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FIBERED TORIC VARIETIES

ASKOLD KHOVANSKII AND LEONID MONIN

To Yulij Sergeievich Ilyashenko on the occasion of his 80-th birthday

Abstract. A toric variety is called fibered if it can be represented as a
total space of fibre bundle over toric base and with toric fiber. Fibered
toric varieties form a special case of toric variety bundles. In this note
we first give an introduction to the class of fibered toric varieties. Then
we use them to illustrate some known and conjectural results on topol-
ogy and intersection theory of general toric variety bundles. Finally,
using the language of fibered toric varieties, we compute the equivariant
cohomology rings of smooth complete toric varieties.
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1. Introduction

This paper is devoted to the study of fibered toric varieties. A fibered toric
variety is the total space of a fiber bundle over toric base with a toric fiber. A first
example of fibered toric variety is the Hirzebruch surface Fa = P(OP1 ⊕ OP1(a)),
which forms a P1-bundle over P1. More generally, for every split vector bundle
E = L1 ⊕ · · · ⊕ Lk on a toric variety XΣ its projectivisation P(E) is a fibered toric
variety. Another example of fibered toric varieties are so-called Bott towers [13],
which are chains of P1-bundles over P1.

As usual in toric geometry, the fibered property could be formulated combina-
torially. More concretely, on the level of fans fibered toric varieties are classified
by fans which can be represented as a twisted product (see Definintion 2.1). On
the level of polytopes, this corresponds to linear families of polytopes as in [19,
Definition 1.2] (see also Section 10.3 in [15]).

Our motivation to study fibered toric varieties is twofold. On one hand, fibered
toric varieties form an important class of toric varieties. They naturally appear in
classifications of smooth Fano polytopes with many vertices [25], [26], [3] or smooth
polytopes of small degree with respect to its dimension [4], [11]. A construction
similar to twisted fans also appears in [16], where the authors construct simplicial
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complexes with large automorphism groups and linear families of polytopes appear
in spherical geometry [7]. The language of fibered toric varieties was useful in [24],
where the authors computed the algebraic degree of large class of sparse polynomial
optimisation problems.

On the other hand, fibered toric varieties are examples of more general toric
variety bundles. Toric variety bundles are (partial) equivariant compactifications
of a principal torus bundle. One actively studied class of toric variety bundles is
toroidal horospherical varieties, which are toric variety bundles over generalized flag
varieties G/P . See [22], [32] for more details. Toric variety bundles also appear in
the logarithmic Gromov–Witten theory [8], [9].

Toric variety bundles sometimes called just toric bundles (as for example in
[31], [15]). However, we decided to adapt the term toric variety bundles (used for
instance in [8], [9]) to resolve the confusion with toric vector bundles (equivariant
vector bundles over toric varieties) [21], [28].

In Theorem 2.8 we show that a toric variety bundle over a toric base has a
toric structure and thus is a fibered toric variety. We use this together with the
combinatorial description of fibered toric varieties by twisted product of fans to
illustrate recent topological results on general toric variety bundles.

In particular, in Theorem 3.2 we describe the cohomology ring of fibered toric
variety illustrating a result of [31] and in Theorem 3.5 we give a version of Bernstein
–Kushnirenko–Khovanskii (BKK) theorem which computes the intersection number
of divisors on fibered toric variety. This illustrates the results of [15]. Further, in
Subsection 3.2 we give a conjectural formula for the Chern classes of the tangent
bundle on a toric variety bundle and verify it in the case of fibered toric varieties.
We conclude by the computation of the equivariant cohomology ring of a smooth
toric variety using the language of fibered toric varieties in Section 4.

Acknowledgments. We would like to thank J. Hofschaier, M. Joswig, V. Timorin
and A. Voorhaar for useful conversations and comments on the previous versions
of this text.

2. Twisted Product of Fans and Fibered Toric Varieties

In this section we give a combinatorial description of fibered toric varieties. Let
TB ' (C∗)k, TF ' (C∗)n be a pair of algebraic tori with character lattices MB '
Zk, MF ' Zn and co-character lattices NB = Hom(MB , Z), NF = Hom(MF , Z).
We further denote by T = TB × TF the product torus with character and co-
character lattices M and N respectively. We will denote by ΣB , ΣF , Σ rational
polyhedral fans in the lattices NB , NF , and N respectively and by XΣB

, XΣF
, XΣ

the corresponding toric varieties with respect to the corresponding torus actions. In
this section we do not assume XΣB

, XΣF
, XΣ to be smooth or complete, however,

throughout the paper we assume that the rays of ΣB , ΣF , Σ span lattices NB , NF ,
and N respectively. For the details on toric geometry we refer to [10].

