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For Wednesday, watch the videos: 14.11, 14.13, 14.15
Some digits of pi in English:
How I wish I could recollect, of circle round, the exact relation Archimede learned.
And in French:
Que j’aime à faire apprendre un nombre utile aux sages !
Immortel Archimède, artiste ingénieur,
Qui de ton jugement peut priser la valeur ?
Pour moi, ton problème eut de pareils avantages.
Jadis, mystérieux, un problème bloquait
Tout l’admirable procédé, l’œuvre grandiose
Que Pythagore découvrit aux anciens Grecs.
Ô quadrature ! vieux tourment du philosophe !
Insoluble rondeur, trop longtemps vous avez
Défié Pythagore et ses imitateurs.
3.1415926535897932384626433832795028841971693993751058209749445923078164062862089986280348253421170679
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Recap 1: Power series
1 Given a power series S(x) =

+∞
∑
n=0

an(x − α)n centered at α, there exists a unique 0 ≤ R ≤ +∞, called
the radius of convergence of S, such that |x − α| < R ⟹ S(x) ACV and
|x − α| > R ⟹ S(x) DV

2 The interval of convergence is either (α − R, α + R) or [α − R, α + R) or (α − R, α + R] or
[α − R, α + R].

3
+∞
∑
n=0

an(x − α)n +
+∞
∑
n=0

bn(x − α)n =
+∞
∑
n=0

(an + bn)(x − α)n for |x − α| < min(RA, RB)
RA+B = min(RA, RB) when RA ≠ RB or RA+B ≥ min(RA, RB) otherwise

4 λ
+∞
∑
n=0

an(x − α)n =
+∞
∑
n=0

(λan)(x − α)n with same radius of convergence for λ ≠ 0.

5 S is C0 on (α − R, α + R) and ∫xα
+∞
∑
n=0

an(t − α)ndt =
+∞
∑
n=0

an
n + 1

(x − α)n+1

with same radius of convergence.

6 S is differentiable on (α − R, α + R) and S′(x) =
+∞
∑
n=1

nan(x − α)n−1
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Recap 1: Power series

1 Given a power series 𝑆(𝑥) =
+∞

∑
𝑛=0

𝑎𝑛(𝑥 − 𝛼)𝑛 centered at 𝛼, there is a unique

0 ≤ 𝑅 ≤ +∞ s.t. |𝑥 − 𝛼| < 𝑅 ⟹ 𝑆(𝑥) 𝐴𝐶𝑉 and |𝑥 − 𝛼| > 𝑅 ⟹ 𝑆(𝑥) 𝐷𝑉

(𝑅 is called the radius of convergence of 𝑆)

2 Interval of CV: (𝛼 − 𝑅, 𝛼 + 𝑅) or [𝛼 − 𝑅, 𝛼 + 𝑅) or (𝛼 − 𝑅, 𝛼 + 𝑅] or [𝛼 − 𝑅, 𝛼 + 𝑅].

3
+∞

∑
𝑛=0

𝑎𝑛(𝑥 − 𝛼)𝑛 +
+∞

∑
𝑛=0

𝑏𝑛(𝑥 − 𝛼)𝑛 =
+∞

∑
𝑛=0

(𝑎𝑛 + 𝑏𝑛)(𝑥 − 𝛼)𝑛 when |𝑥 − 𝛼| < min(𝑅𝐴, 𝑅𝐵)

(Remark: 𝑅𝐴+𝐵 = min(𝑅𝐴, 𝑅𝐵) when 𝑅𝐴 ≠ 𝑅𝐵 or 𝑅𝐴+𝐵 ≥ min(𝑅𝐴, 𝑅𝐵) otherwise)

4 𝜆
+∞

∑
𝑛=0

𝑎𝑛(𝑥 − 𝛼)𝑛 =
+∞

∑
𝑛=0

(𝜆𝑎𝑛)(𝑥 − 𝛼)𝑛

(same radius of convergence for 𝜆 ≠ 0).

5 𝑆 is 𝐶0 on (𝛼 − 𝑅, 𝛼 + 𝑅) and ∫
𝑥

𝛼

+∞

∑
𝑛=0

𝑎𝑛(𝑡 − 𝛼)𝑛𝑑𝑡 =
+∞

∑
𝑛=0

𝑎𝑛
𝑛 + 1 (𝑥 − 𝛼)𝑛+1

(with same radius of convergence).

