OLYMON

Produced by the Canadian Mathematical Society and the Department of Mathematics of the

University of Toronto.

Issue 10:9

November, 2009

Please send your solutions to

E.J. Barbeau

Department of Mathematics
University of Toronto

40 St. George Street
Toronto, ON M5S 2E4

individually as you solve the problems. Electronic files can be sent to barbeau@math.utoronto.ca. However,
please do not send scanned files; they use a lot of computer space, are often indistinct and can be difficult
to download.

It is important that your complete mailing address and your email address appear legibly on the front

page. If you do not write your family name last, please underline it.

647

648.

649.

650.

651.

652.

Problems for November

Find all continuous functions f : R — R such that

fle+fy) = fl@)+y

for every z,y € R.
Prove that for every positive integer n, the integer 1 + 5" + 52 4 53" 4 54" is composite.

In the triangle ABC', ZBAC = 20° and ZACB = 30°. The point M is located in the interior of triangle
ABC so that ZMAC = ZMCA =10°. Determine ZBMC.

Suppose that the nonzero real numbers satisfy

1 1 1
-t -t -=—".
T Yy z xyz

Determine the minimum value of

.’L'4 y4 24

- + :
372+y2 y2+22 22+5U2

Determine polynomials a(t), b(t), c¢(t) with integer coefficients such that the equation y?+2y = 23 -2 -z

is satisfied by (z,y) = (a(t)/c(t), b(t)/c(t)).

(a) Let m be any positive integer greater than 2, such that 22 = 1 (mod m) whenever the greatest
common divisor of x and m is equal to 1. An example is m = 12. Suppose that n is a positive integer
for which n 4+ 1 is a multiple of m. Prove that the sum of all of the divisors of n is divisible by m.

(b) Does the result in (a) hold when m = 27

(c) Find all possible values of m that satisfy the condition in (a).
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653. Let f(1) =1 and f(2) = 3. Suppose that, for n > 3, f(n) = max{f(r) + f(n—7r): 1 <r <n-—1}L
Determine necessary and sufficient conditions on the pair (a,b) that f(a +b) = f(a) + f(b).

Solutions.

633. Let ABC be a triangle with BC = 2- AC — 2 - AB and D be a point on the side BC'. Prove that
/ABD =2/ADB if and only if BD = 3CD.

Solution 1. [A. Murali] Let ZADB =6, |AB| = ¢, |CA| =0, |AD| =d, |CD| = z, |BD| = y. Assume
that ZABD = 2/ADB. By the Law of Sines applied to triangle ABD,

d _
sin20 ~ sind

= d = 2ccosf .

By the Law of Cosines in triangle ABD,
4% cos? 0 = d? = & + y? — 2cy cos 20

from which
0 =19y? — (2ccos20)y + ¢*(1 — 4cos® )

=y? — (2ccos20)y — c*(2cos20 + 1)
=[y+c]ly —c(2cos20+1)] .

Hence y = (2cos26 + 1)c.
By the Law of Cosines in triangle ACD,

b =d? + 22 +2zdcos§ = 0 = 4[z? + (2d cos O)x + (d* — b%)] .

Since z +y = 2(b — ¢), then
2b=x+4+y+2c=1x+4(2cos20 +3)c.

Now 2d cos 0 = 4ccos? § = 2¢cos 20 + 2¢ and

4d? — 4b* = 162 cos® O — 22 — 2¢(2cos 20 + 3)x — (2cos 260 + 3)*c?

whence
0 = 42 + (8 cos 20 + 8)cx + 16¢ cos?  — 2% — (4cos 20 + 6)cx — (4 cos? 20 + 12 cos 20 + 9)c?
= 327 + (4c0s20 + 2)cx + [(8 cos 20 + 8) — (4 cos® 20 + 12 cos 260 + 9)]c?
= 32 + (4c0s20 + 2)cx — [4cos? 20 + 4 cos 20 + 1]
=327 + (4c0s20 + 2)cx — (2cos 20 + 1)2c?

= [3x — (2c0s20 + 1)c][x + (2c0s820 + 1)c] = [3z — y][x + y] = a(3z — y) .

Hence y = 3z.

