January 5, 2010
CHAPTER NINE
ALLEMANDS

§1. INTRODUCTION.
We begin with the recursion of the last chapter, given by

Ty +C
Tn+1 = s
Tn—1

with ¢ a nonnegative real parameter. This formula can be written to take the sequence backward by the

same process:
Ty +C
Tp—1 = ;
Tn+1

so we can let the index n range over all of the integers. We suppose that the terms of the sequence are
selected to avoid division by 0. When ¢ = 0 and ¢ = 1, and bilateral sequence satisfying the recursion is
periodic with respective periods 6 and 5. For other values of ¢, certain but not all sequences are periodic.

When

folwy) = P?y+ay?+ 22+ (c+ Dz +y?> +(c+ Dy +ec
C ) ‘ry )

. y—+c
f(xvy)—f(yy . ) ;

with the result that f(z,,z,+1) is constant with respect to the index n. As n varies, the points (,,, Zn41)
ranges over the planar curve with equation f(z,y) = k where k = f(xg,21). When ¢, 29, 21 are positive, the
portion of the locus of f(x,y) =k is a loop in the positive quadrant. The mapping

y+ec
Tc : ($,y) - (y7 T )

we have that

maps the loop into itself.

The equation f.(z,y) = k is equivalent to h.x(x,y) = 0 where

heg(z,y) =2y +ay® + 2* + y° —kay + (c+ 1) (z 4+ y) + ¢
zy(z+y)+ (@ +y)? - (k+2ay+ (c+D(z+y) +c

(y+1)a”+ @ —ky+(c+1)z+ Y+ 1y +o

The function hx(z,y) is a symmetric polynomial quadratic in each variable. For each n, the terms x,_1
and x,11 are the roots of the quadratic equation h. (x,z,) = 0, provided z,, # 1. Indeed, from the relation
between the coefficients and the product of the roots of a quadratic, we corroborate the relation

Tp1Tpt1 = Ty +C . (9.1)

Moreover, we have

2k 1
x2 —kx, +c+ > 9.2)

x”_ler"H( Tp + 1
n

This means that, if ¢ and k are given, we can use (9.1) and (9.2) and a single seed z( to define the sequence.
Choose z_1 and z1 to be the roots of the quadratic h. x(z,2z9) = 0, x2 (along with z¢) to be the roots of
hek(z,z1) =0, and so on.
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This suggests the following formalization:

Definition. An allemand is a bilateral sequence {x,, : n € Z} formed from a seed xy and a symmetric
polynomial h(x,y) which is quadratic in each variable, for which, given any integer n, x,—1 and x,1 are
the two roots of the equation h(z,x,) = 0 (or, equivalently h(x,,z) =0).

Observe that, once z_; and x; have been fixed, then the remainder of the sequence is uniquely determined.

We provide a preliminary exploration of this topic. There are three cases, according as the degree of
h(z,y) is 2, 3 or 4.

One way to understand the structure of allemands is to consider a dynamical system in the plane,
as we have done for the Lyness example. Given a point (z,y) on the locus of h(z,y) = 0, we define the
mapping T'(x,y) = (y, z), where z is the value other than z (except in the case of a double root) for which
h(z,y) = h(z,y) = 0. Thus, T maps the locus to itself. The locus may be connected and may have several
components, bounded or unbounded. If there is a component which is a loop (homeomorph of a circle), it
is tempting to ask whether this loop is invariant under the action of 7' and whether the action of 7" on the
loop is conjugate to a rotation on a circle.

We can track the path of an allemand geometrically. Starting with the point (xg,z1). Locating the
intersection of the perpendicular to y = z from this point and the locus of h(z,y) = 0, locate the point
(1,%0). The vertical line z = x1 meets the locus of h(z,y) = 0 again at the point (1, x2). We can continue
in this way to obtain in turn each point (z,, Zn41).

§2. QUADRATIC ALLEMANDS.
Suppose that h(z,y) has degree 2, so that
h(z,y) = a(z® +y?) + By +y(z +y) + 0

=az® + (By+ )z + ()’ +yy+0)

We may assume that o = 1, since dividing h(z,y) by a constant does not change the allemand associated
with h(z,y).

