MAT188HI1F - Linear Algebra - Fall 2018

Solutions to Term Test 1 - October 2, 2018

Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator.

Genreal Comments:

e Questions 1, 2, 3 and 4 were well done on the whole. The median of all four questions was at least 9.
e The averages on Questions 5 and 8 were close to 5 out of 10, typical for these kinds of questions.

e Questions 6 and 7 both had an average close to 3; 372 students had 0 on Question 6, 334 had 0
on Question 7. Question 7 involved proving so these results are not a surprise, but Question 6 was

basically computational, so the low results are a big surprise.
e In Question 3, many students wrote down the augmented matrix of the system

axry + (2b + 1)1)2 =1
(a+ba1— 4wy =-8

and proceeded to reduce it. This is irrelevant and a waste of time! Those who did this, invariably

divided by expressions in terms of ¢ and b which could be zero, but did not take this into account.

Breakdown of Results: 830 registered students wrote this test. The marks ranged from 21.25% to 100%,
and the average was 63%. There were three perfect papers. Some statistics on grade distribution are in

the table on the left, and a histogram of the marks (by decade) is on the right.

Grade % Decade %
90-100% 4.6%
13.9% 80-89% 9.3%

20.0% | 70-79% 20.0%
25.0% | 60-69% 25.0%
22.9% | 50-59% 22.9%
18.2% | 40-49% 13.4%
30-39% 4.0%
20-29% 0.8%
10-19% 0.0% I I
— =

0-9% 0.0%
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1. [10 marks; avg: 8.18/10] Let

11 1 01
11 2
A= . B=|10l|,c=] 1 -1 2
01 3
2 3 2 1 3

Determine whether each of the following expressions is defined. If so, simplify the expression into a

single matrix. If not, explain why it is not defined.

(a) (A+ B)C
Solution: not defined. A and B have different sizes, so they cannot be added.

(b) AC — (3B)T

Solution:
T
SR 1 01 11
AC - (3B)T = 1 -1 2|—-13|10
01 3
- -2 1 3 2 3

21 09 336| [-5 -2 3
5 2 11 3009 -8 2 2
(c) ACB + (BT)B

Solution: you can use your calculation of AC' from part (b).

-5 2 11

_'1725+6 23 32
19 28 7 10 26 38

a 1

-2 1 9
ACB+ (BB = ] 1
2

(d) AB — BA

Solution: not defined. AB is 2 x 2, BA is 3 x 3, so AB and BA cannot be subtracted.



2. [10 marks; avg: 9.45/10] Consider the problem

A total of 275 people attend a concert. Ticket prices are $12 for adults, $10 for seniors and

$8 for students. The total revenue was $3100. Determine how many adults, seniors and

students attended the concert, given that the number of seniors who attended was twice

the number of students.

(a) [4 marks] Introduce three variables and write down a system of three linear equations in three

variables that represents this problem.

Solution: let  be the number of adults who attended, y the number of seniors, z the number

of students. Then
xr +

Yy o+

z

122 + 10y + 8z

2z

275
3100
0

(b) [6 marks] Solve the problem by finding the reduced row echelon form of the augmented matrix

of the system of equations you wrote down in part (a).

Solution:

1 1 1] 275
12 10 813100 —
0 1 -2 0

Therefore, x = 200,y = 50, z = 25; that is
e 200 adults attended the concert,
e 50 seniors attended the concert,

e 25 students attended the concert.

S = =

o = O O =

= O O NN =

- o O

200
50 |, which is in RREF
25




3. [10 marks; avg: 8.53/10]

3.(a) [4 marks] Find all values of ¢ so that the system of linear equations

To+ x3 = 2
1+ 2o +223= 5
T — X2 =1+4c

has a solution.