For the converse, let y = 3z, ZADB = 6 and ZABD = 3. By hypothesis, |BC| = 4z = 2(b — ¢). By
the Law of Cosines on triangle ABC, b? = ¢? 4 1622 — 8cx cos 3, so that

1622 + ¢ —b*  4(b—c)* + (¢ — b?)
8cx B 4e(b—¢)
4(b—c) —(c+b) 3b—5c
4  de

cos 3 =




By Stewart’s Theorem, b?(3xz) + ¢*(z) = 4x[d? + (3z)z], so that

2 30+ —1222  3b* 4+ —3(b—c)?
B 4 B 4
_ 6bc—2¢*  (3b—c)c

4 2

d

From triangle ABD, we have that ¢ = d? + 922 — 6dz cos 6, so that

922 +d*> - 3z —c)(3z +¢) + d?

cosf = =
6dx 6dx
(62 —2¢)(6z + 2c) +4d*  (3b—5c)(3b— ¢) +2(3b — ¢)c
B 24dx N 12d(b — c)
_ (Bb=¢)(3b—3c) 3b—c
12d(b—c¢)  4d
Therefore,
2(3b—¢)?
. — 2 —
cos20 =2cos“f0—1= W—l
2(3b — ¢)? — 8(3b — o) — -
_ (3b — ¢)* — 8(3b— ¢)c _ 2(3b—¢) — 8¢ _ 3b — 5¢ — cosf .
8(3b—c)c 8¢ 4c

Thus, either 20 = 3 or 20 = 2w — 3. But the latter case is excluded, since it would imply that 8 and 6 are
two angles of a triangle for which 8+ 60 =27 —0 =7+ (/2 > .

Solution 2. Case (i): Suppose that ZB is acute. Let AH L BC and F lie on CH such that AE = AB.
AC? — CH? = AB? — BH? implies that

AC? — AB? = CH? - BH? = (CH — BH)(CH + BH) = (CH — HE)BC = CE - BC = CE[2(AC — AB)] .

Hence AC + AB =2CE. Also AC — AB = %BC. Therefore 2AB + %BC =2CFE.
Suppose that ZABD =2/ADB. Then ZAEB =2/ADB = AADEF is isosceles. Hence

1
ABzAEzDE:>2DE+§BC=2CE:>BC=4(CE—DE)=4CD:>BD=3CD.
Conversely, suppose that BD = 3C'D. Then
BC’:4CD:>%BC:CE—DE.

From the above,
ABzCE—iBCzDE:AEzDE

= /LABD = LZAEB =2/ADB .
Case (ii): Suppose ZB = 90°. Then
AC? — AB? = BC? = 2(AC — AB) - BC = AC + AB = 2BC
= %BC+AB+AB:2BC:>AB: %BC .
/ABD =2/ADB = ZADB = 45° = /BAD = AB = BD
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ﬁBD:zBC’ﬁBD:?)CD.
BD =3CD = BD = ZBC: AB = /ADB = /BAD = 45° = %AABD .

Case (iii): Suppose ZB exceeds 90°. Let AH 1 BC and E be on CH produced such that AE = AB.
Then

AC? —-CH? = AB> - BH? = (AC — AB)(AC + AB) = CH?> - BH? = (CH — BH)(CH + BH) = CB-CE

= AC+ AB=2CFE .

Also
1 1 1
AC — AB = §BC:>2AB+§BC:2CE:>AB—&—ZBC:CE .

Let LZABD =2/ADB. Then
180° — LZABE =2/ADB = Z/AEB +2/ADE = ZABE + 2/ADB = 180° .

Also
LAEB + /FEAD + /ADE = 180° = /FEAD = /ZADE = AE = ED .

Hence
AB:ED$2ED+%BC’:2CE:>BC=4(CE—DE) =4CD = BD =3CD .

Conversely, suppose that BD = 3C'D. Then BC' =4CD and ED =CE -CD =CE — iBC = AB so that
ED = AF and /ZEAD = ZADE. Therefore

LABD =180° — LAED = /FEAD + ZADE =2/ADE =2/ADB .

