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1. [avg: 7.48/10] Find the following:

(a) [3 marks] the equation(s) of the vertical asymptote(s) to the graph of y =
x2 − 1

x2 − 4x + 3
.

Solution: factor and divide. For x 6= 1, x 6= 3,

y =
x2 − 1

x2 − 4x + 3
=

(x− 1)(x + 1)
(x− 1)(x− 3)

=
x + 1
x− 3

Then the only vertical asymptote to the graph of y is the line x = 3.

(b) [3 marks] lim
x→0

sin−1(2x)
tanx

Solution: the limit is in the 0/0 form. Use L’Hopital’s Rule:

lim
x→0

sin−1(2x)
tanx

= lim
x→0

2√
1−(2x)2

sec2 x
= 2

(c) [4 marks] the maximum and minimum values of f(x) = x3 − 3x on the interval [0, 2].

Solution: The extreme values will occur at the

endpoints or the the critical point(s).

Endpoints:

f(0) = 0 and f(2) = 2.

Critical Points:

f ′(x) = 3x2 − 3 = 0 ⇒ x = ±1,

and f(1) = −2.

So the maximum value of f on [0, 2] is M = 2 and the minimum value of f on [0, 2] is m = −2.
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2. [avg: 6.3/10] Let R be the region bounded by the curves y = 3x and y = x2 for 0 ≤ x ≤ 3. Set up

(but do not calculate) integrals with respect to x that give the following volumes:

(a) [3 marks] the volume of the solid generated by revolving R about the x-axis.

Solution: Use the method of washers:

V =
∫ 3

0
π
(
(3x)2 − (x2)2

)
dx

(b) [3 marks] the volume of the solid generated by revolving R about the y-axis.

Solution: use the method of shells:

V =
∫ 3

0
2πx(3x− x2) dx

(c) [2 marks] the volume of the solid generated by revolving R about the line with equation x = −2.

Solution: variation on part (b):

V =
∫ 3

0
2π(x + 2)(3x− x2) dx

(d) [2 marks] the volume of the solid generated by revolving R about the line with equation y = 9.

Solution: variation on part (a):

V =
∫ 3

0
π
(
(9− x2)2 − (9− 3x)2

)
dx
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3. [avg: 7.57/10] Let v = 10 sin(2t) be the velocity of a particle at time t, for 0 ≤ t ≤ 3π/2. Find:

(a) [4 marks] the average velocity of the particle.

Solution:

vavg =
1

3π/2

∫ 3π/2

0
v dt

=
2
3π

∫ 3π/2

0
10 sin(2t) dt

=
2
3π

[−5 cos(2t)]3π/2
0

=
20
3π

(b) [6 marks] the average speed of the particle.

Solution: speed is |v| :

|v|avg =
1

3π/2

∫ 3π/2

0
|v| dt

= 3

(
2
3π

∫ π/2

0
10 sin(2t) dt

)
=

2
π

[−5 cos(2t)]π/2
0

=
20
π
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4. [avg: 6.97/10] Find and simplify the following:

(a) [4 marks] F ′(3), if F (x) =
∫ √

x

0
tan−1 t dt

Solution: use Fundamental Theorem of Calculus, Part 1, and good old chain rule:

F ′(x) =
(
tan−1√x

)( 1
2
√

x

)
; F ′(3) =

(
tan−1

√
3
)( 1

2
√

3

)
=

π

6
√

3

(b) [6 marks]
∫ 4

0
x3
√

16− x2 dx

Solution: let u = 16− x2; then du = −2x dx and∫ 4

0
x3
√

16− x2 dx =
1
2

∫ 4

0
x2
√

16− x2 (2x) dx

=
1
2

∫ 0

16
(16− u)

√
u (−du)

=
1
2

∫ 16

0
(16− u)

√
u du

=
1
2

∫ 16

0

(
16
√

u− u3/2
)

du

=
1
2

[
32
3

u3/2 − 2
5
u5/2

]16

0

=
1
2

(
2048

3
− 2048

5

)
=

2048
15
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5. [avg: 8.5/10] Let A be the area of the region bounded by y = ln x, y = 2, y = 0 and x = 0.

(a) [3 marks] Express the value of A in terms of one or more integrals with respect to x.

Solution:

A =
∫ 1

0
2 dx +

∫ e2

1
(2− lnx) dx

(b) [3 marks] Express the value of A in terms of one or more integrals with respect to y.

Solution: y = ln x ⇔ x = ey. Then

A =
∫ 2

0
ey dy

(c) [4 marks] Find A.

Solution: integrate with respect to y since at this stage of the course, we don’t know how to

integrate lnx with respect to x :

A =
∫ 2

0
ey dy = [ey]20 = e2 − 1
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6. [avg: 7.55/10] A water tank is shaped like a sphere with radius 3 m. If the tank is full, how much

work is required to pump all the water to an exit pipe 1 m above the top of the tank? (Assume the

density of water is ρ = 1000 kg/m3 and that g = 9.8 m/sec2.)

Solution: put the origin at the centre of the tank, so

that the cross-section of the tank in the x, y-plane has

equation

x2 + y2 = 9.

Then the work done is

W =
∫ 3

−3
ρgA(y)(4− y) dy,

where A(y) is the cross-sectional area of the tank at

height y.

We have A(y) = πx2 = π(9− y2), so

W =
∫ 3

−3
ρgA(y)(4− y) dy

=
∫ 3

−3
ρgπ(9− y2)(4− y) dy

=
∫ 3

−3
ρgπ(36− 4y2 − 9y + y3) dy

= ρgπ

(∫ 3

−3
(36− 4y2) dy +

∫ 3

−3
(y3 − 9y) dy

)
(by symmetry) = 2ρgπ

∫ 3

0
(36− 4y2) dy + 0

= 2ρgπ

[
36y − 4y3

3

]3

0

= 144ρgπ

So it will require 144ρgπ = 1411200π ≈ 4, 433, 416 Joules to empty the tank.
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7. [avg: 6.96/10] Consider the curve y = x3 +
1

12x
, for 1 ≤ x ≤ 2.

