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Oscillatory differential equations

y 1
ptq “

˜

gptq ´ωf ptq

ωf ptq 0

¸

yptq

Eigenvalues are gptq

2
˘

d

pgptqq
2

2
´ ω2 pf ptqq

2:
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Classical approaches

Step schemes which combine exponential integrators with preconditioning:

• Magnus methods: integrator is a truncated Magnus expansion — O pωq

• Modified Magnus methods: integrator is truncated Magnus expansion and

preconditioning is done by freezing the coefficient matrix — O
´

ω
3
4

¯

• “Adibiatic integrators” of Lubich, et al.: exponential integrator with first order

eigenfunction preconditioner — O p
?
ωq

• WKB marching methods: WKB preconditioners applied to scalar equations —

O p
?
ωq
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Phase functions provide efficient representations

Theorem. Suppose that qpt, ωq is a smooth positive function given on ra, bs,

and that q and its first 2M ` N derivatives with respect to t are bounded

independent of ω. Then there exist smooth functions α and rα such that
#

cos pαptqq
a

α1ptq
,
sin pαptqq
a

α1ptq

+

is a basis in the space of solutions of the equation

y2
ptq ` ω2qpt, ωqyptq “ 0, a ă t ă b,

the quantities

ˇ

ˇ

ˇ

ˇ

rαpjq
ptq

rα1ptq

ˇ

ˇ

ˇ

ˇ

are bounded independent of ω for all j “ 0, 1, . . . ,N

and

αptq “ rαptq

ˆ

1 ` O
ˆ

1

ω2pM`1q

˙˙

as ω Ñ 8.
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Oscillatory differential equations

y 1
ptq “

˜

gptq ´ωf ptq

ωf ptq 0

¸

yptq

yptq “ e
ş gptq

2
dt

˜
a

f ptq 0
gptq

2ω
?

f ptq
´

f 1ptq

2ωpf ptqq1.5
´ 1

ω
?

f ptq

¸

zptq

z 1
ptq “

˜

0 1

´qptq 0

¸

zptq

qptq “ ωpf ptqq
2

´ 3
4

´

f 1ptq

f ptq

¯2

` 1
2
f 2ptq

f ptq
´ 1

4

´

pgptqq
2

` 2g 1
ptq ´

2gptqf 1ptq

f ptq

¯
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Numerical experiment

y 1
ptq “

˜

gptq ´ωf ptq

ωf ptq 0

¸

yptq
f ptq “ 1 ` t2

gptq “ expp2tq

˜

1 0

0 0

¸

yp0q `

˜

0 0

1 0

¸

yp1q “

˜

´1
1?
ω

¸
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The output of the solver is an efficient representation of a fundamental

matrix for the differential equation
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All is not well

Trigonometric representations are expensive in the presence of turning

points:
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y2
ptq ` qptqyptq “ 0

qptq “

´

´µ2
` νpν ` 1q sech2 pt ´ ξµν q

¯

Solutions are associated Legendre functions Pµ
ν ptanhpt ´ ξµν qq
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Trigonometric phase functions

Use a transformation of the form yptq “
zpαptqq
a

α1ptq
to map the solutions of

z2
ptq ` zptq “ 0

to those of

y2
ptq ` ω2qptqyptq “ 0

so that
#

cos pαptqq
a

α1ptq
,
sin pαptqq
a

α1ptq

+

is a basis in the solution space of the latter equation.

The trigonometric phase function α satisfies Kummer’s equation

ω2qptq ´
`

α1
ptq

˘2
`

3

4

ˆ

α2
ptq

α1ptq

˙2

´
1

2

α3
ptq

α1ptq
“ 0.
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Generalized phase functions

Use a transformation of the form yptq “
zpλptqq
a

λ1ptq
to map the solutions of

z2
ptq ` rqptqzptq “ 0

to those of

y2
ptq ` qptqyptq “ 0, qptq „ rqptq,

so that
#

u pλptqq
a

λ1ptq
,
v pλptqq
a

λ1ptq

+

,

where tu, vu is a basis in the solution space of the first equation, is a basis in

the solution space of the latter equation.

The generalized phase function λ satisfies the generalized Kummer’s equation

ω2qptq ´ rq pλptqq
`

λ1
ptq

˘2
`

3

4

ˆ

λ2
ptq

λ1ptq

˙2

´
1

2

λ3
ptq

λ1ptq
“ 0.
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Airy phase functions

Use a transformation of the form yptq “
zpγptqq
a

γ1ptq
to map the solutions of

z2
ptq ` tzptq “ 0

to those of

y2
ptq ` ω2qptqyptq “ 0, qptq „ t,

so that
#

Ai pγptqq
a

γ1ptq
,
Bi pγptqq
a

γ1ptq

+

is a basis in the solution space of the latter equation.