The main object considered in this paper is a fibered toric variety. We say that
XΣ is a fibered T -toric variety if there exists a decomposition T = TF ×TB and the
natural projection T = TB × TF → TB induces a toric morphism π : XΣ → XΣB

which forms a fibre bundle over base XΣB
with fibre XΣF

.
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The combinatorial description of fibered toric varieties is given in terms of twisted
product of fans. The twisted product ΣB nΦ ΣF of two fans ΣB , ΣF depends on
the twisting parameter Φ, which is a cone-wise linear map Φ: |ΣB | → NF . More
concretely, Φ is a continuous map on the support of ΣB such that its restriction to
every cone σ ∈ ΣB is linear.

Definition 2.1. Let ΣB , ΣF and Φ: |ΣB | → NF be as before. We define the
twisted product ΣBnΦ ΣF to be a fan in N = NB×NF with the set of cones given
by

ΣB nΦ ΣF = {σ̃ + τ : σ ∈ ΣB , τ ∈ ΣF }, (1)

where σ̃ = {(x, Φ(x)) : x ∈ σ} is the graph of Φ|σ.

It is easy to see that the twisted product of fans is well defined, i.e., the set of
cones in (1) defines a rational polyhedral fan in N . Moreover, the natural projection
N → NB induces a morphism of fans Σ = ΣB nΦ ΣF → ΣB and thus a toric
morphism between corresponding toric varieties π : XΣ → XΣB

.
In the case Φ = 0, the twisted product recovers usual direct product of fans.

More generally, the twisted product ΣB nΦ ΣF is combinatorially equivalent to a
direct product ΣB × ΣF for any Φ.

The first result which we need is the following theorem.

Theorem 2.2. Let XΣ be a fibered toric variety. That is, there is a toric map
p : XΣ → XΣB

which is a fiber bundle with fiber XΣF
for some fans ΣB , ΣF in

NB , NF respectively. Then Σ = ΣB nΦ ΣF is a twisted product of ΣB and ΣF for
some piecewise linear map Φ: ΣB → NF .

Theorem 2.2 appeared in a slightly different form in [27, Proposition 7.3], so we
skip its proof.

Example 2.3. Let ΣB , ΣF both be the fans of P1, and let Φ: Z→ Z be given by

Φ(x) =

{
0, x 6 0,

a · x, x > 0

for some a ∈ Z. Then, the twisted product Σ = ΣBnΦ ΣF is shown in Figure 1 and
is a fan of the Hirzebruch surface Fa = P(OP1 ⊕ OP1(a)). The natural projection
π : Fa → P1 determined by the projective bundle structure is given by the map of
fans Σ→ ΣB induced by the natural projection N → NB .

Proposition 2.4. Let Φ, Φ′ be two piecewise linear maps on ΣB such that Φ−Φ′ ∈
Hom(NB , NF ) is a global linear map. Then XΣ and XΣ′ with

Σ = ΣB nΦ ΣF , Σ = ΣB nΦ′ ΣF

are isomorphic as fibered toric varieties over XΣB
.

Proof. Indeed, let
Φ′ = Φ + φ, φ ∈ Hom(NB , NF ).

Then we have Σ′ = φ̃(Σ), where

φ̃ : NB ×NF → NB ×NF , φ̃ : (v1, v2) 7→ (v1, v2 + φ(v1)).
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ρ1 ρ2

ρ̃1

ρ̃2 = R>0 · (1, a)

π

Figure 1. Hirzebruch surface Fa fibered over P1

Since φ̃ is an automorphism of the lattice N which preserves NB it provides an
isomorphism between XΣ and XΣ′ as fibered toric varieties. �

2.1. Toric variety bundles. In this subsection we briefly recall the notion of
toric variety bundles. For a more detailed introduction to toric variety bundles see
[15].

Toric variety bundles are (partial) equivariant compactifications of principal
torus bundle. More concretely, let T be an algebraic torus and let p : E → B be
a T -principal bundle over an algebraic variety B. Then, for every T -toric variety
XΣ, we define the associated toric variety bundle EΣ as

EΣ = E ×T XΣ := (E ×XΣ)/T.

A toric variety bundle EΣ comes with the natural projection p : EΣ → B which is a
fiber bundle over B and with fiber XΣ. Moreover, EΣ admits a T -action preserving
the fibers of p.

