University of Toronto
MAT 187H1F TERM TEST

WEDNESDAY, MAY 21, 2014
Duration: 100 minutes

Only aids permitted: Casio FX-991 or Sharp EL-520 calculator.

Instructions: Present your solutions to the following questions in the booklets provided.

The value for each question is indicated in parantheses beside the question number. You
may find the sheet of formulas on the back of this page useful. TOTAL MARKS: 60

Answers:

1. Find the exact values of the following integrals:

w/2 2
(a) [4 marks] / sin x cos® v dv = —
0 35
ln\/g el‘ T
b) [4 marks] [ dw ="
(b) |4 marks| CwvE Lte 6
V2 ™ 1
2. [8 marks] Find the exact value of / rsec ' wdr = 173
1
5 > -3 2
3. [8 marks] Fmd/ it ik dr = ——+In|z+1] - 2tan ' 2+ 2In(z* + 1) + C
(x+1)%(22+1) r+1
x? T 1
4. [8 marks| Find the exact value of / ——dr=— — -
4+ 22)2 16 8
d -2
5. [8 marks] Flnd/ —2)de = sin* (x ) +Vi+4dr —224+C
V5 +4dx — a? 3

6. Find the exact values of the following improper integrals:

(a) [4 marks] /1 - =1
(b) [4 marks] /01 ﬁ dr =2

vV 1-1
7. [6 marks] Find / ’ v ’

v +1 ve+1+1
[6 marks| Find /sin Vzdr = 2sinr — 2y/x cos /x + C

*



Solutions:

2

1.(a) [4 marks] Let u = sinx, then du = cos x dr and cos? z = 1 —sin’z = 1 — u?. So

/2 1 1 5 711 9
/ sin® z Cos3a7dxdm:/ u4(1—u2)du:/ (u* — u®) du = R
0 0 0 ) 7], 35

1.(b) [4 marks] Let u = €**, then du = ¢ dx and
mv3  e? Vi1

/ dr =
—Inv/3 1+€2x 1/\/§1‘|‘U2

du = {tan_l u} 1\//3\/5

= tan™' v/3—tan ™' <\}§> =

SE

2 [8 marks] Use parts: let u = sec™' z and let dv = x dx. Then

1 x?
du:id:ﬁandv:/xdm:—,
zvr? —1 2
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/ xsec’la:d:v:/ udv = [uv]}ﬁ—/ vdu
1 1 1

= ﬁsec_lxﬁ—l/ﬂﬁdx
) 21 /22 —1
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1 1 vz g
— sec ' V2= 711_7/ T g
sec™! /2 5 Sec 2 e x
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3. [8 marks| Use partial fractions.
Sed 4+ 5242 -3 A N B +C’x—i—D
(x+12(z24+1)  o+1 (z+1)2 2241

Az +1)(2*+ 1)+ B(@*+1) + (Cz + D)(x + 1)?
(z + 1)2(22 + 1)
(A+C)a*+ (A+B+2C+ D)z +(A+C+2D)x+ A+ B+ D
xt — 322 —4

A + C = 5
A+ B 4+ 2C + D = 5 B B B B
Then A L O+ 2D = 1 =A=1,B=-2C=4,D = -2.
A+ B + D = -3
So

/5w3+5m2+x—3d B / dx _/ 2dx +/4xda¢_/ 2dx
(x4 1)2(x2+ 1) S A (x4 1)2 2?2 +1 22+ 1

2
= Injz+ 1|+ ——+2In(z*+1) — 2tan 'z + K
r+1



4. [8 marks] Use a trig substitution. Let = 2tan 6; then dx = 2sec? § df and
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2 g /4 4tan? 60
_T g :/ Y 5 sec?0.df
/0 (4 + 22)? v 0 (4sec?0)? vee
1

/4
_ 7/ sin2 0 df
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1 /4 (1 — cos(20)

B 5/0 ( 2 ) @
. /4

_ 1 le B 5111(29)1

4 2,
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5. [8 marks| Complete the square and use a trig substitution:
S5+4r—a?=9—4+4dr —2*=9— (v —2)%
so let x —2 =3sinf. Then x = 2+ 3sinf and dx = 3 cosf df. Consequently

(3—xz)dx

Vb + 4x — 22
(1 —3sinb)

v9 — 9cos? 0
- /(1—3sine)de
= 0+ 3cost+C
_ ./ )
0 = sinl(x32>—|—3<5—i_ém>+0

-2
= sin1($3 >+\/5+4x—x2+C’

3cosddb

VbH +4dr — x?




6(a) [4 marks| This is an improper integral.

x? b—ooJ1 22 booo | T b—oo

00 b b
/ idavzlim idx:lim [—1} dr = lim (—i+1>:0+1:1
1 1

6(b) [4 marks] This is also an improper integral.

/()ljgdx:ali% :\}de: lim [2@]1: lim (2-2va)=2-0=2

a—0t a a—07t

7. [6 marks] Let x + 1 = u?. Then dr = 2udu and z = u* — 1, so that

/x\/xl——f—ldx:/(ugu—dib)u:/uzd—ul:/(u—?)az:i—i—l) :/(uil_u—li—1> du

u—1 ver+1-—1
=1 -1 -1 +1|+C =1 ‘—l—C’zl |+ C
n|u | —In|u | + nu+1 n‘ x+1+1‘

8. [6 marks] Let z = #* and then use integration by parts.

/sin\/fdx = /2tsintdt
(let w = 2t,dv =sintdt) = /udv

= uv—/vdu

= 2t(—cost) — /(—QCost) dt
= —2tcost+2sint+C

= —2y/x cosy/z + 2 sin/x +C