(a) [5 marks] Find the length of the curve.

Solution:

dy

dx
= 3x2 − 1

12x2

⇒ 1 +
(

dy

dx

)2

= 1 +
(

9x4 − 1
2

+
1

144x4

)
= 9x4 +

1
2

+
1

144x4

⇒

√
1 +

(
dy

dx

)2

=

√(
3x2 +

1
12x2

)2

= 3x2 +
1

12x2

Thus the length of the curve is

L =
∫ 2

1

√
1 +

(
dy

dx

)2

dx =
∫ 2

1

(
3x2 +

1
12x2

)
dx =

[
x3 − 1

12x

]2

1

=
169
24

(b) [5 marks] Find the area of the surface generated by revolving the curve about the y-axis.

Solution: use your calculation from part (a).

SA =
∫ 2

1
2πx

√
1 +

(
dy

dx

)2

dx

=
∫ 2

1
2πx

(
3x2 +

1
12x2

)
dx

= 2π

∫ 2

1

(
3x3 +

1
12x

)
dx

= 2π

[
3x4

4
+

lnx

12

]2

1

= 2π

(
12 +

ln 2
12

− 3
4

)
=

45π

2
+

π ln 2
6
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8. [avg: 6.12/10] Let f(x) = x6/5+6x1/5, for which f ′(x) =
6
5
x1/5 +

6
5
x−4/5 and f ′′(x) =

6
25

x−4/5 − 24
25

x−9/5.

(a) [1 mark] On which interval(s) is f increasing?

Solution:

f ′(x) =
6
5
x1/5 +

6
5
x−4/5 =

6(x + 1)
5x4/5

.

So f ′(x) > 0 if x > −1, x 6= 0. The graph is increasing for −1 < x < 0 or x > 0.

(b) [1 mark] On which interval(s) is f decreasing?

Solution: the graph is decreasing if f ′(x) < 0 ⇔ x < −1.

(c) [2 marks] On which interval(s) is f concave up?

Solution:

f ′′(x) =
6
25

x−4/5 − 24
25

x−9/5 =
6(x− 4)
25x9/5

.

The graph is concave up if f ′′(x) > 0 ⇔ x < 0 or x > 4.

(d) [1 mark] On which interval(s) is f concave down?

Solution: the graph is concave down if f ′′(x) < 0 ⇔ 0 < x < 4.

(e) [5 marks] Sketch the graph of f indicating critical points and inflection points, if any.

Solution:
The graph has an absolute minimum at

(x, y) = (−1,−5);

it has two inflection points, at

(x, y) = (0, 0) and (4, 10 · 41/5);

there is a vertical tangent at x = 0 since

lim
x→0

f ′(x) = ∞
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9. [avg: 5.48/10] Consider the problem:

Two triangular pens (areas for animals) are built

against a barn. Two hundred meters of fencing

are to be used for the three sides and the diagonal

dividing fence. See figure to the right. The total

area of the two pens is to be maximized.
�

�
�

�
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�
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�
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�
�

�

x

y yz

barn wall; no fence needed here

θ

(a) [3 marks] Set this problem up in terms of the dimensions of the rectangle in the figure. That is:

which function is to be maximized, subject to which constraint(s)?

Solution: maximize A = 2
(xy

2

)
= xy such that 2y + x +

√
x2 + y2 = 200.

(b) [3 marks] Now set this problem up in terms of an acute angle in one of the triangles, and the

length of the diagonal dividing fence.

Solution: use x = z cos θ, y = z sin θ. Now the problem is

maximize A = z2 sin θ cos θ such that 2z sin θ + z cos θ + z = 200.

(c) [4 marks] Express the total area of the pens in terms of one variable. What equation would you

have to solve to find the critical point(s) of your total area function? (You do not actually have

to find the critical point(s).)

Solution: from part (b), z =
200

2 sin θ + cos θ + 1
. So as a function of θ,

A =
2002 sin θ cos θ

(2 sin θ + cos θ + 1)2
,

for 0 < θ < π/2. Then

dA

dθ
= 2002 (cos2 θ − sin2 θ)(2 sin θ + cos θ + 1)2 − 2 sin θ cos θ(2 sin θ + cos θ + 1)(2 cos θ − sin θ)

(2 sin θ + cos θ + 1)4

= 2002 (cos2 θ − sin2 θ)(2 sin θ + cos θ + 1)− 2 sin θ cos θ(2 cos θ − sin θ)
(2 sin θ + cos θ + 1)3

.

Expanding and simplifying the numerator gives:

dA

dθ
= 0 ⇒ cos3 θ + cos2 θ + sin2 θ cos θ − 2 sin3 θ − sin2 θ − 2 cos2 θ sin θ = 0.

Note: 2 sin θ + cos θ + 1 6= 0 for 0 < θ < π/2, so there is only one type of critical point.
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Rest of Solution to Question 9, for those interested: using sin2 θ = 1 − cos2 θ the equation at the

end of the previous page can be simplified to

2 cos2 θ + cos θ − 2 sin θ − 1 = 0,

although the ‘obvious’ solution θ = π is irrelevant. The acute solution can be approximated using Newton’s

method to find that θ ≈ 0.6142904078, and consequently z ≈ 67.34, x ≈ 55.03, y ≈ 38.81 and A ≈ 2135.95.
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless

you have indicated in a previous question to look at this page.
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