To get a better understanding of toric variety bundles, let us give a description
of T -principal bundles. A T -principle bundle p : E → B defines a group homo-
morphism c : M → Pic(B) defined as follows. Any character λ ∈ M defines a
one–dimensional representation Cλ of T , namely t ·z = λ(t)z for t ∈ T , and z ∈ Cλ.
If Lλ denotes the associated complex line bundle on B, i.e., Lλ ' E ×T Cλ, then
Lλ+µ = Lλ ⊗ Lµ, and thus we obtain a group homomorphism:

c : M → Pic(B), λ 7→ Lλ.

Example 2.5. Consider the torus bundle p : (C2 \ {0})→ P1, where T = C∗ acts
diagonally on C2 \ {0}, i.e., t · x = (t−1x0, t

−1x1) for t ∈ C∗ and x = (x0, x1) ∈
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C2 \ {0}. Let k ∈ MT = Z. Then the T -action on Ck is given by t · z = tkz. For
k = 1, we get that T acts on (C2\{0})×C1 via t·((x0, x1), z) = ((t−1x0, t

−1x1), tz).
The following map induces an isomorphism between L1 and the tautological bun-

dle on P1 as it factors through the quotient (C2\{0})×C∗C1 = ((C2\{0})×C1)/C∗:

(C2 \ {0})× C1 → P1 × C2; ((x0, x1), z) 7→ ([x0 : x1], (zx0, zx1))

Hence, we get that L1 = OP1(−1), and thus L1 = −1 ∈ Pic(P1) = Z. More
generally, for k ∈M = Z, we get c(k) = −k ∈ Pic(P1) = Z.

Moreover, the homomorphism c : M → Pic(B) uniquely defines the principal
bundle E → B. Given a homomorphism c : M → Pic(B), one can recover the
principal bundle E → B in the following way. Let u1, . . . , un be a basis of M ,
and let Li = c(ui) be the corresponding line bundles on B for i = 1, . . . , n. Let
further E ⊂ L1 ⊕ · · · ⊕ Lk be the complement to coordinate vector subbundles
Li1 ⊕ · · · ⊕ Lis , with s < k. Then the algebraic torus T ' (C∗)k is acting freely on
E via coordinate-wise scaling, and E → X. We arrive at the following result.

Proposition 2.6. Let B be an algebraic variety and T be an algebraic torus with
character lattice M . Then T -principal bundles over B are in bijection with homo-
morphisms c : M → Pic(B).

Example 2.7. Let X be an algebraic variety and let L1, . . . , Lk be line bundles
on X. Suppose E ⊂ L1 ⊕ · · · ⊕ Lk is the principal T = (C∗)k-bundle as before.

Then for a character λ = (λ1, . . . , λk) ∈MT = Zk, we have L−λ = Lλ1
1 ⊗· · ·⊗L

λk

k .
In other words, the homomorphism c : MT → Pic(X) is given by

c : (λ1, . . . , λk) 7→ L−λ1
1 ⊗ · · · ⊗ L−λk

k ∈ Pic(X).

2.2. Toric variety bundles over toric base. In this subsection we want to
study toric variety bundles EΣ over a toric base B. Our main result is the following
theorem.

Theorem 2.8. Let TB , TF be algebraic tori. Let B = XΣB
and F = XΣF

be
two toric varieties with respect to TB and TF actions respectively. Then every
toric variety bundle over B with fiber F can be equipped with a structure of a
T = TB × TF -toric variety given by a fan Σ = ΣB nΦ ΣF for some Φ.

Proof. To show the theorem, it is enough to prove that for a principal bundle
E → XΣB

and any fan ΣF , the corresponding toric variety bundle EΣF
is can be

equipped with a structure of a toric variety with respect to T . Indeed, the rest
follows from Theorem 2.2.

To show that EΣF
has a structure of a toric variety first let us realize the principal

bundle E as a complement of coordinate subbundles in L1 ⊕ · · · ⊕ Lk. Since every
line bundle on a toric variety can be equipped with an TB-equivariant structure,
we get that the action of TB could be extended to the action on E. Moreover, the
action of TB on E commutes with the action of TF ' (C∗)n given by coordinatewise
scaling of L1 ⊕ · · · ⊕ Lk. Therefore,

EΣF
= E ×TF

XΣF
= (E ×XΣF

)/TF



550 A. KHOVANSKII AND L. MONIN

inherits the action of TB from the action on E×XΣF
(with trivial action on XΣF

).
Thus one can define an action of T = TB × TF on EΣF

which makes it a T -toric
variety. �

Any two toric structures on EΣF
constructed in the proof of Theorem 2.8 are

isomorphic. To see this, we first need to understand a picewise linear map Φ: ΣB →
NF which appears as twisting data for the product of fans ΣF and ΣB in Theo-
rem 2.8. First, Φ only depends on the principal bundle E → XΣB