Solution 3. [R. Hoshino| Let ZABD = 26. By the Law of Cosines, with the usual conventions for a, b,

2 L A(h— )2 — b2
1—2sin29:c0320:c +4(b - ) b

4e(b—¢)
b—c b+c 3b-5c .
- T L (since b # c)
= 3(b—¢) = 6¢ — 8csin? 0

- @Sine = c(3sin6 — 4sin® 0) = csin 30

sinf)  2sin 360 (%)
c  3b-c)

Suppose now that D is selected so that ZADB = 6. Then, by the Law of Sines,

sin  sin(180° —360)  sin 36

C €T x

where z = |BD|. Comparison with (*) yields 2 = (3(b— ¢)) so 4BD = 3BC = BD = 3CD as desired.

On the other hand, suppose D is selected so that BD = 3CD. Then BD = %(b —c¢). Let ZADB = ¢.
Then
sing  sin(180° — ¢ —260)  sin(¢ + 20)
c %(b—c) %(b—c) ’
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Hence ) ” 30
sm@ +26) = 51.n = sin fsin(¢ + 20) = sin 30 sin ¢
sin ¢ sin 0

= %[cos(é) + ¢) —cos(30 + ¢)] = %[608(39 — ¢) — cos(30 + ¢)]

= cos(f + ¢) = cos(30 — ¢)
=0+d=+30—-¢) or O+¢+30—¢=360°.

The only viable possibility is 8 + ¢ = 30 — ¢ = 6 = ¢ as desired.

Solution 4. [J. Chui] First, recall Stewart’s Theorem. Let XY Z be a triangle with sides z, y, z
respectively opposite XY Z. Let W be a point on YZ so that | XW| = u, [YW| = v and |[ZW| = w. Then
z(u? 4+ vw) = vy? + wz?. This is an immediate consequence of the Law of Cosines. Let § = /YW X. Then
22 = u? +v? — 2uvcosf and y? = u? + w? + 2uwcosh. Multiply these equations by u and v respectively,

add and use x = v + w to obtain the result.

Now to the problem. Suppose BD = 3CD. Let |AC| = 2b, |AB| = 2¢, so that |BC| = 4(b — ¢),
|BD| = 3(b—c) and |CD| = b—c. If |AD| = d, then an application of Stewart’s Theorem yields d* = 2¢(3b—c).
Applying the Law of Cosines to AABC and AABD respectively yields

30— ¢ and cosZADB = 3b—c

e 226036 —¢)

Then cos2ZADB = (3b — 5¢)/4c. Hence, either 2/ADB = ZABC or ZABC + 2/ADB = 360°. In the
latter case, ZABC' + ZADB = 360° — ZADB > 180°, which is false. Hence ZABC =2/ADB.

cos LZABC =

On the other hand, let 2/ADB = ZABC. If D' is a point on BC with BD’ = 3CD’, the 2/AD'B =
/ABC = 2/ADB, so that D = D’. The result follows.

Solution 5. Let |AB| = a, |AC| = a+ 2, |BD| = 3, |CD| =1, ZABD = 20, ZADB = ¢. Then
(a+2)? =a?+ 16 — 8acos 20, whence a = 3(1 + 2co0s20)~! (so 0 < 6 < 60°). By the Law of Sines,

sin(260 + ¢) (14 2cos20)sin¢

3 3

so that
0 = sin ¢ + 2sin ¢ cos 26 — sin(26 + ¢)
= sin ¢ + sin ¢ cos 26 — sin 26 cos ¢
= sin ¢ + sin(¢ — 20) = 2sin(¢ — 0) cos @

Since 0 < |¢p — 0] < 180°, we find that ¢ = 0 as desired. The converse can be obtained as in the third
solution.

Solution 6. [A. Birka] First, note that, when BD = 3C'D, we must have ZADB < 90°, since AC > AB
and D is on the same side of the altitude from A as C. Also, when ZABD = 2/ADB, ZADB < 90°. Thus,
we can assume that ZADB is acute throughout.

We can select positive numbers u, v and w so that |BC| = v+ w, |AC| = u+w and |AB| = u+v. By
hypothesis, v + w = 2(w — v), so that w = 3wv.

Suppose that BD = 3CD. Then BC = 4CD, whence |CD| = v. Hence |BD| = 3v. By the Law of
Cosines,
(u+3v)? = (u+v)* + (4v)? — 8v(u + v) cos B

so that
8v2 — duw 20— u
cos B = = .
8u(u+v) 2(u+v)
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Hence
|AD|? = (u+v)? + (3v)? — 6v(u + v) cos B = u? + 5uv + 40 = (u +4v)(u +v) .

