PUTNAM PROBLEMS

CALCULUS, ANALYSIS

2018-A-5. Let f: R — R be an infinitely differentiable function satisfying f(0) = 0, f(1) = 1, and
f(z) >0 for all z € R. Show that there exist a positive integer n and a real number x such that f)(z) < 0.

2018-B-5. Let f = (f1, f2) be a function from R? to R? with continuous partial derivatives g_i? that

J
are positive everywhere. Suppose that

2
ohof L(0h  Of\'
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everywhere. Prove that f is one-to-one.

2017-A-3. Let a and b be real numbers with a < b, and let f and ¢ be continuous functions from [a, b]
to (0,00) such that fab f(z)dx = fab g(x)dx but f # g. For every positive integer n, define

Ut
h*l (ol ™

Show that Iy, I, I3, ... is an increasing sequence with lim,, o I, = oo.

2017-B-3. Suppose that f(z) = > 77, c;z' is a power series for which each coefficient ¢; is 0 or 1. Show
that, if f(2/3) = 3/2, then f(1/2) must be irrational.

2016-A-1. Find the smallest positive integer j such that for every polynomial p(x) with integer coeffi-
cients and for every integer k, the integer

. d7
(k) = —
P (k) = 2p(@)]ams

(the j-th derivative of p(x) at k) is divisible by 2016.

2016-A-2. Given a positive integer n, let M (n) be the largest integer m such that

(")~

lim M(n) .

n—00 n

Evaluate

2016-A-3. Suppose that f is a function from R to R such that

fl@)+f (1 - 1) = arctanz
x

for all real  # 0. (As usual, y = arctanx means —7/2 < y < 7/2 and tany = z.) Find

/01 f(z)dx.
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2016-A-6. Find the smallest constant C' such that for every real polynomial P(x) of degree 3 that has
a root in the interval [0, 1],

1
/0 |P(z)|dx < C max_|P(x)].

z€[0,1]
2016-B-5. Find all functions f from the interval (1,00) to (1, 00) with the following property:
if 2,y € (1,00) and 2% <y < 2%, then (f(2))? < f(y) < (f(2))*.

2015-A-3. Compute

2015 2015 )
10g2 <H H(l + 627mab/2015)> )

a=1 b=1

Here i is the imaginary unit (that is, i2 = —1).

2015-A-4. For each real number z, let
1
nesS,

where S, is the set of positive integers n for which |nx] is even. What is the largest real number L such
that f(z) > L for all z € [0,1)? (As usual, |z] denotes the greatest integer less than or equal to z.)

2015-B-1. Let f be a three times differentiable function (defined on R and real valued) such that f
has at least five distinct real zeros. Prove that f + 6f + 12f” + 8 " has at least two distinct real zeros.

2014-A-1. Prove that every nonzero coefficient of the Taylor series of
(1 -+ a2%)e"
about x = 0 is a rational number whose numerator (in lowest terms) is either 1 or a prime number.
2014-A-3. Let ap = 5/2 and a;, = a%_l — 2 for kK > 1. Compute
00
I(5)
k=0

in closed form.

2014-B-2. Suppose that f is a function on the interval [1,3] such that —1 < f(z) < 1 for all z and
f13 f(z)dz = 0. How large can ff f(z)/x dx be?

2014-B-6. Let f : [0,1] — R be a function for which there exists a constant K > 0 such that
|f(z) — f(y)| < K|z —y| for all z,y € [0,1]. Suppose also that, for each rational number r € [0, 1], there
exist integers a and b such that f(r) = a + br. Prove that there exist finitely many intervals Iy, ..., I, such
that f is a linear function on each I; and [0,1] = U, I;.

2013-A-3. Suppose that the real numbers ag, a1, ...,a, and x, with 0 < x < 1, satisfy

ao a; Gn
e A—
1—2 1—x2+ +1—a:"+1

0 < y < 1 such that
ap+ary+---+ay" =0.
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2013-B-2. Let C' = UY_;Cn, where Cy denotes the set of those ‘cosine polynomials’ of the form

N

flx)y=1+ Z ay, cos(2mnz)

n=1

for which
(i) f(x) > 0 for all real z, and
(ii) an = 0 whenever n is a multiple of 3.

Determine the maximum value of f(0) as f ranges through C, and prove that this maximum is attained.

2013-B-4, For any continuous real-valued function f defined on the interval [0, 1], let
1
u() = [ fado
0

Var (f) = / LOU(f () — il f))de
M(f) = max [£(z)]

0<z<1

Show that if f and g are continuous real-valued functions defined on the interval [0, 1], then

Var(fg) < 2Var(f)M(g)? + 2Var(g)M(f)*.