, thus we will
denote it by ΦE . To construct ΦE , we will have to understand a homomorphism
c : MF → Pic(XΣB

) in more detail.
Recall the description of the Picard group Pic(XΣB

). Let ρ1, . . . , ρr be the
rays of ΣB and let e1, . . . , er be their primitive generators. Let us further denote
by PΣB

the group of integer piecewise linear functions with respect to ΣB . Each
piecewise linear function h ∈ PΣB

defines a line bundle Lh in the following way:

Lh = OXΣB
(h(e1)D1 + · · ·+ h(er)Dr),

where D1, . . . , Dr are torus invariant divisors corresponding to rays ρ1, . . . , ρr
respectively. Under this correspondence, global linear functions define the trivial
line bundle on XΣB

Thus we have an isomorphism Pic(XΣB
) ' PΣB

/M .
Let E → XΣB

be a TF -principal bundle, and let c : MF → Pic(XΣB
) be as

before. Let us choose any lift c̄ : MF → PΣB
of the homomorphism c. Such a

choice is equivalent to the choice of compatible linearizations on line bundles Lλ
and thus defines a TB-equivariant structure on E. Moreover c̄ is unique up to a
global linear map l ∈ Hom(MF →MB).

Then by the computation in Example 2.7, the twisting data ΦE : ΣB → NF are
defined by the condition that

x 7→ ΦE(x) such that 〈ΦE(x), λ〉 = −c̄(λ)(x) for any λ ∈MF . (2)

Since the lift c̄ is only defined up to a global linear map l ∈ Hom(MF →MB), the
twisting data ΦE(x) are unique up to a global homomorphism l∨ ∈ Hom(NB , NF ).
Therefore, by Proposition 2.4, any two twisting data for E define isomorphic fibered
toric variety structures on EΣF

.
Similarly, using condition from (2), one can recover the map c̄ : MF → PΣB

and
thus the TB-equivariant structure on E from the twisting data Φ. Therefore, TB-
equivariant principal TF bundles over XΣB

are classified by piecewise linear maps
(with respect to ΣB) Φ: NB → NF . This correspondence was generalized to more
general equivariant principal bundles over toric varieties in [17], [18].

3. Intersection Theory and Cohomology Rings
of Fibered Toric Varieties

In this section we will illustrate some results on intersection theory of general
toric variety bundles by considering a special case of fibered toric varieties. In this
section we assume fans ΣF , ΣB to be smooth and projective. In particular this
implies that the twisted product Σ = ΣB nΦ ΣF is also smooth and projective. We
start with the computation of cohomology rings of smooth toric variety bundles.
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Let us first formulate theorem for toric variety bundles proved by Sankaran–Uma
in [31]. Let B be a smooth complete variety and E → B be a TF -principal bundle.
We will denote by ctop the homomorphism

ctop : MF → H2(B, Z), λ 7→ c1(Lλ),

where c1(Lλ) is the first Chern class of a line bundle. Finally, let us denote by
ρ1, . . . , ρr the rays of ΣF and by e1, . . . , er their primitive generators.

Theorem 3.1 [31]. Let E → B, ΣF be as above and let EΣF
be the corresponding

toric variety bundle. Then the cohomology ring H∗(EΣF
, R) is isomorphic (as an

H∗(B, R)-algebra) to the quotient of H∗(B, R)[x1, . . . , xr] by

〈xj1 · · ·xjk : ρj1 , . . . , ρjk do not span a cone of Σ〉+
〈
ctop(λ)−

n∑
i=1

〈ei, λ〉xi : λ∈Mx
〉
.

Theorem 3.1 is a generalization of the Stanley–Reisner description of the co-
homology ring of toric varieties. Alternative descriptions of the cohomology ring
of toric variety bundles were obtained in [14], [15], [20]. Let us now formulate a
version of Theorem 3.1 for fibered toric varieties. For this let us further denote by
τ1, . . . , τs the rays of ΣB with primitive generators f1, . . . , fs.

Theorem 3.2. Let ΣB , ΣF be as before and let Σ = ΣB nΦ ΣF be their twisted
product for some twisting data Φ: ΣB → NF . Then the cohomology ring H∗(XΣ, R)
of the corresponding fibered toric variety is isomorphic (as an H∗(XΣB

, R)-algebra)
to the quotient of H∗(XΣB

, R)[x1, . . . , xr] by

〈xj1 · · ·xjk : ρj1 , . . . , ρjk do not span a cone of Σ〉+
〈
ctop(λ)−

r∑
i=1

〈ei, λ〉xi : λ∈MF

〉
.

