University of Toronto
Solutions to MAT187H1F TERM TEST

of THURSDAY, JUNE 6, 2013
Duration: 100 minutes

Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator.

Instructions: Present your solutions to the following questions in the booklets provided.

The value of each question is 10 marks; the value of parts of questions are indicated in
parantheses beside the question number. TOTAL MARKS: 60

Answers:
1. Solve the initial value problem
() +42'(t)+4z2(t) =0; z(0)=2; 2/(0)=1
for z as a function of ¢ and sketch the graph of = for t > 0. Ans: x = (2 + 5t)e %

2. As the salt KNOj3 dissolves in methanol the number x of grams of the salt in the
solution after t seconds satisfies the differential equation

dx ( ) T )

—=z(l-—).

dt 150
If x = 30 when ¢t = 0, how long will it take for an additional 100 grams of the salt
to dissolve? Ans: t =1n 26 sec.

3. If x is the mass of solute dissolved in a solution of volume V, at time ¢, in a large

mixing tank, then
dr r,x

— +

dt Vv
where ¢; is the concentration of solute in a solution entering the mixing tank at rate
r;, and r, is the rate at which the well-mixed solution is leaving the tank.

A tank with capacity 1000 L initially contains 700 L of water and 350 kg of dissolved
salt. At t = 0, a salt water solution containing 1 kg salt per L is added at a rate
of 20 L/min and the mixed solution is drained off at a rate of 15 L/min. How much
salt is in the tank when it reaches the point of overflowing?  Ans: x = 879.95 kg.

= TiCy,



4. For the given infinite series use the indicated test to establish that the series converges,
and then determine how many terms of the series must be added up to approximate
the sum of the series correct to within 1073,

(=D

1
(a) [5 marks| Z N ; alternating series test. Ans: n > 10°
k=1
= 1
(b) [> marks] Z Fn k>2; integral test. Ans: n > !0

T
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5. Determine if the following infinite series converge conditionally, converge absolutely,
or diverge. You must justify your answer.

k

(a) [5 marks| ;(—1)“1 ) Ans: converges conditionally.
(b) [5 marks] Z(—l)k+1 3]{;——:_ Ans: converges absolutely.
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6. Let f(z) =ze”.

(a) [5 marks] Find the 5th Maclaurin polynomial for f(x).

3 1.4 x5

x
Ans: P5(x):$+x2+§+§+z

(b) [5> marks] Write down formulas for the nth Maclaurin polynomial for f(z) and
the Maclaurin series for f(z).

n
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Ans: P,(z) = Z ﬁ; Maclaurin series is Z (]
k=1 k=1



Solutions:

1. [10 marks] Solve the initial value problem
2'(t) +42(t)+42t)=0; z(0)=2; 2/(0)=1

for z as a function of ¢ and sketch the graph of x for ¢t > 0.

Solution: the auxiliary quadratic equation is

2.0

rP4dr+4=0cr=-2.
So r = Ae % + Bte % and

= —24e % + Be ™ — 2Bte .
0.5
Using the initial conditions we have:

0.4 —

A=2and —24A+B=1= B =5.

0.0

Thus z = (2 + 5t)e 2. 0 ! 2 3 s 5

Now 2/ = e — 10e™% = 0 & t = 1/10, where there is a maximum point. And of
course x — 0 as ¢ — oo. The graph is above on the right.

2. [10 marks] As the salt KNOj3 dissolves in methanol the number x of grams of the salt
in the solution after ¢ seconds satisfies the differential equation

dr (1 x )

gt~ "\ T 150/
If x = 30 when t = 0, how long will it take for an additional 100 grams of the salt
to dissolve?

Solution: separate variables, and use partial fractions:

150 dz
= Inz—In|150—z| = _
/ (150 — z) /dt@/( 150—x) dr =t+C < Inz—In [150—z| = t+C

Tofind Clett =0and x =30: In30 —1In120 =C & C = —1n4. Now let x = 130
and solve for ¢:

In130 —In20=¢t—In4=¢t=1n130 —In20 + In4 = In 26.

So it will take ¢t = In 26 seconds.



