STABILIZATION OF A FAMILY OF DIFFERENTIAL EQUATIONS

James Arthur*

Abstract. Differential equations have a central place in the invariant
harmonic analysis of Harish-Chandra on real groups. Related differential
equations also play a role in the noninvariant harmonic analysis that
arises from the study of automorphic forms. We shall establish some
interesting identities among these latter equations. The identities we
obtain are likely to be useful for the comparison of automorphic forms
on different groups.

1. The differential equations. Suppose that GG is a real, reductive algebraic group,
and that 7" is a maximal torus in G which is defined over R. We write Tjes(R) for the
open dense subset of elements in T'(R) that are strongly regular, in the sense that their
centralizer in G equals T. Harish-Chandra reduced many fundamental questions on the
harmonic analysis of G(R) to the study of a family of functions on Tyes (R). We are referring

to the invariant orbital integrals

Ie(v, f) = Ja(v, f) = fa(v), 7 € Tig(R), f €C(GR)),

which can be defined for any function f in Harish-Chandra’s Schwartz space C (G(R)) by

(L.1) Ie(n, f) = D)} / f(a yz)de, Y € Thog(R).
T(R)\G(R)
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(See [HC6].) As usual, dz stands for a G(R)-invariant measure on T(R)\G(R),

D(y) = det(l - Ad('y))g/t

is the Weyl discriminant, and g and t denote the respective Lie algebras of G and T.
Differential equations play a central role in Harish-Chandra’s theory of orbital inte-

grals. We first recall the Harish-Chandra homomorphism, which is a map
hr = hre: 2 — S(1(C)),

from the center Z = Z(G) of the universal enveloping algebra of g(C) to the symmetric
algebra on t(C). The homomorphism is injective, and its image is the subalgebra S (t(C))Q
of elements in S(t(C)) that are invariant under the Weyl group Q = Q(G,T) of (G, T).
Any element h € S(t(C)) can be identified with a translation invariant differential operator

d(h) on T(R). Harish-Chandra’s differential equations take the form

(1.2) Ia(v,2f) = 0(hr(2))1a(7, ), z€Z.

It is of course implicit in the equations that I¢(7y, f) is a smooth function of v € Tycg (R).
This is a surprisingly deep fact. Harish-Chandra actually used the analogous equations
for functions in C2°(G(R)) [HC3, Theorem 3] to establish the absolute convergence of the
orbital integral (1.1), the smoothness of the resulting function of 7, and the differential
equations (1.2) for Schwartz functions. (See [HC4, Theorem 3], [HC5, Theorem 4], [HC6,
Theorem 5], and [HC7, §17].)

Invariant orbital integrals are a special case of a more general family of tempered
distributions. These distributions are the weighted orbital integrals, which first arose in
the study of automorphic forms. They depend on a Levi component M of some parabolic
subgroup of G over R which contains 7', as well as a choice of maximal compact subgroup

Kgr of G(R). Let ap; be the Lie algebra of the R-split component Ajy; of the center of



M. We assume that ap; is orthogonal to the Lie algebra of Kg with respect to the Killing
form.
The weighted orbital integral of a Schwartz function f € C(G(R)) is defined by a

noninvariant integral

Nl

(1.3) Tu(nf) = D) / flaa)on (2)de Y € Treg(R),

T(R\G(R)
over the conjugacy class of 4. The weight factor
vp(z) = lim Y op(¢a)0p(Q)

0 pépan

is obtained from the (G, M )-family of functions
vp((a) = e WP, P eP(M),

of ¢ € ia},, according to the limit in [A2, Lemma 6.2]. We are following standard nota-
tion and terminology, as for example in [A2]. Thus, P(M) denotes the set of parabolic
subgroups P = M Np of G over F with Levi component M, while Hp: G(R) — a); is the

function of Harish-Chandra defined by the decomposition
G(R) = Np(R)M(R)Kg .

The function 6p(¢) is a product of linear forms ((a"), taken over the simple roots a of
(P, Apr), and scaled by a factor that depends on a choice of metric on ap;. The integral
(1.3) converges absolutely, and defines a smooth function of v in Ty (R) [Al, §8]. The
proof of these facts exploits the techniques Harish-Chandra applied to (1.1). In particular,
it relies on a family of differential equations parametrized by the operators in Z.