Solution: reduce the augmented matrix, checking for consistency:

0 11 2 1 1 2 ) 11 2 ) 1 1 215
1 1 2 5 —=10 11 21 —1011 21 —=101 1|2
1 -1 0|1+c¢ 1 -1 0|1+c¢ 0 2 2|4—-c¢ 0 0 0fc

The system will have a solution if and only if ¢ = 0.

Alternate Solution: observe that on the left side of equal signs in the system of equations, the
third equation is the second minus two times the first; so on the right side of the equal signs, for

consistency, 1 +c¢=5—-2(2) =1 ¢ =0.
3.(b) [6 marks] Find a and b such that x; = 3,22 = 2 is a solution of the system
ary  + (2b+ 1)z = 1

(a+ba1— 4wy =-8

Solution: substitute x1 = 3,9 = 2 into the given equations and solve the new system of equations

for a and b :
3a + 2(20+1) = 1 - 3a + 4 = -1
3(a+d) — 8 = -8 3a + 3b = 0
Subtracting the last two equations gives b = —1; and consequently a = 1, since a = —b.



4. [10 marks; avg: 8.51/10]

13 2 1
4.(a) [3 marks] Write the vector @ = | 8 | as a linear combination of o1 = |1| and ¥h = | 1
-3 0 -1

Solution: let @ = st; + tv2. Reduce the augmented matrix of the system of equations with this

vector equation:

2 1] 13 2 1] 13 2 0|10 1 01]5
1 1 8({—+10 -1|-3|—]10 1 3| —=>|0 1|3
0 —-1|-3 0 —-1]-3 0 0 O 0 0|0

So s =5 and t = 3, and 4 = 50} +3vs. (Note: this question is easy enough to be done by ‘inspection.’)

4.(b) [7 marks] Solve the homogeneous system of equations
1 + 29 + dr3 + 6xy = 0
2r1 + To + 4dxs + 9ry, = 0
201 + Txo + 1623 + 1bzy = O
by reducing its augmented matrix to reduced row echelon form and then expressing the solution as

a linear combination of basic solutions.

Solution:
12 5 6|0 (1 2 5 6
21 4 9|0 — 0 3 6
2 7 16 150 |0 -3 -6 =3]0
(1 25 6|0 |
— 01 2 110
|00 0 0]0 |
(101 4]0
— 0 1 2 1|0 |, whichisin RREF
i 00 0]0
Let x3 = s,z4 = t be parameters. Then the solution is
—xl_ _—s—4t_ _—1— ——4_
T _ —2s —t . —2 4 -1
3 s 1 0
Ty t 0




5. [10 marks; avg: 5.4/10] Consider the system of equations

T + T2 + z3 = 1
1 + (a+2)zy + 2¢3 = 5,
r1 + vy + (a+1l)zg = 9

where a is in R. Find all value(s) of a for which the system of equations has

(a) no solution, (b) a unique solution, (c) infinitely many solutions.

Solution: reduce the augmented matrix of the system and analyze how many leading entries there

can be.
11 1 |1 (101 11 ]
1 a+2 2 (5| = |0 a+1 14
1 7 a+1]9 0 6 a8
(101 11 ]
— 0 6 a
0O a+1 114
(11 1 1
- |0 6 a 8
00 6-—ala+1)|24—8(a+1)
(11 1
— 0 6 a
00 a2+a—6|8i—16
(11
= | o 6 a 8
0 0 (a+3)(a—2)|8(a—2)

(a) If @ = —3, then the last row of the reduced matrix is [0 0 0 | — 40], which indicates that the

system has no solution.

(b) If a # —3,a # 2 then the reduced matrix has rank 3 and each variable is a leading variable, so

the system has a unique solution.

(c) If a = 2 then the last row is a row of all zeros, the reduced matrix has rank 2 and there is one

free variable, so the system has infinitely many solutions.



6. [10 marks; avg: 3.05/10] Let

2 4
1 -1 2
A= , B= 3 0 |;
3 1 -1
-1 4

let T4 : R3 — R? and Tg : R? — R3 be the matrix transformations induced by A and B,

respectively.
(a) [5 marks] Show that if # € R? and (T4 o Tp)(Z) = 0, then Z = 0.