2012-A-3. Let f:[—1,1] — R be a continuous function such that
(i) f(z) = 2_2ng (%) for every z € [—1,1];
(ii) f(0) =1; and

(iil) limg - j% exists and is finite.

Prove that f is unique, and express f(x) in closed form.

2012-A-6. Let f(z,y) be a continuous, real-valued function on R2. Suppose that, for every rectangular
region R of area 1, the double integral of f(z,y) over R equals 0. Must f(x,y) be identically zero?

2012-B-1. Let S be a class of functions from [0, 00) to [0,00) that satisfies

(i) The functions fi(z) =e” — 1 and fo(x) = In(x + 1) are in S;

(ii) If f(z) and g(x) are in S, the functions f(z) + g(z) and f(g(z)) are in S;

(iii) If f(z) and g(z) are in S and f(x) > g(x) for > 0, then the function f(x) — g(z) is in S.

Prove that if f(z) and g(x) are in S, then the function f(z)g(x) is also in S.

2012-B-4. Suppose that ag = 1 and that a,, 41 = a, + e % forn =0,1,2,---. Does a,, — logn have a
finite limit as n — co? (Here logn = log, n = Inn.)

2012-B-5. Prove that, for any two bounded functions gi,g2 : R — [1,00), there exist functions
h1,hs : R — R such that for every z € R,

533(91(8)%2(8)) = maxqer (h1(t) + ha(t)).



2011-A-2. Let {aj,aq, -} and {b1,bs, - - -} be sequences of positive real numbers such that a; = b; =1
and b, = b,_1a, — 2 for n = 2,3,---. Assume that the sequence {b,} is bounded. Prove that

> 1
S=2 am ar

n=1

converges, and evaluate S.

2011-A-3. Find a real number ¢ and a positive number L for which

/2 .
e o/ " sin xdx
lim /3 = L.
ree [ cos zdx

2011-A-5. Let F : R? - R and g : R — R be twice continuously differentiable functions with the
following properties:

o F(u,u) =0 for every u € R;
o for every z € R, g(x) > 0 and 2%g(z) < 1;
o for every (u,v) € R2, the vector VF (u,v) is either 0 or parallel to the vector (g(u), —g(v)).

Prove that there exists a constant C' such that for every n > 2 and any x4, -+, 2,41 € R, we have

C
min{|F (z;, ;)| : i # j} < -

2011-B-3. Let f and g be (real-valued) functions defined on an open interval containing 0, with g
nonzero and continuous at 0; if fg and f/g are differentiable at 0, must f be differentiable at 07

2011-B-5. Let aq,as, - - - be real numbers. Suppose there is a constant A such that for all n,
oo n 1 2
/ 5 ——— | dzx < An.
oo \ 1+ (2 — ay)?
=1
Prove that there is a constant B > 0 such that for all n,

Z (1 + (ai — CLj)Q) > B’H,Q.

ij=1

2010-A-2. Find all differentiable functions f : R — R such that

flx+n) - fz)

n

f(@) =
for all real numbers x and all positive integers n.

2010-A-3. Suppose that the function h : R? — R has continuous partial derivatives and satisfies the
equation

oh oh

for some constants a, b. Prove that if there is a constant M such that |h(z,y)| < M for all (z,y) € R?, then
h is identic ally zero.



2010-A-6. Let f : [0,00) — R be a strictly decreasing continuous function such that lim, . f(z) = 0.

Prove that
[l s,
T

diverges.
2010-B-5. Is there a strictly increasing fuention f : R — R such that f'(x) = f(f(z)) for all 2?

2009-A-6. Let f;[0,1]> — R be a continuous function on the closed unit square such that df /83@
and 6f/8y exist and are continuous on the interior (0,1)2. Let a = fo f(0,y)dy, b = fo f,y)dy, ¢ =
fo z,0)dz, d = fo z,1)dz. Prove or disprove: There must be a point (zg, o) in (0,1)? such that

0
a*i(ffo,yo) =b-a
and of
a*(xovyo) =d—c
2008-A-4. Define f : R — R by
T ifr<e
@)= {xf(lnx) ifx>e.
Does
i 1
n=1 f
converge?

2008-B-1. What is the maximum number of rational points that can lie on a circle in R? whose centre
is not a rational point? (A rational point is a point both of whose coordinates are rational numbers.)

2008-B-2. Let Fy(z) =Inz. For n >0 and > 0, let F,11(x) = fot F,(t)dt. Evaluate

n!F, (1)

n—oo Inn

2008-B-5. Find all continuously differentiable functions f : R — R such that for every rational number
g, the number f(q) is rational and has the same denominator as ¢q. (The denominator of a rational number
q is the unique positive integer b such that ¢ = a/b for some integer a with ged(a,b) = 1.) (Note: ged means
greatest common divisor.)