6 𝑆 is differentiable on (𝛼 − 𝑅, 𝛼 + 𝑅) and 𝑆′(𝑥) =
+∞

∑
𝑛=1

𝑛𝑎𝑛(𝑥 − 𝛼)𝑛−1
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Recap 1: Power series

1 Given a power series 𝑆(𝑥) =
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𝑥

𝛼

+∞

∑
𝑛=0

𝑎𝑛(𝑡 − 𝛼)𝑛𝑑𝑡 =
+∞

∑
𝑛=0

𝑎𝑛
𝑛 + 1 (𝑥 − 𝛼)𝑛+1 =

+∞
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𝑛=1

𝑎𝑛−1
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+∞

∑
𝑛=1

𝑛𝑎𝑛(𝑥 − 𝛼)𝑛−1 =
+∞

∑
𝑛=0

(𝑛 + 1)𝑎𝑛+1(𝑥 − 𝛼)𝑛
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Recap 2: Taylor polynomials and Taylor series
1 Let 𝑓 ∶ 𝐼 → ℝ be a function defined on an interval 𝐼 and 𝑎 an interior

point of 𝐼 . Assume that 𝑓 is 𝑛 times differentiable at 𝑎.
We define its Taylor polynomial of order 𝑛 at 𝑎 as

𝑃𝑛(𝑥) =
𝑛

∑
𝑘=0

𝑓 (𝑘)(𝑎)
𝑘! (𝑥 − 𝑎)𝑘

2 Notice that 𝑃𝑛 is the unique polynomial of degree at most 𝑛 such that

lim
𝑥→𝑎

𝑓(𝑥) − 𝑃𝑛(𝑥)
(𝑥 − 𝑎)𝑛 = 0

3 Notice that 𝑃𝑛 is the unique polynomial of degree at most 𝑛 such that

𝑃𝑛(𝑎) = 𝑓(𝑎), 𝑃 ′
𝑛 (𝑎) = 𝑓 ′(𝑎), 𝑃 ″

𝑛 (𝑎) = 𝑓 ″(𝑎), … , 𝑃 (𝑛)
𝑛 (𝑎) = 𝑓 (𝑛)(𝑎)

4 Let 𝑓 ∶ 𝐼 → ℝ a function defined on an interval 𝐼 and 𝑎 an interior point
of 𝐼 . Assume that 𝑓 is 𝐶∞ at 𝑎 then we define its Taylor series at 𝑎 as

𝑇𝑎(𝑥) =
+∞

∑
𝑘=0

𝑓 (𝑘)(𝑎)
𝑘! (𝑥 − 𝑎)𝑘
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Recap 3: analytic functions

1 Let 𝐼 be an interval and 𝑎 be an interior point of 𝐼 . We say that a 𝐶∞

function 𝑓 ∶ 𝐼 → ℝ is analytic at 𝑎 if there exists 𝑟 > 0 such that
|𝑥 − 𝑎| < 𝑟 ⟹ 𝑓(𝑥) = 𝑇𝑎(𝑥)

2 How can a 𝐶∞ function not be analytic?
a. The radius of convergence of 𝑇𝑎(𝑥) is 0, or,
b. The radius of convergence is > 0 but 𝑓(𝑥) ≠ 𝑇𝑎(𝑥) for 𝑥 close to 𝑎.

3 If around 𝑎 a function is equal to a power series centered at 𝑎, then the
latter is the Taylor series of the function at 𝑎.
There is no other possibility and you can identify the coefficients.

So if you can prove that 𝑓(𝑥) =
+∞

∑
𝑘=0

𝑎𝑘(𝑥 − 𝑎)𝑘 when 𝑥 is close to 𝑎 then

you know that 𝑎𝑘 = 𝑓 (𝑘)(𝑎)
𝑘! .

That’s what we used last week on Wednesday to compute the 𝑛-th
derivatives in slides 5 and 6.
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Recap 3: analytic functions

1 Let 𝐼 be an interval and 𝑎 be an interior point of 𝐼 . We say that a 𝐶∞

function 𝑓 ∶ 𝐼 → ℝ is analytic at 𝑎 if there exists 𝑟 > 0 such that
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b. The radius of convergence is > 0 but 𝑓(𝑥) ≠ 𝑇𝑎(𝑥) for 𝑥 close to 𝑎.

3 If around 𝑎 a function is equal to a power series centered at 𝑎, then the
latter is the Taylor series of the function at 𝑎.
There is no other possibility and you can identify the coefficients.

4 Taylor’s theorem with Lagrange remainder.
Let 𝑓 be (𝑛 + 1) times differentiable on an interval 𝐼 and 𝑎 ∈ 𝐼 then
∀𝑥 ∈ 𝐼 ⧵ {𝑎}, {

∃𝜉 ∈ (𝑎, 𝑥) if 𝑎 < 𝑥
∃𝜉 ∈ (𝑥, 𝑎) if 𝑎 > 𝑥 , such that

𝑓(𝑥) =
𝑛

∑
𝑘=0

(𝑥 − 𝑎)𝑘

𝑘! 𝑓 (𝑘)(𝑎) + (𝑥 − 𝑎)𝑛+1

(𝑛 + 1)! 𝑓 (𝑛+1)(𝜉)

5 Beware: 𝜉 depends on 𝑛, 𝑥, 𝑎.
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Recap 4: ex. of application of Lagrange’s remainder1

Let 𝑓 ∶ 𝐼 → ℝ be 𝐶∞. If there exist 𝑀 ≥ 0 and 𝐽𝑎 = (𝑎 − 𝑟, 𝑎 + 𝑟) ⊂ 𝐼 s.t.