Thus, let
h(z,y) = 2® +y* + Bay +y(x +y) + 0 = 2® + (By + ) + (y* + 7y +9)
Any allemand corresponding to this function must satisfy both of the recursions
Tpi1 + Tpno1 = —(Bzn +7) (9.3)

Tpt1Tn—1 = .r% + yxn +6 (9.4)

It turns out that sequences that satisfy either of the recursions (9.3) or (9.4) are allemands. If (9.3) is
satisfied, then

2 2
Tn41ln—1 — Ty — VTn = _xnfl(ﬁxn +v+ xnfl) — Ty — VTn

= _iEn(ﬁ'rn—l +z, + ’Y) —YTn-1 — xi_l = TpTp—-2 — xi—l — VTn-1
so that x, 17, 1 — 22 — yx,_1 is an invariant for any recursion satisfying (9.3) alone. If we let § be the

value of this invariant, then we have (9.4) holding as well, so that any sequence (9.3) turns out to be an
allemand.
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Similarly, if (9.4) is satisfied, then

2
T2 +yx, +0
Tpy1 +Tp1+y = % +Tno1 4+
n—1
1
= (xi + Ty —&-54—:10%71 +yLn_1)
Tn—1
= xn ($n+7+ I%_l +7xn_1 +6>
Tn—1 Tn
T
== (T + T2 +7)
Tp—1

so that 2 (241 + Tn_1 +7) is an invariant 3 and x,, 41 + B2, + 2,1 +v = 0. Thus, any sequence defined
by (9.4) alone is in fact an allemand.

We note the relations:
h(y, —(By +x +7)) = h(z,y)
and

Z4qy+0 oy +o
(o L) ey

with the result that h(z,y) is an invariant for two consecutive terms of sequence (9.3) and h(x,y)/xy is an
invariant for two consecutive terms of (9.4).

Case 1: g = -2

If v = 0, then z,11 + p-1 = 22, and T, 1121 = xi + §, so that the allemand is an arithmetic
progression and the common difference d satisfies § = —d?. For a real allemand, § < 0 and the locus of
h(z,y) = 0 is a parallel pair of lines given by 0 = (x —y + d)(x — y — d). If 6 = 0, then these lines coincide
and the allemand must be a constant.

If v # 0, then, the recursion (9.3) has the general term x,, = £yn*+ An+ p, with (9.4) giving a relation
between A and g and the coefficients of the function h(z,y). Since h(x,y) = (v —y)? + v(z + y) + §, the
locus of h(z,y) = 0 is a parabola.

Case 2: 3 =0.
Let 72 = %72 — 6. Then

o= (1) + (54 2)

Since z,41 + -1 = —7, it follows that the allemand is a sequence of period 4 with periodic section
Y Y Y Y
2 + u7 2 + ’U, 2 u? 2 v )

where

or
u? o =712,
The successive points (z,,Z,+1) are displaced by a rotation of 90° around a circle of radius 7 and centre
(-3.-3)
Case 3: §=2.

The recursion (9.3) has the general solution z,, = (pn + 0)(—1)" — 37 and we get an allemand with
§ = (v*/4) — p?. The function h(z,y) has the form

h(z,y) = [(m +y)+ ;7} 2 + <5 - 172)
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When 72 > 46, then h(x,y) can be factored and any real seed will yield a real allemand. When 72 < 44,
there are no real allemands corresponding to h(z,y). When 72 = 46, then we get a period-2 allemand with
repeating entries xg and —(xg + v/2).

Example 9.1. Suppose y =9 =1 and = 2. Then

(x+y)?—1

_ 2 _
hz,y)=(z+y) +(@+y) +1= p—

This function has no allemands that are entirely real. However, for any seed xy = u, we can generate an
allemand with z_; = w? — u and #; = w — u, where w is an imaginary cube root of 1.