2007-B-2. Suppose that f : [0,1] — R has a continuous derivative and that fo x)dx = 0. Prove
that for every o € (0,1),
’ / f(z)dz

2006-A-1. Find the volume of the region of points (x,y, z) such that

1

< g mex o<e<1|f ()] .

(2% +y% + 22 4+ 8)2 < 36(2* +?) .
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2006-A-5. Let n be a positive odd integer and let 6 be a real number such that /7 is irrational. Set
ar, = tan( + kw/n), k =1,2,---,n. Prove that

a1+a2+...+an
a1ag - Ay

is an integer and determine its value.

2006-B-2. Prove that, for every set X = {x1, 29, -+, x,} of n real numbers, there exists a non-empty
subset S of X and an integer m such that

2006-B-5. For each continuous function f : [0,1] — R, let I(f) = fol 22f(z)dr and J(f) =
fol 2(f(x))?dz. Find the maximum value of I(f) — J(f) over all such functions f.

2006-B-6. Let k be an integer greater than 1. Suppose ag > 0, and define

Apt+1 = Gp +

1
i

for n > 0. Evaluate
k+1

an

lim
nooo mk

2005-A-5. Evaluate .
1 1
/gﬂztjm
0

2 +1

2005-B-3. Find all differentiable functions f : (0,00) — (0,00) for which there is a positive real
number a such that

for all z > 0.

2004-A-6. Suppose that f(x,y) is a continuous real-valued function on the unit square 0 < z < 1,
0 <y < 1. Show that

/01 (/Olf(x,y)dx)zdy—&-/ol (/Olf(a:,y)dy>2dx < (/01 /Olf(x,y)dmdy>2+/01/01[f(x,y)]2dxdy.

2004-B-3. Determine all real numbers a > 0 for which there exists a nonnegative continuous function
f(z) defined on [0, a] with the property that the region

R={(z,y):0<2<a,0<y< f(z)}
has perimeter k units and area k square units for some real number k.

2004-B-5. Evaluate

o (14t @
lin (> |
r—1— 142

n=



2003-A-3. Find the minimum value of
| sinx + cos x + tan x + cot x + sec x + csc x|
for real numbers x.

2003-B-6. Let f(z) be a continuous real-valued function defined on the interval [0, 1]. Show that

/01 /01 |f(z) + f(y)|dzdy > /01 \f(2)|d .

2002-A-1. Let k be a positive integer. The nth derivative of 1/(z* —1) has the form (P, (z))/(z*—1)"+!
where P,(z) is a polynomial. Find P, (1).

2002-B-3. Show that, for all integers n > 1,
1 1 < 1 > "ol
— < -—(1-=) <—.
2ne e n ne

2001-B-5. Let a and b be real numbers in the interval (0, %) and let g be a continuous ral-valued
function such that g(g(x)) = ag(x) 4 bz for all real z. Prove that g(x) = cx for some constant c.

2000-A-4. Show that the improper integral

B
lim sin(z) sin(z?)dx
B—oo [

converges.

2000-B-3. Let f(t) = 3.7

j=1
of zeros (including multiplicities) of d¥ f/dt*. Prove that

a; sin(2mjt), where each a; is real and a, # 0. Let Nj, denote the number

No<N; <Ny <---  and klime:2N.
—0o0

[Added note: Presumably one is to restrict ¢ to the interval [0,1) when counting the zeros.]

2000-B-4. Let f(x) be a continuous function such that f(22? — 1) = 2zf(z) for all z. Show that
f(x)=0for -1 <a <1

1999-A-5. Prove that there is a constant C' such that, if p(z) is a polynomial of degree 1999, then

Ip(0)] < C/_1 Ip(x)|dz .

1999-B-4. Let f be a real function with a continuous third derivative such that f(x), f'(x), f”(z),
f"""(x) are positive for all x. Suppose that f(z) < f(z) for all z. Show that f'(z) < 2f(z) for all z.

1998-A-3. Let f be a real function on the real line with continuous third derivative. Prove that there
exists a point a such that

fla)- f'(a)- f"(a) - f"(a) 20 .
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1997-A-3. Evaluate
o] .133 .'L'5 1'7 1‘2 1.4 .'L'6
_r _ Lo (1= o dz .
/0 <x > "24 246" )(JF22‘JF22-42+22~42-62+ )x

1996-A-6. Let ¢ > 0 be a constant. Give a complete description, with proof, of the set of all continuous
functions f : R — R such that f(x) = f(2* + ¢) for all z € R. [Note: R is the set of real numbers.]

1995-A-2. For what pairs (a, b) of positive real numbers does the improper integral

| (Wveva-va- Ve van)a

converge?