Proof. Our proof will be based on a classical Stanley–Reisner description of co-
homology ring of toric variety. By the construction of the twisted product, Σ =
ΣB nΦ ΣF has rays ρ1, . . . , ρr, τ̃1, . . . , τ̃s, where ρi’s are generated by (0, ei) ∈
NB × NF = N and τ̃j ’s are generated by f̃j = (fj , Φ(fj)) ∈ N . In particular, we
have:

H∗(XΣ, R) ' R[x1, . . . , xr, y1, . . . , ys]/(IΣ + JΣ),

where

IΣ = 〈xi1 . . . xilyj1 . . . yjm : ρi1 , . . . , ρil , τ̃j1 , . . . , τ̃jm do not span a cone in Σ〉
and

JΣ =

〈
r∑
i=1

〈(0, ei), λ〉xi +
s∑
j=1

〈f̃j , λ〉yj : λ ∈M = MB ×MF

〉
.

Now notice that since the twisted product Σ = ΣB nΦ ΣF is combinatorially
equivalent to a direct product of fans, the collection of rays ρi1 , . . . , ρil , τ̃j1 , . . . , τ̃jm
do not span a cone in Σ if and only if either ρi1 , . . . , ρil do not span a cone in ΣF
or τj1 , . . . , τjm do not span a cone in ΣB . Therefore, the ideal IΣ can be written
as a sum IΣ = IΣB

+ IΣF
, where

IΣF
= 〈xi1 . . . xil : ρi1 , . . . , ρil do not span a cone of ΣF 〉,

IΣB
= 〈yj1 . . . yjm : τj1 , . . . , τjm do not span a cone of ΣB〉.
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Similarly we can write the ideal JΣ as a sum of two ideals in the following
way. If λ ∈ MB ⊂ M , then we get 〈(0, ei), λ〉 = 0 for any i = 1, . . . , r and

〈f̃j , λ〉 = 〈fj , λ〉 for every j = 1, . . . , s. On the other hand, if λ ∈ MF ⊂ M ,

we get 〈(0, ei), λ〉 = 〈ei, λ〉 and 〈f̃j , λ〉 = 〈Φ(fj), λ〉 for j = 1, . . . , s. Therefore,

JΣ = JΣB
+ J̃ΣF

, where

JΣB
=

〈
s∑
j=1

〈fj , λ〉yj : λ ∈MB

〉
,

J̃ΣF
=

〈
s∑
j=1

〈Φ(fj), λ〉yj +
∑r
i=1〈ei, λ〉xi : λ ∈MF

〉
.

Notice that the generators of ideals IΣB
and JΣB

are contained in R[y1, . . . , ys]
and that the corresponding quotient ring R[y1, . . . , ys]/(IΣB

+ JΣB
) is isomorphic

to H∗(XΣB
). Thus, we obtain the following presentation for the cohomology ring

H∗(XΣ, R):

H∗(XΣ, R) ' R[x1, . . . , xr, y1, . . . , ys]/(IΣB
+ JΣB

) + (IΣF
+ J̃ΣF

)

= H∗(XΣB
, R)[x1, . . . , xr]/(IΣF

+ J̃ΣF
).

The theorem follows from the fact that follows from the fact that the piecewise
linear map λ ◦ Φ on ΣB represents the line bundle L−λ and therefore

c̄(−λ) =
s∑
j=1

〈Φ(fj), λ〉yj viewed as an element of H2(XΣB
, R).

This implies that J̃ΣF
is given by

J̃ΣF
=

〈
ctop(λ)−

n∑
i=1

〈ei, λ〉xi : λ ∈M
〉
,

which finishes the proof. �

3.1. BKK theorem for fibered toric varieties. Let us now formulate a version
of the Bernstein–Kushnirenko–Khovanskii theorem (BKK theorem) [23], [5], [6] for
toric variety bundles and its version for fibered toric varieties. We start with a
reminder of the classical BKK theorem.

Let Σ be a smooth complete fan and XΣ the corresponding toric variety. Let
ρ1, . . . , ρr be rays of Σ with primitive generators e1, . . . , er and D1, . . . , Dr be
the corresponding T -invariant divisors. Every ample divisor Dh =

∑r
i=1 hiDi on

XΣ corresponds to a convex polytope

∆h = {λ : 〈λ, ei〉 6 hi} ⊂MR.