3. [10 marks| If x is the mass of solute dissolved in a solution of volume V, at time ¢, in

a large mixing tank, then
dr r,x

—-— +

dt %
where ¢; is the concentration of solute in a solution entering the mixing tank at rate
r;, and r, is the rate at which the well-mixed solution is leaving the tank.

A tank with capacity 1000 L initially contains 700 L of water and 350 kg of dissolved
salt. At t = 0, a salt water solution containing 1 kg salt per L is added at a rate
of 20 L/min and the mixed solution is drained off at a rate of 15 L/min. How much
salt is in the tank when it reaches the point of overflowing?

Solution: take r; = 20,¢; = 1,7, = 15 and V' = 700 + 5t. Then the differential
equation

= TiCi,

dz 15z
— 4+ — =20
dt + 700 + 5t

has integrating factor

15dt

[=e To0TEE — 63111(7004—575) _ (700 + 5t)3

and so

1
x:—————g/mumo+wﬁﬁ=

(700 + 5t)* + C
= 700 + 5t
(700 + 51) ot

(700 + 5¢)3 (700 + 5t)3°

To find C' let t = 0 and z = 350: 350 = 700 + C'/?OO3 &0 = —350(700)3.
The tank is full when V' = 1000 < 700 + 5¢ = 1000 < ¢ = 60.
Let ¢ = 60 and calculate z:

350(700)3

— 10000 —
v 10003

= 879.95

4. For the given infinite series use the indicated test to establish that the series converges,
and then determine how many terms of the series must be added up to approximate
the sum of the series correct to within 1073,

> (_1)k+1 ' ‘
a) |5 marks converges by alternating series test.
(a) | ] %;; NG
1
Justification: let a; = ﬁ Then klim ar = 0 and {a} is decreasing since

ak>ak+1<:>vk+1>\/g.

So the given series converges by the alternating series test. Finally

|Rp| < Gy <1073 = <107 =10 <vVn+1=n+1>10°

1
vn+1



[5 marks] Z R converges by integral test.

J ustlﬁcatlon.

/°° dx /°° du _ 11° L
—_— = — = lim [—— = — <00
5 z(lnz)? m2 U2 b—oo | ul,, In2 ’

so the given series converges by the integral test. Finally

< d > d 1
Rn</ —x:/ _u__<10 =10 <lnn = n > %,
n  x(lnz)? mn U2 Inn

5. Determine if the following infinite series converge conditionally, converge absolutely,
or diverge. You must justify your answer.

- k
[5 marks] ; 1)+t )k £2) converges conditionally.

k

Justification: diverges by the Limit Comparison Test:
; K+ 1)(k +2) 865 Y P
take " .
. Qg
= ———— b= —, then lim — =1,

T Dk T R T i,
and ) by, diverges, since it is the harmonic series. Thus ) a; diverges too.
But

21 (k+1)(k+3)

k=1

converges by the Alternating Series Test.

k
1. L = d
T S

2. {ax} is decreasing since ay > a1 <

K k1
E+1)(k+2)  k+2)(k+3)

Sk 43k>k+2%k+1<e k> 1.



[5 marks] Z 1t = —— converges absolutely.

Justification: use the Ratio Test for absolute convergence.

3+l 41 Kl ) 1 3141

lan] im = lim
k—oo (kK + 1)1 3k 41 Tt k1 341

ag

lim

k—oo

since
41 3+l /3F
lim —_—

So the given series converges absolutely.

6. Let f(z) = ze”.

(a) [5 marks] Find the 5th Maclaurin polynomial for f(x).

=0,

Solution: use of product rule gives f'(x) = ze® + e = (1 + x)e”. Similarly,

fP(z) = 2+a)e”, fO(a) = 3+ 2)e”, fU(x) = (4 +a)e”, fO(z) =

(5+x)e”

x? x3 xt x® [
Plz)=a+2(L Tl i IR NI
5(r) =z + <2>+3(3!)+ (4!)+5(5!) R R TRV

(b) [5 marks] Write down formulas for the nth Maclaurin polynomial for f(z) and

the Maclaurin series for f(x).

Solution: the patterns are f®)(z) = (k + z)e® and f*(0) = k. Therefore:

ol = () - Z =

and the Maclaurin series is simply

i 2k o 3+x4+ k
=X ZE - -
£ (k—1)! 2 3 (k=1




