University of Toronto

Solutions to MAT 187H1F TERM TEST

of THURSDAY, MAY 19, 2011

Duration: 100 minutes

Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator.

Instructions: Find the seven following integrals. Present your solutions in the space provided. The
value for each question is indicated in parantheses beside the question number. TOTAL MARKS: 60

General Comments: The first five questions in this test are pretty routine. Only Question 6 was
supposed to be a challenge.

1. Question #b5 is just a direct application of the given formula #17.

2. Question #4 requires the use of double angle formulas.

3. Question #6 requires partial fractions, completing the square and a trig substitution, just to
find the antiderivative. Then you have to use properties of logarithms to evaluate the improper
integral properly. It is definitely a challenging question but the challenge is simply in executing
correctly all the methods we have covered; it does not require any new or brilliant steps.

Breakdown of Results: 102 registered students wrote this test. The marks ranged from 20% to
93.3%, and the average was 64.4%. Some statistics on grade distributions are in the table on the left,

and a histogram of the marks (by decade) is on the right.

Grade % Decade %
90-100% 2.0%
A 14.7% 80-89% 12.7%
B 23.5% 70-79% 23.5%
C 324% 60-69% 32.4%
D 15.7% 50-59% 15.7%
F 13.7% 40-49% 6.9%
30-39% 3.9%
20-29% 2.9%
10-19% 0%
0-9% 0%




Formulas you may find useful. Do not tear this page from the test.

L. [e*du=¢e"+C

" un+1
2. du = —1
/u U n+1+C’,n7é

du=Inlu|+C
cosudu = sinu + C
sinudu = —cosu + C
sec? udu = tanu 4+ C
secutanudu = secu + C
esc®udu = — cotu + C

cscucotudu = —cscu + C

11. [ secudu =1In|secu + tanu| 4+ C

12. [ cotudu = —1In|cscu| +C

13. [ escudu = —In|cscu + cotul + C
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17. /cos xda:——smxcos 1a:+n /COSnZH?dJI
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18. sin?0 + cos?0 =1

19. tan? 6 + 1 = sec? 0

20. sin(260) = 2sin 6 cosf

21. cos(26) = cos? —sin? = 2cos?f —1 =1 —2sin



1.(a) [7 marks] /sec7 z tan® z dx

Soluton: let u = secx. Then du = secx tan z dx, and

sec® 2 tan? x secz tan z dx

/sec7 rtan®xdr =

sec® z (sec? z — 1) secz tan x da

|
|8,

= u6(u2—1)du:/(u8—u6)du
7
u

= - —+C
7 +

Ol = s

1
sec? & — ?sec7x+C

1.(b) [7 marks] /sec_1 Vv dr

Soluton: Use integration by parts, and be careful!

/sec_lﬁdx:/udv = uv—/vdu, with v = sec™! Vz,dv = dx
1 1

-1

— — d

\/5 /\/E m—12\/§$ T

1 dx
_ -1 _ = _
= xsec 'z 3 / NI

= zsec 'Wr—Vr—1+C

= xsec



223 — 222

+ 4x

2. 10 marks| j/

Soluton: Let

Then

223 — 222 + 4z
(2 4+1)(z —1)2
& 213 — 222 + 4

Solve:
A
-A +
A
-A +
So
23 — 222 + 4

/

(22 +1)(x —1)2

(@2 +1)(x —1)?

B
(z —1)

Cx+D
2+1°

203 — 2% + 4z A

(22 +1)(z—1)2 2z-1

_|_

A +1)(z - 1)+ B(z?+ 1)+ (Cz + D)(z — 1)?
(22 4+ 1)(z —1)2
(A+C)2®* +(B—A—-2C+D)2> +(A+C —-2D)x—A+B+D

B

& (A,B,C,D) = (1,2,1,-1).
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T dr

2
3. [8 marks] /
0

2r — 2

Soluton: complete the square and use a trigonometric substitution.

2z — 2 = —(2? —2x)
= —(z?-2241-1)
= —(2*—2z+1)+1
= —(z-172+1
= 1—(z—1)?

Let
r—1=-sinb;

then, putting everything in terms of 6 :

2 ydx /2 1+sinf
—_— = ———— cosfdo
0 V2x — x? —x/2v/1 —sin%0
w/2
= / (1 +sin6)do
—7/2
= [0 — cos G]T_F/fm
= 7

Note that after the substitution the integral is no longer improper.



dx
4. (8 ki _
s marks] [

Soluton: Let x = sec; then dr = secftanf df and

/ dzx B / secftan 6 do
3vVz? —1 sec3 fv/sec2 9 — 1
= /00829d0
1
= 3 /(1 + cos(20)) do
1 sin(20)
= —(6
: ( mpu ) e
1 2sin 6 cos 6
= — (g4 227727
. ( MLl ) e
f sinfcosf
In the triangle to the left, secf = x. From the
triangle
x2—1 x
2 _
sinf = mil and cosf = 1
T T
0
1
Thus
312 — 1 - 2 v 2 x2 '



/2
5. [8 marks] / cos® z dx
0

Soluton: use the reduction formula #17 three times:

w/2 : 5 /2 /2
/ cosb xdr = [W] +5/ cost x dx
0 6 0 6.Jo

: 3 /2 w/2
_ O+§ sin x cos® +3/ cos? 1 da
6 4 0 4 /o

6 4
5 . w/2 1 w/2
_ 5 sinx cos +/ 40
8 2 0 2 Jo
5 1 =
= ()_+_§.§.5
5T



6. [12 marks] /0 e

Soluton: 23+ 1 = (z + 1)(z? — x + 1). Let

1 A N Brx+C
W+l x+1 22—z+1

Then

from which

A + B =0 1 12
-A + B + C = 0 < (A,B,0) <3, 3,3)
A + C =1
Hence
/ dv 1/ dx _1/($—2)dx
wB+1 3 ) z+1 3) 22-x+1
1 dx 1 (x —2)dx
1 h = = _ =
(complete the square) 3/$+1 3/$2_x+1/4+3/4
B 1/ dx _1/ (x —2)dx
- 3) 2+1 3) (x—1/2)2+3/4
1 V3 1 Banb — 3 /3
letx —~=-—tanf | = = - ~“sec? 0 df
(e T2 an) 3/:1:+1 3tan29+3 2
1 dz 1
= 3/x+1 3/tan0d9+/d9
1 dz 1
= = — =1 0|+ —=0+C
3/$+1 3n]sec\+\/§+
1 1 1 2¢ — 1 1 3
(Se09:2\/x2—x+1/\/§> = 3lnx+1\—31n\/x2—x+1—|—\@tan_l( a:\/g >+31n\2[+0
1 |z + 1] 1 1 <2x—1> ,
= “hh—— " 4+ tan ' () 4O
3 22—z+1 V3 V3
So, finally,

/00 d = lim [11n|b+1‘ —I—ltan_l(%_l)]
0 3+ 1 b—oo |3 VB2 —b+1 \/§ \/g 0
1 1 /o m

= -(Inl-Inl)+—4=(-+ =
gnl—ln )+¢§(2+6)
2m
33