Example 9.2. Suppose =6 =2 and 7 = —3. Then
hz,y)=(z+y)* =3 +y) +2=(@+y-2(@+y—1)
The seed w gives rise to the allemand

{,—u+2u,—u+Lu+1l,—uu+2,—u—1lu+3,-} .

Example 9.3. Geometric progressions. From (4), we get a geometric progression if and only if v =
§ = 0. Since 7,41 + Br, + 2,1 = 0, the common ratio must satisfy 72 + r +1=0. &

Suppose that o =1 and 3 # —2. For any real k,
h(z + k,y + k) = 2% + y* + Bry + [K(2+ B) +](z +y) + h(~, k)

and one can select x so that the coefficients of the linear term vanishes. This has the effect of translating
the allemand by a constant and not changing its essential character. We can thus suppose without loss of
generality that

h(z,y) =2 +y* + fry +0 .

Since h(z,y) is the sum of a homogeneous polynomial and a constant, we can change scale and assume that
0 is equal to 0, 1 or -1.

Example 9.4. Let
hu(a,y) = 2® +y* + fry — 1

Since z,,—1 and z,41 are the two roots of the quadratic equation
t2 4+ Brpt+ (22 —1)=0
the theory of the quadratic informs us that, for each integer n,
Tpt1 + Tpo1 = =Pz,

Tpi1Tn_1 = x5 — 1
The function
22 +y? -1
Ty

is an invariant of the transformation T : (x,y) — (y, (y*> — 1)/x).

flz,y) =

Since the sequence {z,} in particular satisfies the second order recursion z,+1 = —82, — T,_1, it will
or will not be periodic according to the character of the zeros of the characteristic polynomial ¢ 4+ 3t + 1,
regardless of what its values for zy and z; are.
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We also observe that the form z,, 12,1 — 22 is independent of n for each second order recursion of

the type x,4+1 = —px, — xn—_1, so that such a recursion is an allemand corresponding to the polynomial
22 +y2 +Bry+6, where § is the common value of the form. In 1993, Problem A-2 on the Putnam Competition
asked students to prove that the condition x% —Zp—1Tn+1 = 1 on a sequence entailed that the same sequence
also satisfied the linear recursion for some (.

Example 9.5. Suppose that = —2cosf with 0 <0 < 7w, v=0 and § = —1, so that
h(z,y) = 2> +9y* — (2cosO)azy — 1 .

Since z4+1 — (2cos )z, + -1 = 0, x, must have the form x,, = acosnf + bsinné for some parameters a
and b. Since 1 = 22 — 2,,417,_1, we must have (a? + b?)(1 — cos260) = 2. If 6 is a rational multiple of =,
then {z,} is periodic for each choice of a and b.

The locus of h(x,y) = 0 is an ellipse. Let us make the index n continuous and calibrate it so that zo =0

and 1 = 1. Then
sin t6

sin 6

The points on the ellipse have the form

sinf’  siné

(sin t sin(t + 1)9)

for t € R, and the ellipse is homeomorphic to the interval [0, 27 /6] with the ends identified. The mapping T
described in the introduction is conjugate to the rotation ¢ — ¢ + 1 (mod 27/6).

§3. CUBIC ALLEMANDS

Let
W, y) = 2%y + ay” + a(a? +y*) + Bry +y(z +y) + 0
= (y+a)a® + (1 + By + )z + (® + vy +9)
There is a singular case. Suppose we try to seed the allemand with xp = —a. If a® — Ba + v = 0, then

h(x, —a) is constant and the situation degenerates. If a? — Ba + v # 0, then h(x, —a) = 0 has single root,

namely
2 _
po | myatd
a? — Ba+ vy

and we could take z1 to be this value and then define x,, for n > 0, at least until we arrive at an index n for
which z,, = —a.

Example 9.6. Let « =7 =3 =0, 8 # 0, so that h(z,y) = zy(z + y + §). Start with the seed w.
Then h(z,u) =0 if and only if x =0 or x = —u — 3. We cannot proceed further in the 2 = 0 direction, but
h(z,—u— ) = z(—u — B)(z —u) = 0 leads to = 0 in the other direction. So we have a closed sequential
segment {0,u, —u — 3,0} which cannot be extended in either direction.