One can extend this correspondence to any divisor Dh =
∑r
i=1 hiDi, however, the

corresponding geometric object will be a virtual polytope ∆h. Virtual polytopes
were introduced in [29], [30], in particular, it was shown that they have a well
defined notion of volume as well and one can integrate smooth functions over virtual
polytopes.
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Theorem 3.3. Let XΣ be a smooth complete toric variety of dimension n, and let
D1, . . . , Dn be the divisors corresponding to (possibly virtual) polytopes ∆1, . . . , ∆n.
Then the intersection number D1 · · · · ·Dn can be computed as

D1 · · · · ·Dn = n! ·Vol(∆1, . . . , ∆n),

where Vol is the mixed volume of the polytopes normalized with respect to M .

In [15], Theorem 3.3 was generalized to the case of toric variety bundles in the
following way. Let B be a smooth complete variety of dimension k and E → B
be a TF -principal bundle. Let further ΣF be a smooth complete fan and EΣF

the
corresponding toric variety bundle. Let us denote by ρ1, . . . , ρr the set of rays
of ΣF . Similar to the classical toric case, for every ray ρi of ΣF , toric variety

bundle EΣF
has a corresponding TF -invariant divisor D̃i := E ×TF

Dρ. As in the
classical toric case, we can encode a linear combination of TF -invariant divisors

D̃h =
∑r
i=1 hiD̃i by a (possibly virtual) polytope ∆h in (MF )R. Now we are ready

to formulate a version of BKK theorem for toric variety bundles which computes
the intersection indeses of divisors on EΣF

.

Theorem 3.4 [15]. Let p : EΣF
→ B be as before. Let further D̃h =

∑
hiD̃i be a

linear combination of TF -invariant divisors and DB be a divisor on B. Then one

can compute the self intersection index of p∗DB + D̃h in the following way

k! · (p∗DB + D̃h)n+k = (n+ k)! ·
∫

∆h

(DB + c(λ))k dµ(λ),

where µ(λ) is the Lebesgue measure on (MF )R normalized with respect to MF .

Let us mention that every divisor on EΣF
is linearly equivalent to a divisor of the

form p∗DB + D̃h, thus Theorem 3.4 completely describes the intersection theory of
divisors on EΣF

.
Now let us specialize to the case of fibered toric varieties. Let ΣB , ΣF be smooth

complete fans and let Σ = ΣB nΦ ΣF be their twisted product for some twisting
data Φ: ΣB → NF . Let as before ρ1, . . . , ρr dentote rays of ΣF generated by
e1, . . . , er and let us further denote by τ1, . . . , τs be rays of ΣB with primitive
generators f1, . . . , fs.

Recall that one can recover the map c̄ : MF → PΣF
using condition (2):

c̄(λ)(x) = 〈ΦE(x), λ〉 for any x ∈ NB .

In other words, the line bundle Lλ on XΣB
can be represented by a divisor:

Lλ = OXΣB
(Dλ), Dλ =

s∑
j=1

λ ◦ Φ(fj)Dρj .

Let us denote by ∆λ ⊂ (MB)R the (virtual) polytope corresponding to the divisor
Dλ of XΣB

.
Finally, let us describe the (virtual) polytope in MR which corresponds to a

divisor D̃h =
∑r
i=1 hiD̃i on the fibered toric variety XΣ. The assignment λ 7→ ∆λ

defines a linear family of (virtual) polytopes on MF , that is, ∆λ+µ = ∆λ + ∆µ.
Using this family, one can define a lift of every (virtual) polytope ∆ ⊂ (MF )R to
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a (virtual) polytope ∆̃ in MR = (MF )R × (MB)R. If ∆ is a convex polytope such

that ∆λ is convex for every λ ∈ ∆ the lift ∆̃ is defined as

∆̃ := {(λ, x) ∈MR = (MF )R × (MB)R : λ ∈ ∆, x ∈ ∆λ}.

By the construction of the lift, we get that a (virtual) polytope representing D̃h is

the lift ∆̃h of the polytope representing the divisor Dh on the toric variety XΣF
.

For more details on the extension of the lift to the setting of virtual polytopes see
[15, Section 10.3].

Now we are ready to state and prove a version of Theorem 3.4 for a fibered toric
variety.

Theorem 3.5. Let ΣB , ΣF be as before and let Σ = ΣB nΦ ΣF be their twisted
product for some twisting data Φ: ΣB → NF . Let further XΣ be the corresponding

fibered toric variety, D̃h =
∑r
i=1 hiD̃ρi some TF -invariant divisor on XΣ and DB

some divisor on XΣB
. Then the self-intersection index of (p∗DB + D̃h) can be

computed as

k! · (p∗DB + D̃h)n+k = (n+ k)! ·
∫

∆h

(DB + c(λ))k dµ(λ),

where µ(λ) is the Lebesgue measure on (MF )R normalized with respect to MF .