Since sin? ZABD =1 — cos® B = [3u(u + 4v)]/[4(u + v)?], and, by the Law of Sines,

sin? ZADB ~ u+v
sin? ZABD ~ u+4v’

we have that 3 )
sin? ZADB = o and cos’ ZADB = utdv
4(u+v) 4(u+v)

Thus sin® ZABD = 4sin®> ZADB cos? ZADB so that either ZABD = 2/ADB or ZABD+2/ADB = 180°.
The latter case would yield ZADB = ZBAD, so that AB = BD. This would make AABC a3 —4—5
right triangle and AABD an isosceles right triangle, whence 90° = ZABD = 2/ADB. The converse can be
shown as in the previous solutions. The result follows.

634. Solve the following system for real values of x and y:

or’+y 4 grty® _ g
Vi+y=2.

Preliminary comments. With the surds in the second equation, we must restrict ourselves to nonnegative
values of x. Because of the complexity of the expressions, it is probably impossible to eliminate one of the
variables and solve for the other. Let us make a few preliminary observations:

(i) (z,y) = (1,1) is an obvious solution;

(ii) Both equations are symmetric in = and y;

(i) Taking f(z,y) = 2 1Y 4 27+%" and g(z,y) =

x
9(0,y) = V/y; thus, f(0,y) =8 =1 <y < 2 and 4(0,y)
g(z,y) = 2 should be sketched.

+ /Y, we have that f(0,y) = 2¥ + 2v" and
=2 & y = 4. The graphs of f(x,y) = 8 and

This suggests that f(z,y) = 8 = z+y < 2 and g(z,y) = 2 = = 4+ y > 2 with equality for both
< (z,y) = (1,1). Hence we look for a relationship among f(x,y), g(z,y) and x + y.

Solution 1.
WVr+y)’ =z+2yay+y<az+(@+y) +y=2x+y)

by the Arithmetic-Geometric Means Inequality. Hence
VI+y<V2@+y) .
Also, by the same AGM inequality,
27y 4 9rty® > ov/9ettytatyt
Now, using the inequality again, we find that
Py tahy? =@ ) @) 2 Sty @)

so that
90°+y | 9rty” > 9l (@)’ +3(e+y) — 9fl(@+y+1)*+3]
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Suppose the (x,y) satisfies the system. Then

V2@ +y)>2= (z+y) >2

and

1
1[(x+y+1)2+3]§3:>(x+y+1)2§9:>x+y+1§3:>x+y§2 )

Hence = 4+ y = 2 and all inequalities are equalities. Therefore z =y = 1.

Solution 2. [A. Rodriguez] Wolog, we may assume that « > 1. Let \/z 4+ /y = 2; then y = (2 — /)2
Define
g@)=c+y +y+a?=02—- Vo) +22 + 2+ (2 - Vx)?

— 222 — 8x% 4 261 — 3622 + 20 .

Then 1 1 1 3 1
g (x) =4z — 12227 +26 — 182~ 2 =22~ 2 (222 — 6z + 1322 — 9)

=273 (27 —1)(20 — 427 +9) =227 (27 — 1)[2(x? — 1) +7] >0

for z > 1. Hence g(x) is strictly increasing for > 1, so that g(z) > ¢g(1) =4 for > 1 with equality if and
only if x = 1. Thus, if the first equation holds, then

8 =27t 4 27 H’ > 9/20(0) = 16 > 29() = g(z) <4 .

Hence g(z) =4, so that z =1 and y = 1. Thus, (z,y) = (1,1) is the only solution.

Solution 3. [S. Yazdani] Set /z = 1+ u and \/y =1 —u. Then 2> +y = (1 + u)* + (1 — u)? and
r4+y?=(1—-u?*+ (1+u)? so

_ x2+y ;c+y2 _ qut4Tu?42 4u®+2u 1 2 _
8=2 +2 =2 (2 +24u3+2u>22(2)—8
with equality if and only if w = 0. Since the extremes of this inequality are equal, we must have u = 0, so
r=y=1.