Example 9.7. Let « = 8 =+ = = 1 so that h(z,y) = (y + 1)2® + (y* + y + 1)(z + 1). Starting with
the seed —1, we get the closed sequential segment {—1, —1}. &

We now consider allemands that avoid the term —a. Any such allemand corresponding to function
h(z,y) satisfies both of the recursions

22 + B, +

Tpt1 + Tpog = — [:Haq (9.5)
ax? + vz, +6

Tp1Tp—1 = A T Y0 T 0 (9.6)

T, +«a
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Proposition 9.1. We have
ay’ +yy+46 ay? + vy +6
h ) = h($7 y)
z(y +a) 2?(y + a)

and

2
h(— {ay ;fZJ”] —:c,y) = h(z,y)

with the result that w is invariant along any recursion satisfying (6) and h(x,y) is invariant along any
recursion satistying (5).

It follows that, given a sequence {x,} satisfying (9.6), we can select 3 so that h(x,,x,+1) = 0 and so
it is an allemand.

Similarly, given a sequence {x.,,} satisfying (9.5), we can select § so that h(x,,2,+1) = 0 and so it is an
allemand.

Any recursion satistying either (5) or (6) will satisfy the other with a suitable choice of parameters.

Proof.
2 2 9 )
ay® +yy+6 (ay? + vy +6) ) ay?® + vy + 6 .
h{ —————,y | = lay” Ty +9)° oy’ +9y+6 5
( z(y +a) ) (y+a) 22(y + )2 +(v° + By +7) P P + (a® +y +6)
2
_ oy tyy+of o ) ,
T 22y +a) {(ay Ay +6)+z(y® + By + )+ 22 (y + )
2
oy’ +yy+6| o ) ) )
:l‘Q(y—Foz){zy+yx+a(x +y°) + Bry +y(x+y) +90
2
ay® +yy + 6
=< 7  "p )
’ 2 2 2 2
h(_ [W] —x,y) =(y—|—o¢){x2+ z(y*+ By +v)  (y +ﬁy+27) ]
yt+a Jta wto)

2
Yy +By+~
(y2+ﬁy+7){ +m]+(ay2+7y+5)
y+a
= 2%y + ax? + 2zy® + 28xy + 2y — xy® — By —yr + ay® +yy + 6

The remaining statements of the proposition follow from these relations. If (9.6) holds, we select 3 so
that h(xg,x1) = 0; it then follows by induction that h(z,,z,+1) = 0 and so the recursion satisfies (9.5). A
similar argument applies if we assume that (9.5) holds. &

Example 9.8. Constant allemands. Suppose h(z,y) = 2%y +xy? + a(z? + y?) + Bzy +v(x +y) + § has
a constant allemand for which z,, = & for all n. Then ¢t = x must be a double root of the quadratic equation
h(t, k) = 0. In other words, not only

h(t, k) = (k + a)t? + (K* + Br + )t + (ak® + vk + 0)

but also its derivative
2(k + a)t + (K2 + Br +7)

must vanish when t = k, i.e., h(k, k) = 26> + 2a + B)x% + 2k + 6 = 0 and 3x% + (2a + B)k +v = 0.
Subtracting x times the second equation from the first yields the necessary condition x> = &+ for there to
be a constant allemand {x}. Conversely, for any « and ¢ with § # 0, we choose real k for which xk* = vk + 6
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and then select a and 3 so that 2a + 8 = —3k — /K to obtain a constant allemand. To obtain the zero
sequence as a constant allemand, it is necessary and sufficient to take v =6 = 0.

