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Proofs using the definition of limits
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For next lecture

For Wednesday (Oct 3), watch the videos:
• Limit laws: 2.10, 2.11, 2.12, 2.13.
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Graphical interpretation
Remember that lim

𝑥→𝑎
𝑓(𝑥) = 𝐿 means

∀𝜀 > 0, ∃𝛿 > 0, ∀𝑥 ∈ ℝ, (0 < |𝑥 − 𝑎| < 𝛿 ⟹ |𝑓(𝑥) − 𝐿| < 𝜀)

What are 𝑎, 𝐿, 𝛿, 𝜀 in the figure below?

𝑥

𝑦

𝑎 𝑎 + 𝛿𝑎 − 𝛿

𝛿 𝛿

𝐿
𝐿 + 𝜀

𝐿 − 𝜀

𝜀
𝜀

𝑦 = 𝑓(𝑥)
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Graphical interpretation (2)
Assume that 𝜀 is given. Which of the following 𝛿𝑖 works?

𝑥

𝑦

𝑦 = 𝑓(𝑥)

𝑎

𝛿1

𝐿 𝜀
𝜀

𝑥

𝑦

𝑦 = 𝑓(𝑥)

𝑎

𝛿3 𝛿3

𝐿 𝜀
𝜀

𝑥

𝑦

𝑦 = 𝑓(𝑥)

𝑎

𝛿2 𝛿2

𝐿 𝜀
𝜀
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Graphical interpretation (2)
Assume that 𝜀 is given. Which of the following 𝛿𝑖 works?

𝑥

𝑦

𝑦 = 𝑓(𝑥)

𝑎

𝛿1

𝐿 𝜀
𝜀

𝑥

𝑦

𝑦 = 𝑓(𝑥)

𝑎

𝛿3 𝛿3

𝐿 𝜀
𝜀

𝑥

𝑦

𝑦 = 𝑓(𝑥)

𝑎

𝛿2 𝛿2

𝐿 𝜀
𝜀

∀𝜀 > 0, ∃𝛿 > 0, ∀𝑥 ∈ ℝ,

(0 < |𝑥 − 𝑎| < 𝛿 ⟹ |𝑓(𝑥) − 𝐿| < 𝜀)
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Choose 𝛿 for a given 𝜀

1 Find a 𝛿 > 0 such that

∀𝑥 ∈ ℝ, |𝑥 − 3| < 𝛿 ⟹ |5𝑥 − 15| < 1

2 Find all 𝛿 > 0 such that

∀𝑥 ∈ ℝ, |𝑥 − 3| < 𝛿 ⟹ |5𝑥 − 15| < 1

3 Let 𝜀 > 0. Find all 𝛿 > 0 such that

∀𝑥 ∈ ℝ, |𝑥 − 3| < 𝛿 ⟹ |5𝑥 − 15| < 𝜀

4 Prove lim
𝑥→3

5𝑥 = 15.
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Your first 𝜀 − 𝛿 proof

Goal
We want to prove that

lim
𝑥→1 (𝑥2 + 𝑥) = 2 (1)

directly from the definition.

1 Write down the formal definition of the statement (1).

2 Write down what the structure of the formal proof should
be, without filling the details.

3 Write down a complete formal proof.
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