The differential equations satisfied by Jy; (7, f) are more complicated than the earlier
ones. Instead of having just one term, the right hand side consists of a sum of terms, taken

over the finite set L(M) = LF(M) of Levi subgroups of G that contain M. If L belongs
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to L(M), S(t(@))Q is a subalgebra of S(t(@))Q(L,T)

. There is consequently an injective
homomorphism

h;’lLohT:z—mzL, z € Z,

from Z into Z(L). The differential equations take the form
(1.4) TIu(vzf) = D (2 f),
LeL(M)

where 0% (v, z1,) is a (real) analytic differential operator on Tyes(R) that depends only on

L. (See [A3, Proposition 11.1] or [Al, Lemma 8.5].) For the term with L = M, we have
(1.5) (v, 2m) = 9(hra(zu)) = 9(hr(2))

[A3, Lemma 12.4]. This is just the differential operator that occurs on the right hand side
of (1.2).

Weighted orbital integrals have two drawbacks. They depend on Ky, and they are not
invariant under conjugation of f by G(R). However, there is a natural way to construct a
parallel family of distributions with better properties. Following [A5, §3], for example, we

define invariant tempered distributions

(v, f) = I5i(v, f), v € Treg(R),

on G(R) inductively by a formula

(1.6) Ing(v, f) = Ju(, f) — Z fz%z[(%ﬂﬁ(f))'
Lecin
Here

¢ : C(GR)) — I(L(R))

is the continuous linear map from C(G(R)) to the invariant Schwartz space Z(L(R))

of L(R), defined by the canonically normalized weighted characters of [A5]. The space



Z(L(R)) can be identified with the family of functions on Iemp(L(R)) (the set of irre-

ducible tempered representations of L(R)) of the form

gr: ™ — gr(m) = tr(ﬁ(g)), g€ C(L(R)),

while I #7(7) is the continuous linear form on Z(L(R)) defined by

5 (v,91) = Ik(v,9).

The tempered distributions Ij/(7y) on G(R) are both invariant and independent of the
choice of Kg. They are the more natural generalizations of invariant orbital integrals.
The invariant distributions satisfy the same differential equations as the noninvariant

ones. It follows from the definition of ¢ that

¢r(zf) = Zror(f), ze€Z, feC(GR)),

where z7, is the function on Iliemp (L(R)) defined by the infinitesimal character. An easy

induction argument on (1.4) and (1.6) then yields differential equations

(1.7) In(y,2f) = > on(vz)In(y, f),

LeL(M)

for elements 2z € Z. Recall that 93 (v, z)r) is the differential operator that occurs on
the right hand side of (1.2). In particular, (1.7) represents a natural generalization of
(1.2). We can regard it as a nonhomogeneous family of linear differential equations in
an unknown function v — Ip;(7, f). One is often in a position to assume inductively
that the functions v — I (7, f) with L # M are, in one sense or another, known. The
corresponding summands in (1.7) can therefore be regarded as the nonhomogeneous terms.

We are going to investigate the behaviour of the differential equations (1.7) under
endoscopic transfer. To allow for induction arguments, it is convenient to work with a

slight generalization of the objects above. Suppose that Z is a central torus in G over R,



and that ( is a character on Z(R). We assume that Z is induced, by which we mean that
Z(R) is a product of a number of a number of copies of C* and of R*. There is a natural
Schwartz space C(G(R),C) of (~l-equivariant functions on G(R), and the distributions
Ic(v, f), Jm(vy, f) and Ips(7y, f) can all be defined for functions f in C(G(R),g). The
resulting functions of v then lie in the space C'*® (T reg(R), € ) of smooth, ¢ ~!-equivariant
functions on Tyeg (R). We can of course identify C(G(R), ¢) with a space of sections of a line
bundle on G(R)/Z(R). Let Z(¢) = Z(G, () be the algebra of G(R)-biinvariant differential
operators on this line bundle. The differential equations (1.2), (1.4) and (1.7) then hold
for functions f € C(G(R), () and elements z € Z(().

2. Differential operators and transfer. In this section, we shall consider some
elementary points on the transfer of differential operators. We recall that if ¢: X — Y
is a diffeomorphism between differential manifolds, and ¢*: C>*(Y) — C°°(X) is the

corresponding pullback map of functions,
¢: D— ¢D = (gzﬁ*)_loDO(;S*

is an isomorphism from the space of (smooth) differential operators on X to the correspond-
ing space for Y. A similar remark applies to differential operators on vector bundles. For
example, C™ (Tyeg (R), ) is the space of smooth sections of a line bundle on Ty (R)/Z(R),
so we can consider differential operators 0 on this space. Let Qr = Qr(G,T') be the sub-
group of elements in the Weyl group 2 that map T'(R) to itself. Then Qg is a group of
diffeomorphisms of Tyee(R) that contains the subgroup Qf = Q(G(R), T(R)) of elements
in  induced from G(R). We shall say that 0 is Qg-invariant if wd = 0 for every w in Qg.