Example 9.9. h(x,y) = 2%y +zy? + a(2? +y?) + 2axy = (y + @)z + (y? + 2ay)r + ay? = [vy +a(z +
y)](x + y). 0 seeds the constant allemand. In general, any term {x,} in an allemand has neighbours —x,,
and —ax,/(z, + «). If we seed with o = —«, we get the unilateral sequence

{—a,a,—a/2,a/2,—a/3,/3, -, —a/m,a/m, - .}

Example 9.10. h(z,y) = 2%y + zy? + a(2? + y° + 2y)
Any allemand satisfies z,,11 + ,, + Tn,—1 = 0 and so is periodic with period 3, the periodic segment
being of the form {u,v, —u — v} with u,v, a related by (u? + uv +v?*)a + (u + v)uv = 0. &

If H(z,y) = h(x + K,y + k), and if {z,} is an allemand for h, then {z,, — k} is an allemand for H; thus
there is a one-one correspondence between the allemands for the two functions. Since
H(z,y) = 2%y + 2y + (o + &) (2 + y?) + (B + 4K)zy + (362 + 2ak + Br + ) (z + y) + h(k, k)

we can select xk to make a desired coefficient vanish.

Replacing (x,y) by (z — o,y — ) in a given allemand function transforms it to the form
h(z,y) = 2y + xy® + By + y(z +y) + 0 = ya® + (y° + By + 1)z + (yy +9)
and yields the recursion relations
z? + fx +
xn+l+xn—1:_< & 6 ’y>:_<xn+ﬁ+’y)
T, x

YTy + 0 1)
I T =y

LTn+1Ln—1 =
n Tn,

Example 9.11. h(z,y) = 2%y + zy® + Bzy +v(z + v)
This yields an allemand of period 4, regardless of the starting value. If u, v are consecutive terms, then
the next two terms are v/u,~v/v and —f is the sum of four consecutive terms.

Example 9.12. h(z,y) = 2%y + 2y + Bay + §
In this case, we find that x, 1 + 2z, +z,-1 = —f and x,, 12,2, 1 = 0 so that the allemand must have
period 3. If 7, = aw™+bw?"— (/3 (where w is an imaginary cube root of unity), then § = a®>+b*—ab3—[3/27.

Proposition 9.2. An allemand generated by the function h(z,y) = x%y + xy* + Bxy +v(x +y) + 6 is
periodic of period dividing 5 regardless of seed if and only if 4> + 62 = (376.

Proof. We can work from either recurrence satisfied by the allemand. From the first, we have
gl

Tn+1
~

Tn—1

Tn+2 + Tn41 +x, = *ﬂ -

Ty +Tp1+ Tp_2= 75 -
whence

xn+lxn—1

22 + B, +
—Zﬁ-i-’y(,wy) — I,

_(57 + 6)$n + (72 - 265)
YL, + 0

5 73+52—m5>
<B+ v) * ( Y2, + 0

Tpal + Tn—1
Tn+2 + Tn41 +x, +xp_1+xp_o= _25 - 7(’ﬂ+’ﬂ> — Tn

73



The allemand has period 5 if and only if the sum of any five consecutive terms is constant. This will
occur if and only if the term involving x,, vanishes identically, i.e., if and only if the required condition holds.

An alternative argument uses the product of five consecutive terms. We have

Ty 2Tn41T2Tn—1Tn—2 = (Vi1 + 0)(YTn_1 + )

:72(W> —76<xn+6—|—7) + 6°
x T

n n

= (v* + 6% — By5) — oz,

whence
v+ 62 — B8 )

Ty 2Tn41TnTn—1Tn—2 = —Y0 + ( -
n

The result again follows. [
Example 9.13. If h.(z,y) = 2%y + 2y® + 22 + y? — kzy + (c + 1)(z + y) + ¢, we compute
Hep(v,y) =hep(z—1Ly—1) =2y +ay* — (k+dDay+ (k+c+2)(z+y) — (k+c+2)

=y + [P - (k+dDy+ (k+c+2lz+(k+ec+2)(y—1) .
This has the form under discussion, where § = —(k +4), v = —0 = k + ¢+ 2. It is readily checked that

V462 —Bys = (k+c+2)>%c—1) .

If K4+ c+2 =0, then the allemand degenerates. Regardless of the seed, 0 is a root of the quadratic equation,
and if we then plug in 0 to get the neighbouring entries, the quadratic degenerates. Therefore, we should
suppose that k + ¢+ 2 # 0. Thus, we see that every allemand from h x(z,y) is of period 5 if and only if
¢ = 1, confirming the observation made in [2]..