Solution 4. [C. Hsia] With \/z = 14w and /y = 1 — u, we can write the first equation as

1

4u3+2u
2 + 24u3+2u

_ 2177u27u4

Let z = 24¢"+2u_ We note that the quadratic 22 — 21=7"=u"; 4 1 = 0 is solvable, and so has nonnegative
discriminant. Hence .
22 MR > =22 o 4 — 2t > 0= u=0 .

Hence x =y =1.

Solution 5. [M. Boase] 2(z+y) > (z+y)+2yZy = (VZ+,/7)* = 4so that z+y > 2. Let f(t) = t(t+1).
For positive values of ¢, f(t) is an increasing strictly convex function of ¢. Hence

£(0)+ 1) 2 20 (5o +y) > 2/(1) = 4

so that 22 + z + y? + y > 4. Equality occurs if and only if 2 = y = 1. Applying the Arithmetic-Geometric
Means Inequality, we find that

4= 1(212#@ 427107y > 93(@ v ty)
5 >



sothat 22+ 2z +9y>+y <4. Hence 2’2+ 2z +y>’+y=4andsox =y = 1.
Comment. Note that 2(z% + y?) < (z + y)? with equality if and only if 2 = y. Hence

1
Pyt taty > @ +y)’+ (0 ty) >4

with equality if and only if x = y = 1. This avoids the use of the convexity of the function f.

Solution 6. [J. Chui] Wolog, let # > ¥ so that \/z > 1 > ,/y. Suppose that \/z = 14+u and \/y = 1 —u.
Then 2 +y =2+ 2u? > 2 and oy = (1 — u?)? < 1. Thus

] = 212+y + 29:+y2 > 2\/212+y+a:+y2
— 2\/2(x+y)(m+y+1)—2my > 2¢/922:3-2-1 — 23 =8

with equality if and only if x = y.
Solution 7. [C. Deng] By the Root-Mean-Square, Arithmetic Mean Inequality, we have that

2 4
2y’ <x;ry> - (W) —1,

2

with equality if and only if x = y = 1. By the Arithmetic-Geometric Means Inequality, we have

2> +y | ox+y?
4 = i > \/2£2+y2+1‘+y
B =z

> V222 =4

Since equality must hold throughtout, = y, and thus the only solution to the system is (z,y) = (1, 1).

635. Two unequal spheres in contact have a common tangent cone. The three surfaces divide space into
various parts, only one of which is bounded by all three surfaces; it is “ring-shaped”. Being given the
radii  and R of the spheres with r < R, find the volume of the “ring-shaped” region in terms of r and

R.

Solution. Let P and @ be the centres of the spheres of respective radii » and R, and let O be the apex
of the cone. Consider a vertical slice of the configuration through its axis of rotation. Let A and B be points
in the slice that are the tangent points of the smaller and larger spheres, respectively, with the tangent cone.
Let w and V be the centres of the circles through A and B, respectively, that are perpendicular ot the axis
of rotation.

From a consideration of similar triangles and pythagoras theorem, we find that

0P| = r(££r) 0U| = 2B,
UP| = r(££) |AU| = 5V Rr
2
|0Q| = R(#£) OV| = 35
VQ| = R(£2) |BV| = 2 V/Rr

The volume of the cone obtained by rotating OBV is

16w R°r?
3(R+7)3(R—r)

1
§7r|BV|2|OV| =

and the volume of the cone obtained by rotating OAU is

16w R?r°
3(R+r)3(R—r)
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so that the volume of the frustum obtained by rotating AUV B is

167 R*r?(R® —r3)  167R*r? 9
= R R .
SRTPE-T) BRI TR

The volume of a slice of a sphere of radius a and height h from the equatorial plane is
h b
7T/ (a® —t*)dt = w[a®h — h3/3] .
0
The portion of the larger sphere included within the frustum has volume
20RS [y (R—r\ R (R—r s
3 | \R+r) 3 \R+r
3 -~ N3
_ TR 9_3 R—1r n R—r
3 R+ R+
4 R?r? [
3(R+r)3

4r® + 12Rr?] = Rr + 3R?]

