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For next lecture

For Wednesday (Feb 13), watch the videos:
• Theorems about sequences: 11.5, 11.6, 11.7, 11.8

Jean-Baptiste Campesato MAT137Y1 – LEC0501 – Calculus! – Feb 11, 2019 2

Warm up

Write a formula for the general term of these
sequences

1 (𝑎𝑛)𝑛≥1 = ( 1, 4, 9, 16, 25, … )

2 (𝑏𝑛)𝑛≥1 = ( 1, −2, 4, −8, 16, −32, … )

3 (𝑐𝑛)𝑛≥0 = ( 1, −2, 4, −8, 16, −32, … )

4 (𝑑𝑛)𝑛≥1 = (
2
1!, 3

2!, 4
3!, 5

4!, … )

5 (𝑒𝑛)𝑛≥0 = ( 1, 4, 7, 10, 13, … )
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Convergence and divergence

Let (𝑎𝑛)𝑛≥𝐾 be a sequence. Write the formal
definition of the following notions:

1 lim
𝑛→+∞

𝑎𝑛 = 𝐿

2 (𝑎𝑛)𝑛 is convergent.

3 (𝑎𝑛)𝑛 is divergent.

4 lim
𝑛→+∞

𝑎𝑛 = +∞
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Definition of limit of a sequence
Let (𝑎𝑛)𝑛∈ℕ be a sequence. Let 𝐿 ∈ ℝ.
Which of these statements are equivalent to lim

𝑛→+∞
𝑎𝑛 = 𝐿?

1 ∀𝜀 > 0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 𝜀.
2 ∀𝜀 > 0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 > 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 𝜀.
3 ∀𝜀 > 0, ∃𝑛0 ∈ ℝ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 𝜀.
4 ∀𝜀 > 0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℝ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 𝜀.
5 ∀𝜀 > 0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| ≤ 𝜀.
6 ∀𝜀 ∈ (0, 1), ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 𝜀.
7 ∀𝜀 > 0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 1

𝜀 .

8 ∀𝜀 ∈ (0, 1), ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 1
𝜀 .

9 ∀𝑘 ∈ ℤ>0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 𝑘.
10 ∀𝑘 ∈ ℤ>0, ∃𝑛0 ∈ ℕ, ∀𝑛 ∈ ℕ, 𝑛 ≥ 𝑛0 ⟹ |𝐿 − 𝑎𝑛| < 1

𝑘.
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A sequence defined by recurrence

Consider the sequence (𝑅𝑛)𝑛≥0 defined by

⎧⎪
⎨
⎪⎩

𝑅0 = 1
∀𝑛 ∈ 𝑁, 𝑅𝑛+1 = 𝑅𝑛 + 2

𝑅𝑛 + 3
Compute 𝑅1, 𝑅2, 𝑅3.
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Is this proof correct?

Let (𝑅𝑛)𝑛≥0 be the sequence in the previous slide.

Claim:
lim

𝑛→+∞
𝑅𝑛 = −1 + √3.

Proof.
• Let 𝐿 = lim

𝑛→∞
𝑅𝑛.

• 𝑅𝑛+1 = 𝑅𝑛 + 2
𝑅𝑛 + 3

• lim
𝑛→∞

𝑅𝑛+1 = lim
𝑛→∞

𝑅𝑛 + 2
𝑅𝑛 + 3

• 𝐿 = 𝐿 + 2
𝐿 + 3

• 𝐿(𝐿 + 3) = 𝐿 + 2
• 𝐿2 + 2𝐿 − 2 = 0
• 𝐿 = −1 ± √3
• 𝐿 must be positive, so

𝐿 = −1 + √3
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A sequence defined by recurrence

Consider the sequence (𝑅𝑛)𝑛≥0 defined by

⎧⎪
⎨
⎪⎩

𝑅0 = 1
∀𝑛 ∈ 𝑁, 𝑅𝑛+1 = 𝑅𝑛 + 2

𝑅𝑛 + 3

1 Prove that (𝑅𝑛)𝑛≥0 is bounded from below by 0.
2 Prove that (𝑅𝑛)𝑛≥0 is decreasing.
3 Prove that (𝑅𝑛)𝑛≥0 is convergent.
4 Conclude.
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