∀𝑛 ∈ ℕ, ∀𝑥 ∈ 𝐽𝑎, |𝑓 (𝑛)(𝑥)| ≤ 𝑀
then 𝑓 is analytic at 𝑎.

Proof. Let 𝑥 ∈ 𝐽𝑎. Let 𝑛 ∈ ℕ.
By Taylor’s theorem with Lagrange remainder, there exists 𝜉 ∈ 𝐽𝑎 such that

|
𝑓 (𝑥) −

𝑛

∑
𝑘=0

(𝑥 − 𝑎)𝑘

𝑘! 𝑓 (𝑘)(𝑎)
|

= |
(𝑥 − 𝑎)𝑛+1

(𝑛 + 1)! 𝑓 (𝑛+1)(𝜉)| ≤ 𝑀 |
(𝑥 − 𝑎)𝑛+1

(𝑛 + 1)! |

Using the ratio test, we easily check that
+∞

∑
𝑛=0 |

(𝑥 − 𝑎)𝑛+1

(𝑛 + 1)! | is convergent.

Hence lim
𝑛→+∞ |

(𝑥 − 𝑎)𝑛+1

(𝑛 + 1)! | = 0.

So ∀𝑥 ∈ 𝐽𝑎, 𝑓 (𝑥) =
+∞

∑
𝑘=0

(𝑥 − 𝑎)𝑘

𝑘! 𝑓 (𝑘)(𝑎). ■

1That’s exactly the method we used last Wednesday for Slide 3.
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Recap 5: some results to know

1 ∀𝑥 ∈ ℝ, 𝑒𝑥 =
+∞

∑
𝑛=0

𝑥𝑛

𝑛! (recall that 0! = 1)

2 ∀𝑥 ∈ ℝ, cos(𝑥) =
+∞

∑
𝑛=0

(−1)𝑛

(2𝑛)! 𝑥2𝑛 and sin(𝑥) =
+∞

∑
𝑛=0

(−1)𝑛

(2𝑛 + 1)!𝑥2𝑛+1

3 ∀𝑥 ∈ (−1, 1], ln(1 + 𝑥) =
+∞

∑
𝑛=1

(−1)𝑛+1

𝑛 𝑥𝑛

4 ∀𝑥 ∈ (−1, 1), 1
1 − 𝑥 =

+∞

∑
𝑛=0

𝑥𝑛

5 ∀𝑥 ∈ (−1, 1), (1 + 𝑥)𝛼 = 1 +
+∞

∑
𝑛=1

𝛼(𝛼 − 1) ⋯ (𝛼 − 𝑛 + 1)
𝑛! 𝑥𝑛

(The last one holds for 𝑥 ∈ ℝ when 𝛼 ∈ ℕ.)

Keep in mind that power series behave well with respect to the usual
operations: use them to reduce to the above results.
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Greek alphabet (or “spaghetti”?)

Α 𝛼 Alpha Ι 𝜄 Iota Ρ 𝜌 𝜚 Rho
Β 𝛽 Beta Κ 𝜅 Kappa Σ 𝜎 𝜍 Sigma
Γ 𝛾 Gamma Λ 𝜆 Lambda Τ 𝜏 Tau
Δ 𝛿 Delta Μ 𝜇 Mu Υ 𝜐 Upsilon
Ε 𝜖 𝜀 Epsilon Ν 𝜈 Nu Φ 𝜙 𝜑 Phi
Ζ 𝜁 Zeta Ξ 𝜉 Xi Χ 𝜒 Chi
Η 𝜂 Eta Ο 𝜊 Omicron Ψ 𝜓 Psi
Θ 𝜃 𝜗 Theta Π 𝜋 𝜛 Pi Ω 𝜔 Omega
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Taylor series gymnastics

Write the following functions as power series
centered at 0.
First by using the sigma notation, and then by
writing out the first few terms.

1 𝑓(𝑥) = 𝑥2

1 + 𝑥
2 𝑓(𝑥) = (𝑒𝑥)2

3 𝑓(𝑥) = sin (2𝑥3)
4 𝑓(𝑥) = cos2 𝑥

5 𝑓(𝑥) = ln 1 + 𝑥
1 − 𝑥

6 𝑓(𝑥) = 1
(𝑥 − 1)(𝑥 − 2)

7 𝑓(𝑥) = ∫
𝑥

0
cos(𝑡2)𝑑𝑡
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Other operations with Taylor series

Obtain the terms of degree less than or equal
to 4 of the Maclaurin series of these functions:

1 𝑓(𝑥) = 𝑒𝑥 sin 𝑥

2 𝑔(𝑥) = 𝑒sin 𝑥

Hint: Treat the power series the same way you
would treat a polynomial.

Follow-up questions:
Compute 𝑔(3)(0) and 𝑔(4)(0).
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