3(R+ r)3[

and the portion of the smaller sphere included within the frustum has volume

2mrr3 s(R—r P (R—r\" 4 R*r? 9
3 ”[’" (R+r>3(M>]3(R+7~)3[RT+3T] '

Hence, the portions of the sphere lying within the frustum have total volume

4 RQ 2
ﬁ[gRZ + 2R7" + 3T2] .

Subtracting this from the volume of the frustum yields the volume of the ring-shaped region

47 R?r? 47 R?r? 47 R?r?
— [(4R?>+4Rr +4r*) — BR? +2Rr + 3r?)|= ————[R?* + 2R N=_—
B 1 e (O AR Ar) = (SRS 42Rr 4 3r7)] = g I 2R ) = g

Comment. The volume of a slice of a sphere of radius a and height i from the equatorial plane can be
obtained from the volume of a right circular cone and a cylinder using the method of Cavalieri. The area of
a cross-section of the slice at height ¢ from the equator is 7(a? — t?) = ma? — 7t2. The term ma? represents
the cross-section of a cylinder of radius a and height h while 7t? represents the area of the cross section of a
cone of base radius h at distance ¢ from the vertex. Thus the area of the each cross-section of the cylinder is
the sum of the areas of the corresponding cross-sections of the spherical slice and cone. Cavalieri’s principle
says that the volumes of the solids bear the same relation. Thus the volume of the spherical slice is

1
wa’h — §7Th3 .

636. Let ABC be a triangle. Select points D, E, F outside of AABC such that ADBC, AEAC, AFAB are
all isosceles with the equal sides meeting at these outside points and with /D = /E = ZF. Prove that
the lines AD, BE and CF all intersect in a common point.

Solution. Let AD and BC intersect at P, a; = |CP|, as = |BP|, oy = ZCDP, as = ZBDP. Let BE
and AC intersect at @, by = |AQ|, b2 = |CQ|, f1 = LAEQ, (2 = ZCEQ. Let CF and AB intersect at R,
Cc1 = |B]%|7 Cy = ‘AR|, Y1 = ZBF’]%7 Y2 = ZAFR



Applying the Law of Sines to ABPD and ACPD, we find that

al as

sin aq sin oy
and similarly that
b1 b
sin 61 B sin ,62

C1 C2

siny;  sin-ys

Let « = ZBAE. Then a = ZFAC since /ZFAB = ZEAC. Similarly, let § = /ZFBC = ZABD and
v=4/BCE = /ZACD.

Let |AB| =¢, |BC| = a, |AC| = b, |AD| = u, |BE| = v, |CF| = w. By the Law of Sines, we find that

v

v a
sina  sin Gy siny  sin s
so that ) ) ) )
csina  asiny sinfl; ¢ sina
sin (1 sin o sinffy a siny
Similarly

sinay b sinvy

siny;  a sinf
sinag ¢ sinfg

sinys b sina

Putting this altogether yields

ar by ¢ sina; sinf

sin vy
as by cg  sinag sinfs

b ¢ a siny sina sing

sin vy c a b

sin@ siny sina

By the converse of Ceva’s Theorem, the cevians AP, BQ and C'R are concurrent and the result follows.

637. Let n be a positive integer. Determine how many real numbers z with 1 < z < n satisfy
3 3 3
z” = [2°] = (z - [z])” .

Solution 1. Let n —1 < x < n. Then [2®] = (n — 1)3 + 7 for 0 < r < 3n(n — 1). The equation is
equivalent to

28] = |z)® +3z|z)(z — |z)) = (n—1)* +3z(n —1)(z —n + 1) .
The increasing function (n —1)3 4 3z(n —1)(z —n + 1) takes the value 0 when = n— 1 and 3n(n — 1) when
2 = n. Therefore, on the interval [n — 1,n), it assumes each of the values 0,1, --,3n(n— 1) — 1 exactly once.

For 0 < r < 3n(n — 1), consider the equation

r=3z(n—1)(z—n+1).
This is equivalent to
(n—124+r=(m-1)>3-3z(n—-1)*+32%(n - 1)
=[(n—1)—aP’ +2°,
When z is a solution of this equation for which n — 1 < z < n, we have that 23 < (n— 1)3 + r and

z® =

(n71)3+'r+[:c7(n71)]3<(n71)3+r+1,

so that |23 ] = (n —1)% 4+ r¢ It follows that for each value of these values of r, the given equation is satisfied
and so there are 3n(n — 1) solutions z for which n — 1 < z < n.