We would like to examine the behaviour of differential operators on C°°(Tyg(R), ¢)
under the Langlands-Shelstad transfer factors. Let ¢: G — G* be a quasisplit inner twist

for G, fixed for once and for all, and let G’ be an endoscopic group for G. (See [L-S, (1.2)].)



We assume that G’ has a maximal torus 7" over R that is an image of T' [L-S, (1.3)]. This

means that there is an isomorphism from 7" to T” over R of the form
¢ = i tolnt(h)o1p,

where ¢ is an admissible embedding of 7" into G* (in the sense of [L-S, (1.3)]), and A is
an element in G*(C) such that hy(T)h~! equals i(T"). We identify ¢ with the associated

diffeomorphism from Tjeg(R) onto the set T{_...(R) of strongly G-regular elements in

reg
T'(R). The map ¢ is not uniquely determined by 7’ and T. However, any other such
map is of the form ¢ o w, for some element w € Qg. In particular, the restriction of ¢
to the subgroup Z of T is independent of the choice of ¢, and allows us to identify Z
with a subgroup of T”. If 9 is a differential operator on C'*° (Treg(R), (), @0 is then a
differential operator on C* (T}, (R),¢). If 8 is Qp-invariant, we shall write 9 = ¢, since
this differential operator is independent of the choice of ¢. We shall reserve the symbol 9’
for a differential operator that is more directly related to the transfer factor for G’.
Recall that G’ really stands for a full endoscopic datum (G’, G, s',¢’) for G [L-S, (1.2)].
The transfer factor depends on such a datum, as well as some supplementary objects. We
fix a central extension G’ of G’ by an induced torus C’ over R, and an L-embedding
g: G — LG’ (See [L-S, (4.4)] and [A4, §2].) If T/ C G’ is an image of T as above, let
T’ be the preimage of T” in G’. The transfer factor can then be defined as a function
Ag(o’,7v) on Té_reg(R) X Treg(R) [L-S, §3 and (4.4)], [K-S, §4 and (5.1)]. The preimage
Z' of Z in G’ is a central induced torus in G’ over R that contains C’. According to

[L-S, Lemma 4.4A], there is a character 7/ on Z’(R) such that

(21) AG(OJ&’YEG) = ﬁ/(g)_lAG(OJ77)7

for any element ¢ € Z'(R) with image e¢ in Z(R). We write ¢’ for the character on Z’(R)
that is the product of 77/ with pullback of ¢. (In [A4] and [A6], it was C’ and 7} that were
denoted by Z' and (’.)



The role of the transfer factor is of course to map functions on Ty (G) to functions

on T’G_ (R). If ag belongs to C™°(Tyeg(R), (), the function

reg

(2.2) d(c") = Y Aclo’ 7)ac(), 0" € Tl rop(R),

~

defined by a sum over 7 in the set of Q%-orbits in Tyeg(R), belongs to C> (fé_reg(R), E’)
The sum can be taken over a finite set, of order |Q3\Qg|, that represents the set of
conjugacy classes in the stable conjugacy class of ¢’ in G(R). We shall extend the dif-
ferential operator J on O (Té_reg(R), defined above, to a differential operator 9’ on
C (Thoreg (R), C)-

Following Shelstad [S3], we first construct a homomorphism from C* into Z (5\’)0,
where as usual, Z (/é\’) denotes the center of the dual group /é\’ of G'. Recall that G’
represents an endoscopic datum (G, G’,s’,¢’), in which G’ is a split extension of the Weil
group Wi of R by G/, and ¢’ is an L-embedding of G’ into LG. For any u € C*, we
choose a point §'(u) € G’ such that the element &'(6'(u)) in “G is of the form e(u) x u,

for some £(u) € Z(G). The element g’(d’(u)) in LG’ is then of the form & (u) x u, for

o~
o~ ~

some &'(u) € 2(G'). Now Z(G)° is a subgroup of Z(G)?. The quotient (u)& (u)~! is

independent of the choice of ¢’(u), and we obtain a homomorphism
u— z(u) = e(u)é&(u)t, u e C*,

from C* into Z(é\’)o.