The Airy phase function γ satisfies the Airy-Kummer equation

ω2qptq ´ γptq
`

γ1
ptq

˘2
`

3

4

ˆ

γ2
ptq

γ1ptq

˙2

´
1

2

γ3
ptq

γ1ptq
“ 0.
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Efficient representations for equations with turning points

Theorem. Suppose that qpt, ωq “ t q0pt, ωq where q0 is smooth and positive

on r´a, as, and that q0 and its first 2M ` N derivatives with respect to t are

bounded independent of ω. Then there exist smooth functions γ and rγ such

that
#

Bi pγptqq
a

γ1ptq
,
Ai pγptqq
a

γ1ptq

+

is a basis in the space of solutions of the equation

y2
ptq ` ω2qpt, ωqyptq “ 0, ´a ă t ă a,

the quantities

ˇ

ˇ

ˇ

ˇ

rγpjq
ptq

rγ1ptq

ˇ

ˇ

ˇ

ˇ

are bounded independent of ω for all j “ 0, 1, . . . ,N and

γptq “ rγptq

ˆ

1 ` O
ˆ

1

ω2pM`1q

˙˙

as ω Ñ 8.
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Numerical calculation of Airy phase functions

Problem with the obvious approach: Almost all solutions of the

Airy-Kummer equation

ω2qptq ´ γptq
`

γ1
ptq

˘2
`

3

4

ˆ

γ2
ptq

γ1ptq

˙2

´
1

2

γ3
ptq

γ1ptq
“ 0

are rapidly varying and we need some mechanism to select the desired

slowly-varying solution.

Solution: Exploit the fact that a sparse discretization will only see the

slowly-varying solutions.
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Numerical calculation of Airy phase functions

Problem with the obvious approach: Almost all solutions of the

Airy-Kummer equation

ω2qptq ´ γptq
`

γ1
ptq

˘2
`

3

4

ˆ

γ2
ptq

γ1ptq

˙2

´
1
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ptq

γ1ptq
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are rapidly varying and we need some mechanism to select the desired

slowly-varying solution.

Solution: Exploit the fact that a sparse discretization will only see the

slowly-varying solutions.
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Numerical calculation of Airy phase functions

The k-point Chebyshev spectral discretization of the Airy-Kummer equation on

an interval r´a0, a0s is

ω2q´γ˝

ˆ

Dk

a0
γ

˙˝2

`
3

4

˜

ˆ

Dk

a0

˙2

γ

¸˝2

˝

ˆ

Dk

a0
γ

˙˝´2

´
1

2

˜

ˆ

Dk

a0

˙3

γ

¸

˝

ˆ

Dk

a0
γ

˙˝´1

“ 0.

Choose k so that the slowly-varying solution is discretized, but the

rapidly-varying solutions are not.

Newton-Kantorovich implies that Newton’s method converges provided ω is

sufficiently large relative to }Dk}.

We then extend the solution to the whole interval r´a, as by solving an initial

value problem.
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Numerical experiments

y2
ptq ` ω2qptqyptq “ 0

q1ptq “ t ` t3 q2ptq “ ´1 ` p1 ´ tq expptq q3ptq “ t `
sinp3tq
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Numerical experiments

y2
ptq ` ω2qptqyptq “ 0

q1ptq “ t ` t3 q2ptq “ ´1 ` p1 ´ tq expptq q3ptq “ t `
sinp3tq

3
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Numerical experiments

y2
ptq `

´

´µ2
` νpν ` 1q sech2 pt ´ ξµν q

¯

yptq “ 0
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Numerical experiments

y2
ptq `

´

´µ2
` νpν ` 1q sech2 pt ´ ξµν q

¯

yptq “ 0
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Numerical experiments

y2
ptq `

´

´µ2
` νpν ` 1q sech2 pt ´ ξµν q

¯

yptq “ 0
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Applications to special functions

Precompute expansions of phase functions which vary with parameters to

efficiently represent a family of special functions:

• O p1q evaluation of the special functions

• O p1q evaluation of their roots, as well as the weights of the associated

quadrature rules, Sturm-Liouville eigenvalues, etc.

• O pnq application of associated Sturm-Liouville eigentransform through the

evaluation of integrals such as
ż

exppiαpω, tqqf ptq dt or

ż

Aipγpω, tqqf ptq dt

Spheriodal wave functions, Jacobi polynomials, ALFs, ...
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Ongoing work

Map the solutions of

z2
ptq ` tσzptq “ 0

to those of

y2
ptq ` ω2qptqyptq “ 0, qptq „ tσ,

by solving the generalized Kummer equation

ω2qptq ´ pγptqq
σ

`

γ1
ptq

˘2
`

3

4

ˆ

γ2
ptq

γ1ptq

˙2

´
1

2

γ3
ptq

γ1ptq
“ 0.

Then we have the following basis in the solution space of the original equation:

#

u pγptqq
a

γ1ptq
,
v pγptqq
a

γ1ptq

+ uptq “
?
tJ 1

σ`2

ˆ

2

2 ` σ
t

2`σ
2

˙

vptq “
?
tJ´ 1

σ`2

ˆ

2

2 ` σ
t

2`σ
2

˙
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Ongoing work

y2
ptq `

ω2

?
t

ˆ

1 `
1

2
t cosp13tq

˙

yptq “ 0

0.0 0.2 0.4 0.6 0.8 1.0
0

2000

4000

6000

8000

10000

12000

14000

21