10



Therefore, the total number of solutions not exceeding n is

S Bk(k-1) =) K —-(k-1)*-1=n"-1-(n-1)=n"-n.
k=2 k=2

Solution 2. Consider the behaviour of the two sides of the equation on the half-open interval defined
by k < x < k+ 1 for k a nonnegative integer. The function on the right increases continuously from 0 with
right limit equal to 1. The function on the left increases continuously in the same way on each half-open
interval defined by v/i < 2 < /i +1 for k% <i < (k+1)> —1 = k% + 3k(k + 1). By examining the graphs,
we see that they take equal values exactly once in each of the smaller intervals except the rightmost. Thus,
they are equal (k+ 1)3 — k% — 1 times. Therefore, over the whole of the interval defined by 1 < x < n?, they

are equal exactly
n—1

Z[(k—i—l)?’—k?’—l]:n3—13—(n—1):n3—n
k=1

times, so that the given equation has this many solutions.

Solution 3. Let x = k 4 r, where k is a nonnegative integer and 0 < r < 1. Then
a2 — 28] = (k+7)% — (B3 + |3kr(k 4+ 1) +73))

so that the equation becomes
3kr(k+r) = [3kr(k4+7r)+1r%] .

This is equivalent to the assertion that 3kr(k + r) is an integer, so there is a solution to the equation for
every x for which 3kr(k + r) is an integer, where 0 <k <n—1land 0 <r < 1.

Fix k. As r increases from 0 towards but not equal to 1, 3kr(k + r) increases from 0 up to but not
including 3k(k + 1), so it assumes exactly 3k(k 4 1) integer values. Hence the total number of solutions is

n—1

> 3k(k+1)=n®—n.
k=0
638. Let x and y be real numbers. Prove that
max (0, —z) + max(1, z,y) = max(0,z — max(1l,y)) + max(l,y,1 — z,y — x)
where max(a, b) is the larger of the two numbers a and b.
Solution 1. [C. Deng] First, note that for real a, b, ¢, d,
max(a,b) — ¢ = max(a — ¢,b—¢) ;
max(max(a, b), c) = max(a, b, c) ;
max(a, b) + max(c,d) = max(a + c,a+d, b+ ¢,b+d) .
[Establish these equations.] Then

max(0, —z) = max(0, —x) + max(1,y) — max(1,y)
= max(lvya 1- T,y — 33) - maX(17y) ;
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and max(1, z,y) = max(1,z,y) — max(1l,y) + max(1l,y)

= max(max(1,y), ) — max(1l,y) + max(1l,y)

= max(max(1,y) — max(1l,y),x — max(1,y)) + max(1l,y)
= max (0, — max(1,y)) + max(1,y) .

Adding these equations yields the desired result.

Solution 2. f 0 < & <1, then —z <0, z —max(1l,y) <z—1<0,1—x <1, y—z < y, so that both sides
are equal to max(1,y). If z <0, then max(0, —z) = —z, max(1, z,y) = max(1l,y), max(0,r —max(1,y)) =0
and 1 —xz>1,y—x >y, so that

max(1l,y,1 —z,y — ) = max(1l — z,y — ) = max(1l,y) — x
which is the same as the left side.

Suppose that > 1. Then the left side is equal to 04+ max(z,y) = max(z,y). When y < 1, the right side
becomes (z — 1) +1 =z = max(x,y). When 1 <y < z, the right side becomes = — y + y = = max(z, y).
When z < y, the right side is 0 + y = max(z,y). Thus, the result holds in all cases.

639. (a) Let ABCDE be a convex pentagon such that AB = BC and ZBCD = ZEAB = 90°. Let X be a
point inside the pentagon such that AX is perpendicular to BE and C'X is perpendicular to BD. Show
that BX is perpendicular to DE.

(b) Let N be a regular nonagon, i.e., a regular polygon with nine edges, having O as the centre of its
circumcircle, and let PQ and QR be adjacent edges of N. The midpoint of PQ is A and the midpoint
of the radius perpendicular to QR is B. Determine the angle between AO and AB.

