University of Toronto
Solutions to MAT187H1S TERM TEST 1
of Thursday, January 30, 2014
Duration: 100 minutes

Only aids permitted: Casio FX-991 or Sharp EL-520 calculator.
General Comments:

1.
2.

There are still many students who don’t use = signs. How can anyone read your work?
Incredibly, there are still lots of students who think 1/(a + b) = 1/a + 1/b. Shape up!

If you make a substitution, say u = g(z), then after the substitution there should only be one
variable in your integrand. It you write something like [ f(z) du it is equal to f(z)u+C because
du indicates the variable of integration is u and so f(z) is a constant with respect to u.

In Question 8 if you end up using the trig substitution z2/3 = u = sec 6 then it is only valid for
|x| > 1, but the integral is defined for x # 0,z # 1, so this trig substitution will not give you
the complete answer! To get the complete answer you would also have to consider z2/? = sin 6.

If in Questions 1 or 3 you make a substitution in the definite integral, then you must change
the limits of integration as you change the variable. Theorem 5.9.1 on page 391 of the textbook
spells it out:

b g(b)
z)) ¢ (x)dr = u) du,
/af<g< ) () /g(a) f(w)

where the substitution is u = g(x). Doing this can save you work. But in Question 3 it is actually
easier to calculate the indefinite integral first.

. The whole point of the Question 5 is how to handle the minus sign in v/8 + 2z — x2.

Since 8 + 2z — 22 20:>9—(x—1)2 >0=-3<zx—-1<3, letting x — 1 = 3sech or 3tanf
makes no sense at all.

Breakdown of Results: The results on this test were very good. 474 students wrote this test; only
one student missed it! The marks ranged from 23% to 100%, and the average was 80%. Some statistics
on grade distributions are in the table on the left, and a histogram of the marks (by decade) is on the
right. There were 29 perfect papers.

Grade % Decade %

90-100% 34.6%
59.3% | 80-89% 24.7%

O Q W >

17.9% | 70-19% 17.9%
13.3% | 60-69% 13.3 %
4.2% | 50-59%  4.2%
53% | 40-49% 3.6%
30-39% 1.1%
20-20%  0.6%
10-19% 0.0 %
0-9% 0.0% . |




Formulas you may find useful. DO NOT TEAR THIS PAGE FROM THE TEST.
L. [e*du=¢e"+C

" un+1
2. du = —1
/u U n+1+C’,n7é

du=Inlu|+C
cosudu = sinu + C
sinudu = —cosu + C
sec? udu = tanu 4+ C
secutanudu = secu + C

csc?udu = —cotu+ C

10. [ tanudu = In|secu|+ C

11. [ secudu =1In|secu + tanu| 4+ C

12. [ cotudu = —1In|cscu| +C

13. [ escudu = —In|cscu + cotul + C

14. du = sin™ ——i—C:arCSinE—i—C
a

\/_

1 1
15. 5 d = ~tan" ! — 4 —|— C = farctan— +C
az+u a
1 1
= ~sec ! ‘E’ +C = farcsec)g‘ +C
a a a a
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17. /cos xda:——smxcos 1a:+n /COSnZH?dJI
n

18. sin?0 + cos?0 =1

19. tan? 6 + 1 = sec? 0

20. sin(260) = 2sin 6 cosf

21. cos(26) = cos? —sin? = 2cos?f —1 =1 —2sin



1. [8 marks] Find the exact value of each of the following integrals:

w/2
(a) [4 marks] / sin® z cos® z du.
0

2 2

Solution: let 4 = sinx. Then du = cosx dx, cos’>xz =1 —sin?z = 1 — «?, and

w/2 w/2
/ sin®x cos® zdr = / sin® z cos® z cos z dx
0 0
1
= / u3(1 — u?) du
0
1
= / (u® — u®) du
0
_ [u‘* ]
4 6 1,
11
406
1
12
In2 e~ T
b) |4 marks / —dux.
01  ove Viee ™
Solution: let u = e™*. Then du = —e~* dzx, and

In2 e~ 7 1/2 —du
e = / o —du
/111\/5 V1—e 22 1/v2 V1—1u2

V2 gy
B /1/2 V1—u?
1/V2

= [Sin_l “] 1/2

Sl a1
o3



2. [7 marks| Find /x2 tan~! z dx.

Solution: let u = tan™' x; dv = z? dz and integrate by parts.

/thanlxdx = uv—/vdu

23
3
23
3
(by long division) = :;3 tan"lx — é / (m - :c;: 1) dx
23
3
23
3

1
tan~ x—%—i-éln(a?Q—i-l)—i-C’



6
dzx
3. [ marks| Find the exact value of / —_—
| ] 1 2v/9z2 —4

Solution: let 3z = 2secf; then dz = %sec@tan@dﬁ, and for x > % and 0 <0 < 7,

! 2secé’tan@al@

dx 9
/x2\/9x2—4 N /4SGC29\/486026'—43

= i/cos@d&

3
= Zsine—i—C

vVOor2 — 4 1 2
= §L+C, since cosf = = — and sinf = \/m
4 3x secl 3z

1v922 -4
- ;——+C
T

Thus

6
/6 dx B 1\/91‘2 —4
1 22922 —4 .