—.

Solution: (T4 0TR)(¥) = AB Z; solve the homogeneous system with augmented matrix [AB| 0]

2 4 -
1 -1 2 -3 12
3 0| = )
3 1 -1 10 8
-1 4

and

So indeed, Z = 0.

(b) [5 marks] Suppose 7 is a vector in R3 such that (T o T4)(7) = 0. Must i = 07 Justify your
answer.

Solution: (TpoT4)(y) = BAY; solve the homogeneous system with augmented matrix [BA| 0]

2 4 - 14 2 0
1 -1 2
BA = 30 [ e 3 -3 6 |,
3 1 -1
1 4 - 11 5 —6
and
14 2 0]0 1 -1 210 1 -1 210
3 -3 60| —[0 16 =280 —1]0 4 =710
11 5 —610 0 16 —2810 0 0 00

This last matrix indicates that the system of homogeneous equations has one free variable, so
there are infinitely many solutions % such that (Ts o T4)(¥) = 0. That is, 7 need not be 0. For

example

is a non-zero solution to (Tz o Tx)(7) = 0.



7. [10 marks; avg: 2.82/10]

7.(a) [4 marks] Let A and B be two n x n symmetric! matrices. Prove that AB is symmetric if and only
if AB = BA.

Solution: we are given AT = A and B” = B. Then
(AB)Y = AB & BTAT = AB

& BA=AB

7.(b) [6 marks] Let A be a 2 x 2 matrix. Prove that

b
AAT = AT A if and only if A is symmetric or A = ch ] ,
-b a
for some real numbers a and b.
. a b a ¢
Solution: let A = : then AT = . So
c d b d
AAT — ATA o a b ac:ac a b
c d b d b d c d

a4+ ab+cd
ba +dc b%+ d?
& A =band ac+bd = ab+ cd

a2+ b2 ac+bd
ca+db A+ d?

< c¢=b, orc=—band bd = ab

Consider the three cases:

a

e if c=bthen A= , which is symmetric;

o ifc=—band b=0, then A = , which is also symmetric;

a b
b al|

0

e ifc=—-band b#0, then d=a, and A =

'Recall: an n x n matrix M is symmetric if M7 = M.



8.

[10 marks; avg: 4.47/10] Indicate if the following statements are True or False, and give a brief
explanation why. If the statement is True you must give a short proof; if the statement is False you

should give a counterexample.

(a) [2 marks| If the zero vector is a solution to a system of linear equations then the system must
be homogeneous. Q@ True (O False

Explanation: let the system be AZ = b.If7=0is a solution, then b= A0 =0.

(b) [2 marks] If Z is a non-zero vector and both & and 2 & are solutions to the same system of linear

equations, then the system must be homogeneous. @ True (O False

Explanation: let the system be AZ = b. If 7 and 27 are both solutions then

b= A(2%) =247 =2b=b=2b=b=0.

(c) [2 marks] If A is the augmented matrix of a system of linear equations and the rank of A is equal

to the number of equations in the system, then the system of equations is consistent.

O True Q False

r + + z =
Counter example: { Y has no solution,

r + y + z =
111

0 00

but the rank of its augmented matrix in reduced row echelon form, [
1

0 ] _
, 18 2,
which is the number of equations in the system.

(d) [2 marks] If the rank of the constant vector b of a system of linear equations AZ = b is zero,

then the system is consistent. & True (O False

Explanation: if 5, as a matrix, has rank zero, then b = 0. So the system is homogeneous and

has (at least) the trivial solution.

(e) [2 marks] If a system of 3 linear equations in 4 variables is consistent, then it must have infinitely

many solutions. & True (O False

Explanation: the rank of the augmented matrix of the system is at most 3, so the system has

at least one free variable; so it has infinitely many solutions.