(a) Solution 1. Let AX intersect BE in Y, C'E intersect BD in Z and BX intersect DE in P. Assume
X lies inside the triangle BDF; a similar proof holds when X lies outside the triangle BDE. From similar
right triangles and since AB = AC, we have that

BY - BE = AB?> = AC?> = BZ - BD .

Hence triangles BY Z and BDFE are similar and /BY Z = /BDFE and /BZY = /BFED. Thus the quadri-
lateral DEY Z is concyclic.

The quadrilateral BY X7 is also concyclic, so that /BZY = /BXY. Therefore /BED = /BXY,
with the result that triangles BXY and BEP are similar. Hence ZEPB = /XY B = 90°.

Solution 2. [K. Zhou, J. Lei] Let T be selected on DE so that BT 1 ED. Let AY meet BT at S
and CZ meet BT at R. Because triangles BSY and BET are similar, BY : BR = BT : BE, so that
BR - BT = BY - BE = AB?. Similarly, BS - BT = BZ - BD = AC? = AB?. Hence BR = BS so that
R =5. So R and S must be the point X where AY and C'Z meet and so T is none other than P. The
result follows.

(b) Answer: ZOAB = 30°.

Solution 1. [S. Sun] Let C be the point on OR for BC' L OR. Since ZBOC = ZQOA = 20°, the right
triangles BOC and QOA are similar, Since QO = 20B, it follows that AO = 20C.

Consider the triangle AOC. We have AO = 20C and ZAOC = 60°. By splitting an equilateral triangle
along a median, it is possible to construct a triangle UVW for which AO = UV = 2VW and ZUVW = 60°.
Since also VW = OC, triangles AOC and UVW are congruent (SAS), so that ZOCA = ZVWU = 90°.
Therefore, A, B, C are collinear, and ZOAB = ZOAC = ZUWV = 30°.

Solution 2. Let C be the intersection of the radius perpendicular to QR and the circumcircle of N. We
have that ZPOQ = ZQOR = 40°. Thus, triangle O PC'is equilateral, so that PB and OC' are perpendicular.
Since also ZOAP = 90°, A and B lie on the circle with diameter OP, Hence ZOAB = ZOPB = 30°.
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Solution 3. [D. Brox] OA = rsin70° and OD = £ cos40°, where r is the circumradius of the nonagon
and D is the foot of the perpendicular from B to OA. Hence

AD = r(sin 70° — sin 30° cos 40°) = rsin40° cos 30° .

Therefore
BD  OD tan40° cos 40° tan 40° 1 1

/OAB = 22 _ _ _ L
tan 20 AD AD 25in40° cos30°  2cos30° /3

whence ZOAB = 30°.

Solution 4. [H. Dong] Let E be the midpoint of OP so that triangle OEB is equilaterial.
EB=FEP = /EPB=/EBP =30° = ZOBP =30° .

Hence OBAP is concyclic, so that Z/OAB = Z0OPB = 30°.

Solution 5. [D. Arthur] OB = 1OP = OP cos60° = OP cos ZPQB so that PB 1. OC. Thus OPAB is
concyclic. Since ZOBA = 180° — ZOPA = 180° — 70° = 110°, then

ZOAB = 180° — (LAOB + ZOBA) = 180° — (40° + 110°) = 30° .

Solution 6. [F. Espinosa] |OB| = 5 and |OA| = rcos20°. Then OF - OB = 7% cos 20° and OR-0A =
r(r cos 20°) cos 60° = %7‘2 c0s20°. Hence OF - AB = overrightarrowOR - OB — overrightarrowOR - OA=0
with the result that ZABO = 90°. As before, it follows that ZOAB = 30°.

Solution 7. [T. Costin] Let F be the midpoint of the side ST of the nonagon PQRST ---. Then
LAOF = 120°, so ZOAG = 30° and ZOGA = 90°, where G is the intersection point of AF and OR. Hence
OG = %OA.

Let H be the intersection of AP and OC, with C' the midpoint of RS. Then OG = OH cos20°. Also
OA = 0Q cos20° = ORcos20°. Hence

oG 0OA OR

OH = = = —
cos 20° 2 cos 20° 2

so that H = B. Hence ZOAB = ZOAH = 30°.
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