Let X = X. (Z(é\’)o) be the dual of the character module of Z(é\’)o. We can identify
X ® C with the Lie algebra of Z (5\’)0, which in turn is an extension of the Lie algebra of
{ZV\’. We write

2(u) = v’ ue C
b b

for elements p/, " € X ® C such that u/ — v/ lies in X.



Lemma 2.1. The projection of ;' onto the Lie algebra of A equals the differential dn’ of

the character iy on Z'(R).

Proof. The proof is an exercise in a few of the basic definitions from [L-S]. We can
take G’ to be an endoscopic datum for G, where G is a z-extension of G [K, §1]. Given our
construction of i/, and the definition of the transfer factor for (G, G’) in terms of (&', G)
[L-S, (4.4)], we see that the lemma holds for G if it can be established for G. We may

therefore assume that G/ = G', G’ = LG/, and € = 1. Consequently, Z’ equals Z, and
) = 2(u) xu = v T xu, u € C*.

The character 77 is constructed in the proof of [L-S, Lemma 4.4A]. It equals the
restriction to Z(R) of a character on T'(R) that is defined by the Langlands correspondence
for tori. That is, 77’ is dual to a 1-cocycle of W in 7 which is the composition of a 1-cocycle
a of Wg in T with the projection T — Z. The latter is defined in [L-S, (3.5)]. It is given
by

a(w) = & (& (w))ér(w)™", w € Wg,

for certain L-embeddings ¢ T — LG’ and &7: T — EG. The L-embeddings are such
that they have the same image under the projections of “G’ and “G onto *Z. Thus, a(w)
and &¢’'(w) have the same image in A , and 77 is dual to the 1-cocycle of Wg in 7 obtained

from &’. The lemma then follows easily from the Langlands correspondence for Z. U

A differential operator 0 on T}es(R) can of course be identified with its symbol. This
is a function

) A —0(1,A), 7 € Treg(R), A € £7(C),

on Tieg (R), with values in the algebra of polynomials on the dual space t*(C) of t(C). More
generally, let t*(C, —d() be the affine subspace of elements in t*(C) whose projections onto

the Lie algebra of Z equal —d(. The symbol of a differential operator 9 on C'*° (T reg(R), € ) is



then a function 9(v, §) on Tyeg(R)/Z(R) with values in the algebra of polynomial functions
on the affine space t*(C, —d(). Now the dual (t')* of the Lie algebra of T” is contained in
the dual (¥)* of the Lie algebra of T”. We can certainly identify the vector 1/ above with

an element in (t')*(C). It is an easy consequence of Lemma 2.1 that
N — N = N+

is an isomorphism from the affine space (¥)*(C, —d¢’) onto the affine space (')*(C, —d().
It follows that there is a canonical map a -0 , from the space of differential operators

on C* (T’ (R), C) to the space of differential operators on C'* (Té_reg(R), Z’), such that

reg

/ /

(2.3) ' N) = 8@, N), N e (¥)*(C,—de).

Here, o’ denotes a point in T’G_reg(R) with image o in T/_..(R). In particular, the

reg
composition

0— 9 — 0
provides a map from the space of Qg-invariant differential operators on C'*° (T reg(R), € ) to
the space of differential operators on C'*° (T G-reg(R), 5’ )

The following lemma, which is more or less implicit in the work of Shelstad, justifies

the construction.

Lemma 2.2. If 9 is a Qg-invariant differential operator on C*° (T reg (R), C), we have
(Oag) = 9'd, aq € O™ (Treg(R), C).

Proof. As in Lemma 2.1, it is easy to reduce the proof to a special case. It follows
from the definition of 9’, the formula (2.1), and the reduction in [L-S, (4.4)], that the

required identity,

(2.4) > Ao, M (ac)(r) = ¥ (Y Aale’,ac(r))

vy vy
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holds for G if it can be established for a z-extension G of G. We may therefore assume
that ' = &/, ¢’ = LG’, and E’ = 1. In particular, we can use the basic construction of
the transfer factor in [L-S, §3].