Note: in this question it is not convenient to work with definite integrals, but it can be done:

6 sec”19
dz / 9 1 2 secOtan 0 df
% — secftan
1 22v922 — 4 sec=1(3/2) dsec? \/dsec?§ — 43

sec™19
= 3/ cos 0 df
4 sec—1(3/2)

: sec™1
= Z [sm e]secfl(%/Q)

= % sin(sec™ 1 9) — Zsin(sec_1(3/2))

3v80 35 ,
= 19 13" see the two triangles below
_ V5
12

Triangles (not to scale) with 8 = sec™'9 and a = sec™1(3/2):




$2

4. [7 marks] Find /de

Solution 1: without using partial fractions. Let u =z — 1, then x = v+ 1 and dz = du, so

2 12
midx — Mdu
(x—1)3 ud

/u2—|—2u+1
= ——du

ul
= /(i—l—;—l-;g)du
= ln|u|—%—%%+0
= ln|x1]$31;(x_11)2+0

Solution 2: using partial fractions. Let

A n B . C
(x—123 x-1 (x—1)2 (z—1)3

Then

22 = Alz-12+Blx-1)+C
Az* 4+ (2A+B)z+A-B+C

So A=1,B=2,C = 1; consequently

2 1 1
— ljz—1]— - K
L BT P




r+1

5. [8 marks| Find [ ———— dx.
V8 + 2z — a?

Solution: complete the square and use a trigonometric substitution.
8+2x—2*=9-1+2z—2*=9— (z—1)*

Let x — 1 =3sin#, then x = 1 + 3sinf and

z+1 d 24+ 3sinf 3 cos 0 do
v dr = e
V8 + 2 — 22 V9 —9sin? 6
= /(2+3sin0)d0
= 20 —3cosf+C
z—1 V8 + 22 — 22
= 2sin”! —3————+C
Sin ( 3 ) 3 +

= 2gin~! <x;1) —V8+2x — a2+ C,

where we used the triangle to the left with
r—1
g -1
v o1 3 sin 3
to get
V8 + 22 — 22
cosf = — 3
0

V8 + 2z — 22

Alternate Solution: after completing the square, let ©w = z — 1. Then

r+1 r—1+2
—dx ——dx
V8 + 2z — x? VI — (z—1)2
u+ 2 d
———du
V9 — 2

/ Y g +/ 24
—du ——du
V9 —u? V9 —u?
_ a2 -1 (U

= V9 —u®+ 2sin (3)+C

= —V9—(z—1)2+2sin! (T) +C
= —/8+42z—22+2sin! (1:—1) +C

3




6. [7 marks| Find the value of the following improper integrals.

(a) [3 marks] /100 e 2 d.

Solution:

oo b
/ e 2dr = lim e 2% dx
1

(b) [4 marks] /0 h ﬁ(iil).

Solution: using a substitution and the appropriate intervals of integration. Let u = /x;
then 0 <z < 0o = 0 < \/z = u < oo, whence

/°° dz B /OO 2 du
o Vz(r+1)  Jo ur+1
b
= lim [2tan™"
pim [2tan”" ul,

= lim 2tan"'b—2tan"10

b—oo

()

=



7. [7 marks] Find /ex sin(2z) dx.

Solution: use integration by parts, twice. First let u = e™* and dv = sin(2z)dx. Then

/e_x sin(2x) dx

(let s = e *; dt = cos(2x)dx)

= i/ez sin(2z) dx
= /e_m sin(2z) dx

uv—/vdu

e Teos(2z) 1

ool —2/(—e_x)(—cos(2m))dx

- 2 1
_ec;s(g:) ~3 /e“” cos(2x) dx

e Teos(2z) 1
s 1T ()

“Tcos(2x) le®sin(2r) 1 [ 1
e c;s( z) 56 512n( z) + 2/_261 sin(2x) dx
—x 2 — gin(2 1
e C’;S( o 51411( o 1 / e™" sin(2x) dz
e "cos(2x) e "sin(2x)
5 1 +C
2 —x 2 —Tgi 2
_2e (3508( x) € 51511( z) +C



dx

8. [8 marks] Flnd /M

Solution: let z = u3; then dz = 3u? du, 2°/3 = u® and /3 = u. So

/ dzx _/3u2du_/ 3udu _3/ 2u du
B g3 Juwb—u  Jout—-1 2] (W2+1)(u2-1)

Now let v = u?, so dv = 2udu. Then

e
2) (W+D)@w2-1)  2) (v+1)(v-1)
1/2 1/2
= 3/( / — / >dv, by partial fractions

2 v—1 v+1

1 1
= 3<21n|vl|2ln|v+1|> +C

=

=)
+
Q
&
[
a
@
<
|
IS

1/3

=3

+ C, since x = u
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Alternate forms of the answer:
Zln|x2/3 -1 - zlnkcz/g—i- 1|+ C,

or
3 3 3
Zln|x1/3—1|—|—zln|$l/3+l|—Zln|x2/3—|-1|+C.

This last one would be the answer if you used partial fractions as follows:

/3udu_3/du+3/du 3/udu_3/du+3/du 3/2udu
w—1 4) u—-1 4) u+1 2 w2+1 4) u—-1 4) u+1 4) u2+1’

and u = z1/3.
. 2/3 2 dx
Alternate Solution: let v = x*/°, then du = ———, so
3 1/3
dx dx 3 du 3 1/2 1/2 3. |u—-1
/x5/3_x1/3 /1’1/3(334/3—1) 2/u2—1 2/<u—1 u—i—l) YTt u+1‘+

A slightly less elegant version of this approach, letting u = z%/3, will also work.



