue with the domain of ® but the involved sets have zero content.
Hence

/ zdxdydz = / > cos @ sin pdrd0d g by the CoV formula
4 [0.1]X[0,27]x[0,7/2]

/2 2n 1 .
2
= / / / r Wd rd0de by the iterated integrals theorem
0 o Jo

1 ( cosO0 cosx )
=2n— -

4

r

4 4

4