Proof. Recall that the (virtual) polytope representing the divisor D̃h on XΣ is given

as a lift ∆̃h. Therefore, by the classical BKK theorem applied to XΣ we know that

the self-intersection index of (p∗DB + D̃h) is equal to (n+k)! ·Vol(∆̃h+PB), where
PB ⊂ (MB)R ⊂MR is a polytope representing divisor DB on XΣB

.
But since P is contained in a coordinate subspace, we can compute the volume

VolM (∆̃h + P ) as

Vol(∆̃h + P ) =

∫
∆h

VolMB
(∆λ + P ) dµ(λ).

Moreover, by the classical BKK theorem applied to XΣB
, the integrant in the

expression above is equal to 1
k! · (c(λ) +DB)k, which finishes the proof. �

3.2. Chern classes of fibered toric varieties. We finish this section with a
conjectual formula for the Chern classes of smooth toric variety bundles which we
verify in the case of fibered toric varieties.

First let us recall the classical formula for the Chern classes of tangent bundle
of a smooth complete toric variety XΣF

. Let ρ1, . . . , ρr be the rays of ΣF and
let D1, . . . Dr be the corresponding torus invariant divisors. We further denote
by [D1], . . . , [Dr] ∈ H2(XΣF

, Z) the classes that are Poincaré dual to divisors
D1, . . . Dr. One has the following exact sequence of vector bundles on XΣF

:

0→ Pic(XΣ)∗ ⊗C OXΣF
→

r⊕
i=1

OXΣF
(Di)→ TXΣF

→ 0,

where TXΣF
denotes a tangent bundle of XΣF

. By the Whitney sum formula we get

that c(TXΣF
) =

∏r
i=1(1+t[Di]), where by c(TXΣF

) we denote the Chern polynomial:

c(TXΣF
) = c0(TXΣF

) + c1(TXΣF
)t+ · · ·+ cdim(XΣF

)(TXΣF
)tdimX .
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In particular, the above calculation implies that the i-th Chern class of the tangent
bundle is equal the sum of classes that are Poincaré dual to the codimension i orbit
closures in XΣF

:

ci(TXΣF
) =

∑
σ∈Σ,dimσ=i

[Oσ] ∈ H2i(XΣF
, Z).

Now, let E → B be a TF -principal bundle over a smooth complete base B and
let ΣF be a smooth complete fan. We would like to understand the Chern classes
of the tangent bundle of the corresponding toric variety bundle EΣF

. Recall that

for every ray ρi one has the corresponding TF -invariant divisor D̃i on EΣF
.

Conjecture 3.6. Let p : EΣF
→ B be a toric variety bundle as before. Then the

Chern polynomial of the tangent bundle of EΣF
can be computed as

c(TEΣF
) = p∗(c(TB)) ·

r∏
i=1

(1 + [D̃i] · t).

Proposition 3.7. Conjecture 3.6 is true for smooth complete fibered toric varieties.

Proof. Indeed, let XΣ be a fibered toric variety with Σ = ΣB nΦ ΣF . Recall
that Σ has rays ρi generated by (0, ei) ∈ NB × NF = N and τ̃j generated by

f̃j = (fj , Φ(fj)) ∈ N . In particular, one has Dτ̃j = p∗(Dτj ), where p : XΣ → XΣB

is the toric fibration map. Then the Chern polynomial c(TXΣ
) can be computed as

c(TXΣ
) =

r∏
i=1

(1 + [Dρi ]) ·
s∏
j=1

(1 + [Dτ̃j ])

= ·
r∏
i=1

(1 + [Dρi ])p
∗

s∏
j=1

(1 + [Dτj ]) =

r∏
i=1

(1 + [Dρi ]) · p∗(c(TXΣB
)),

which finishes the proof. �

4. Equivariant Cohomology of Toric Varieties

In this section we will use descriptions for the cohomology ring of fibered toric
varieties as in Theorem 3.2 to compute the T -equivariant cohomology of toric va-
rieties. We refer to [1], [2] for the introduction to equivivariant cohomology.