Proposition 9.3. Suppose there is an allemand {---, X\, i, A, i1, - - -} of prime period 2 corresponding to
the function h(z,y) = 2%y + zy* + Bry + v(x +y) + §. Then we have

1)
Ap=—f=--
S

and

Ap ==y

Conversely, if the conditions 3%+ 4 # 0 and 3y = § holds, then there is an allemand of period 2 whose
entries are given by the roots of the quadratic equation t?> + 3t — vy = 0.

Proof. Suppose that there is an allemand of period 2 as specified. Then
2 A2 A
o) — _(u+ﬁu+v> and 21— _(+f+7)
1

whence
2+ +Pu+~v=0 and 22u+ N+ A+y=0

Taking the difference of the two equations yields
A=p)A+p+p8)=0
whence A\ 4+ p = —(. On the other hand, starting with

2/\=—M—6—1 and 2,u:—)\—ﬁ_l
1 A
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and taking the difference yields

whence Ay = v.

Similarly, A2 = yu + 6 and A\u? = 4\ + § yield Au(A — p) = —y(A — p) whence A\ = —v (as before).
Also A2 =~ + % and p? =y + % yield after taking the difference and dividing out A — p, A+ p = )% = —%.

Conversely, let h(x,y) = 2%y + zy?® + Bzy + v(z + y) + By and suppose that A and p are the distinct
roots of the quadratic equation t? + 3t —~ = 0. Then A + 3 = —u and v = — Ay, so that

h(z,A) = Az? + (AA + B) + Mz +y(A + )
= \2? = 2uz + p?) = Mz — p)?

so that both neighbours of the element A\ are u. Similarly, both neighbours of p are A and the result follows.
o

Example 9.14. h(z,y) = 22y+ay? — 32y —2(x+y)+6 = yo? + (y? — 3y —2)x +(—2y+6). We have that
h(z,1) = (x—2)% h(z,2) = 2(x—1)%; h(x,1/2) = (1/4)(x —4) (22 —5), h(z,4) = 22z —1)(z+1); h(x, —1) =
—(x—4)(x+2), h(z,-2) = =2(x+ 1)(x — 5), h(z,5) = (x + 2)(bx — 2), h(x,2/5) = (1/10)(z — 5)(bz — 13).
This function generates the period 2 allemand {---,1,2,1,2,---} as well as the (apparently) nonperiodic
allemand {---,5/2,1/2,4,-1,-2,5,2/5,---}.

4. QUARTIC ALLEMANDS.

Let

22y + axy(z +y) + Ba? +y?) +yry + 5(z +y) + €
(v + ay + B)z° + (a® + 9y + Oz + (By* + oy +€) .

h(z,y)

Then allemands avoiding the roots of y? 4+ ay + 3 = 0 satisfy the recursions

ar? + vy, —|—5]

xn+1+xn—1:_|:x%+axn+ﬂ

Bx2 4§z, + €

Tn4+1Tln—1 =
x2 + ax, + 0

Example 9.15. As in the cubic case, the situation with the constant allemand {0} requires that
0=¢€=0.

Since
h(kz, ky) = (2% + s Lazy(z +y) + £20@° +9°) + £ 2yzy + 6730(x +y) + %)

and h(x — %a,y - %a) = 22y%+ (a quadratic in = and y), we can change scale and position and suppose
without loss of generality that o = 0 and § = +£1.

Example 9.16. h(z,y) = 2%y — (22 + y?). If the allemand is seeded by u > 1, then it has period
4 with four successive entries u, u(u? — 1)~%/2, —u and —u(u? — 1)~%/2. When u = /2, then the segment

becomes \@, \f, —/2 and —V/2.

More generally, let h(x,y) = 22y? — (22 + y?) + € with € # 1. In this case, we obtain an allemand of
period 4 for which @11 4+ 2,—1 = 0 and z,12,—1 = (22 —¢€)/(2% —1). When € = 1, the locus of h(x,y) =0
is the union of four lines with equations z = +1, y = +1.
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§5. PELL’S EQUATION.