1994-A-2. Let A be the area of the region in the first quadrant bounded by the line y = %w, the
z—axis, and the ellipse 22 + y? = 1. Find the positive number m such that A is equal to the area of the
region in the first quadrant bounded by the line y = mxz, the y—axis, and the ellipse %IQ +42 =1

1994-B-3. Find the set of all real numbers k with the following property:

For any positive, differentiable function f that satisfies f'(x) > f(z) for all z, there is some number N

such that f(x) > e** for all x > N.

1994-B-5. For any real number «, define the function f, by fo(x) = [ax]. Let n be a positive integer.
Show that there exists an « such that for 1 < k < n,

fﬁ(nQ) =n?—k=fn (n2) .

(|=] denotes the greatest integer < x, and f¥ = f, 0---o f, is the k—fold composition of f,.)

1993-A-1. The horizontal line y = ¢ intersects the curve y = 2x — 322 in the first quadrant as in the
figure. Find c so that the areas of the two shaded regions are equal.

1993-A-5. Show that

-
=

L

/10 22—z 2d +/1 " 2d +/1 22—z 2d
—100 \23 =3z +1 T o\ —8e+1) T S\ 8z 1)

100 100

-
ol

is a rational number.

1993-B-4. The function K (z,y) is positive and continuous for 0 <z <1, 0 < y < 1, and the functions
f(z) and g(x) are positive and continuous for 0 < 2 < 1. Suppose that for all z, 0 < a <1,

1 1
/ JW)K (2,y)dy = g(z)  and / o) K (. y)dy = f(z) .
0 0
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Show that f(z) = g(z) for 0 <z < 1.

1992-A-2. Define C(a) to be the coefficient of 2?2 in the power series expansion about z = 0 of
(14 2)*. Evaluate

/10( 1)(1+1+1+ T )d
, Y y+1l y+2 y+3 y+1992 )Y -

1992-A-4. Let f be an infinitely differentiable real-valued function defined on the real numbers. If

S

- —-1.2.3..-.
n n2+17 n bt B )

compute the values of the derivatives f*)(0), k =1,2,3,- - -.

1992-B-3. For any pair (z,y) of real numbers, a sequence (an(x,y))n>0 is defined as follows:
agp (.’IJ, y) =

(an(z,9))* + y*

5 , for all n>0.

an+1 (l‘, y) =

Find the area of the region
{(@,9)|(an(@,y))nz0 converges}

1992-B-4. Let p(x) be a nonzero polynomial of degree less than 1992 having no nonconstant factor in

common with 23 — z. Let
492 p \ _ (@)
dx1992 \ 23 — ¢ g(x)

for polynomials f(z) and g(z). Find the smallest possible degree of f(x).
1990-A-2. Ts v/2 the limit of a sequence of numbers of the form ¢/n — ¢/m (n,m =0,1,2,...)?
1990-A-4. Consider a paper punch that can be centered at any point of the plane and that, when
operated, removes from the plane precisely those points whose distance from the center is irrational. How

many punches are needed to remove every point?

1990-B-1. Find all real-valued continuously differentiable functions f on the real line such that for all

(f(z))? = /OI((f(t))2 + (f'(£))?)dt + 1990.

a b
/ / emax(bzzz,azy2 dydl',
0 0

1989-B-3. Let f be a function on [0, 00), differentiable and satisfying

1989-A-2. Evaluate

where a and b are positive.

f'(@) = =3f(x) + 6f(2)
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for > 0. Assume that |f(x)| < e~V for x > 0 (so that f(z) tends rapidly to 0 as = increases). For n a
non-negative integer, define

Ly = /000 2" f(x)dx

(sometimes called the nth moment of f).
(a) Express p, in terms of pp.
(b) Prove that the sequence {u,(3"/n!)} always converges, and that its limit is 0 only if uo = 0.
1988-A-2. A not uncommon calculus mistake is to believe that the product rule for derivatives says
that (fg)' = f'g’. If f(x) = e*", determine, with proof, whether there exists an open interval (a,b) and a

nonzero function g defined on (a, ) such that this wrong product rule is true for x in (a,b).

1988-A-3. Determine, with proof, the set of real numbers x for which

Z < csc — — 1)
—\n n
converges.

1988-A-5. Prove that there exists a unique function f from the set R* of positive real numbers to R+
such that f(f(z)) =6z — f(z) and f(z) > 0 for all z > 0.

1988-B-4. Prove that, if 3"7° a,, is a convergent series of positive real numbers, then so is >7°(a,, )"/ " 1.

1971-A-6. Let ¢ be a real number such that n® is an integer for every positive integer n. Show that c
is a non-negative integer.
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