Let XΣ be a smooth complete toric variety with respect to a torus T ' (C∗)n.
Then the equivariant cohomology ring H∗T (XΣ, R) is defined as the cohomology
ring of so-called Borel construction:

H∗T (XΣ, R) = H∗(ET ×T XΣ, R),

where ET → BT is the universal T -principal bundle. More concretely, ET =
(C∞ \ 0)n with coordinatewise action of T ' (C∗)n and BT = ET/T = (P∞)n.
In particular, ET ×T XΣ is a toric variety bundle over the product of infinite
dimensional projective spaces. One would like to use Theorem 3.2 to describe
H∗(ET ×T XΣ, R). However, it is not directly applicable as the base is infinite
dimensional.
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To apply our Theorem 3.2, we use the standard approximation technique which,
in particular, was used in [12] to define equivariant Chow rings in algebraic geome-
try. The idea is to replace ET and BT with a sequence of finite dimensional spaces
ETm and BTm which can be used to compute Hi

T (XΣ) for small i. The main tool
for us is the following lemma (see for example [1, Lemma 1.3]).

Lemma 4.1. Suppose ETm is any (connected) space with a free T -action, and
Hi(ETm, R) = 0 for 0 < i < k(m) (for some integer k(m)). Then for any X with
a T -action, there are natural isomorphisms

Hi(ETm ×T X, R) ' Hi(ET ×T X, R) =: Hi
T (X, R)

for any i < k(m).

For T ' (C∗)n one can approximate ET, BT by the spaces ETm = (Cm+1 \ 0)n

and BTm = (Pm)n. Since Hi(ETm, R) = 0 for i 6 2m we get the isomorphism

Hi
T (XΣ, R) ' Hi(ETm ×T XΣ, R) for any i 6 2m.

Now ETm ×T XΣ is a fibered toric variety, so we can apply Theorem 3.2 to com-
pute its cohomology ring. Let ρ1, . . . , ρr be the rays of Σ with primitive gen-
erators e1, . . . , er. Let us further denote by Hi ∈ H2(BTm, R) the pullback
of the hyperplane class in the i-th component of BTm = (Pm)n. We get that
H∗(ETm ×T XΣ, R) = H∗(BTm, R)[x1, . . . , xr]/I + J , where I is the Stanley–
Reisner ideal of Σ and

J =

〈
r∑
i=1

λiHI −
r∑
i=1

〈ei, λ〉xi : (λ1, . . . , λn) ∈M ' Zn
〉
.

Since the map ctop : M → H2(BTm, Z) is surjective and

H∗(BTm, R) ' R[H1, . . . , Hn]/〈Hm+1
1 , . . . , Hm+1

n 〉
we get

H∗(ETm ×T XΣ, R) = R[x1, . . . , xr]/(I +Km),

where I is the Stanley–Reisner ideal of Σ as before and

Km =

〈(
r∑
i=1

〈ei, λ1〉xi
)m+1

, . . . ,

(
r∑
i=1

〈ei, λn〉xi
)m+1〉

.

Now, to compute the whole H∗T (XΣ, R) one can take the inverse limit of the
rings H∗(ETm ×T XΣ, R) = R[x1, . . . , xr]/(I + Km). We arrive at the following
classical description of the equivivariant cohomology ring of smooth complete toric
variety as a Stanley–Reisner ring of its fan:

H∗T (XΣ) = lim←−R[x1, . . . , xr]/(I +Km) = R[x1, . . . , xr]/I.
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MR 2976939

[2] D. Anderson and W. Fulton, Equivariant cohomology in algebraic geometry, Cambridge
Studies in Advanced Mathematics, vol. 210, Cambridge University Press, Cambridge, 2023.

MR 4655919

http://www.ams.org/mathscinet-getitem?mr=2976939
http://www.ams.org/mathscinet-getitem?mr=4655919


FIBERED TORIC VARIETIES 557

[3] B. Assarf, M. Joswig, and A. Paffenholz, Smooth Fano polytopes with many vertices, Discrete

Comput. Geom. 52 (2014), no. 2, 153–194. MR 3249378
[4] V. Batyrev and B. Nill, Multiples of lattice polytopes without interior lattice points, Mosc.

Math. J. 7 (2007), no. 2, 195–207, 349. MR 2337878

[5] D. N. Bernstein, The number of roots of a system of equations, Funktsional. Anal. i Prilozhen.
9 (1975), no. 3, 1–4 (Russian). MR 435072. English translation: Funct. Anal. Appl. 9 (1975),

no. 3, 183–185.

[6] D. N. Bernstein, A. G. Kouchnirenko, and A. G. Khovanskii, Newton polyhedra, Uspehi Mat.
Nauk 31 (1976), no. 3(189), 201–202 (Russian). MR 492376

[7] M. Brion, Groupe de Picard et nombres caractéristiques des variétés sphériques, Duke Math.
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