A generalized (quadratic) Pell’s equation has the form 22 — dy? = k, where d is a positive nonsquare
integer and k is an integer, and solutions are sought in integers = and y. The equation z? — dy? = 1
always has a fundamental solution (x,y) = (u,v) for which the complete collection of solutions is given by
(z,y) = (upn,vy) where

U, + vpVd = (u+ vVd)"

where n runs over all the integers. We suppose that (u,v) is such a fundamental solution and that (z,y) =
(r,8) is a particular solution of #2 — dy? = k. We can get other solutions of 22 — dy? = k by transforming
(x,y) = (r,8) to (x,y) = (ru+ dsv,rv + su) and iterating this operation.

Suppose that z = rv + su is the second member of the transformed solution. We form a symmetric
quadratic equation that involves s and z that will lead to a bilateral sequence for the second member of
solutions of 22 — dy? = k. From r = (2 — su) /v, we get from r? — ds? = k that

(z — su)? — dv?s® = v’k ,

which simplifies to
22 —2usz+ s — v’k =0.

Let p(y, 2) = y* — 2uyz + 2% — v?k, and note that p(y, 2) is symmetric in y and z. We can define the allemand
{sn} as follows.

Let sg = s, and let s_; and s; be the two solutions of the quadratic equation p(sg, z) = 0 with s_; < s;.
We can continue on to define the allemand with p(s;, s;+1) = 0.

We find that ds? + k is always an integer square and that the recursions
Spt1 + Sn_1 = 2us,

and
2 2
Sn+1Sn—1 =S, —V°k

are both satisfied.

If £ < 0 and the allemand has a positive term, then all of its terms are positive. If sg is the smallest
term, then the allemand decreases to sy and increases thereafter. If k£ > 0 and the allemand contains at least
one nonnegative term, with sg the smallest positive term, then the allemand is strictly increasing.

Example 9.17. The equation 22 —2y? = 7 is satisfied in particular by (z,y) = (3,1). The fundamental
solution of 2% — 2y? = 1 is (z,y) = (3,2). Creating the allemand with s = 1 leads to

{--,—3771,—-647,—111,—19, —3,1,9, 53,309, 1801, 10497, - - -}

and the corresponding solutions that include (z,y) = (27,—19), (5, —3),(3,1), (13,9). Another solution is
(z,y) = (5,3), which leads to another allemand with sy = 3 and sequence of solutions.

Example 9.18. The equation 22 —2y? = —7 has the solution (z,y) = (1,2). The allemand with sq = 2

is
{--+,4348,746,128,22,4,2, 8,46, 268,1562,--- .}

More on this topic can be found in [1,49 — 52].

§6. TANGENT CIRCLES AND SPHERES.

An interesting instance of this quadratic method of extending a sequence arises in the work of H.S.M.
Coxeter on tangent spheres. [4, 5]. Suppose, in the plane, we have a sequence of circles such that any
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consecutive four of them are mutually tangent. Let €, be the reciprocal of the radius of the nth circle, signed
to account for internal and external tangency. Then for each integer n,

(en+ €ns1+ enpa+€ng3)’ =2(eh +€oyy + o+ 6nps)
so that €, and €,44 are the two roots of the quadratic equation

2 2 2 2
2% = 2(ent1 + €ny2 + €n3)T + (€541 + €po + €y — 2(enti€ny2 T Ent1€nts + €ng2€nys)] =0

with the result that
€n t €ntqa = 2(6n+1 + €nyo + €n+3)

and
2 2 2
€n€ntd = €y T € o T €qg — 2(€n+1€nt2 + €nt1€nt3 + Ent2€nys) -

This can be generalized to m—dimensional Euclidean space. If {e,} is the sequence of radius reciprocals
of spheres, any consecutive m + 2 of which are pairwise tangent, then

m—+1 m—+1

2
nSa- e
i=0 =0
which makes the sequences {e,} an allemand.
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