Let C be a small open set in Tieg(R), and let C be a fixed image [L-S, (1.3)] of C in
Tt oo (R). Then for any o’ € C’, there is a unique point 7" € C such that Ag(o’,7’) # 0.

reg
The sums in (2.4) are over orbits v of Qf in Tyeg(R). They can each be replaced by a

product of |Q%|~! with the corresponding sum over the points v in {wy': w € Qgr}. It is

not hard to see from the definitions in [L-S, (3.4)] that the functions
o' — AG<0/7WV/)AG(OJ7’7/)_1 ) o' € OI? w e QR7

are constant. (See for example [K-S, Theorem 5.1.D].) Since 0 is g-invariant, we see that

(2.4) would follow if we could prove the identity
Ag(o’',7)od = 0 oAg(a',v), o e

Now Ag(o’,4') is a product of four terms, which depend individually on a fixed admissible
embedding i: 77 — T of T" into G* (as well as auxiliary a- and y-data). (The fifth term
Ay (0’,7') from [L-S, (3.6)] does not occur, since we have included the factor |D(v)|Z in
the definition of orbital integral.) The terms Arr(o’,~") and Ag(o’,+’) in the product are
defined explicitly as functions of the image o* of o’ in T}, (R) [L-S, (3.3), (3.5)]. The other

two terms are independent of (¢’,4’). Identifying 0 and 9’ with differential operators on

T . (R), we conclude that (2.4) would be valid if we could establish the identity

(25) (AII(U*)A2<U*)) od = 8’ o (AH(O'*)AQ(O'*)) .

The proof of (2.5) is not difficult, but would entail a recapitulation of a number of
other notions from [L-S]. Rather than take the paper too far from its original focus, we
shall leave the details to the reader. It is instructive to compare the definitions in [L-S,

(3.3), (3.5)] with the earlier constructions of Shelstad [S.4, (3.1)-(3.3)] for real groups.
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Shelstad is actually planning a paper that would relate the results of [S.1]-[S.4] with the

general definitions of [L-S]. O

We have two examples in mind. The first is the standard case of a (g-invariant
differential operator 9 on C'*° (Treg (R),C) of constant coefficients. The symbol of 9 is
then an Qg-invariant polynomial on t*(C, —d¢). In other words, 0 equals 6’(hT(z)), for
a differential operator z in the algebra Z(G, () defined at the end of §1. The symbol
of g(hT(z))/ is a polynomial on (t')*(C, —d() that is Q(G’, T’)-invariant. The symbol of
(9(hT(z)), is a polynomial on (¥)*(C,—d(’) that is easily seen to be invariant under the
Weyl group Q(é’ T ). We obtain injective homomorphisms z — z’ and z — 2’ from

Z(G,¢) to Z(G',¢) and Z(G', (') respectively, such that
A(hr(2))" = d(hr (7))

and

(2.6) O(hr(2)" = 0(hz (=)

The other example comes from the differential equations (1.7). As we remarked at
the end of §1, these equations hold if f is a function in C (G(R), ¢ ) and z is an operator in
Z(G, (). Recall that M is a Levi subgroup of G that contains 7. Then

61?4(2) = 816\;/[(’77 Z) ) v e Treg(R)7

is a differential operator on C*(Tieg(R),¢). (As in §1, we shall usually include 7 in the

notation to keep track of the variable of differentiation.)
Lemma 2.3. For any z € Z(G, (), the differential operator 95, (z) is Qr(M, T)-invariant.

Proof. The lemma is a consequence of the construction in [A3, §12], the point of
which was to compute the operators 9% (21) = 0%, (v, 21,) from the nonstandard terms in

Harish-Chandra’s radial decomposition [HC1]|. Suppose that a given element w € Qg (M, T)
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is induced from the adjoint action of an element m € M (C). Then Ad(m) maps z to itself.
Therefore Ad(m) also maps the right hand side of the equation [A3, (12.1)] to itself.
Combining this property with the various definitions from [A3, §12], one sees without

difficulty that 9, (z) is invariant under w. (See the remarks on p. 286 of [A3].) O

We can therefore apply the earlier discussion (with G replaced by M) to the operator
0§ (2). Tt follows from Lemma 2.3 that 554(2)’ and 0§, (z)" are well defined differential
operators on O™ (T, (R), ¢) and Coo(fé_reg (R), (' ) respectively. To match the notation

of §1, we shall generally write
D(2) = 05i(@2), 7 € Tl 1o (R),
and

(2.7) 0% (z) = 85(0, 2), o' e’T“é,_reg(R).

3. The stabilization. We shall now stabilize the differential operators that occur
in the equation (1.7). Lemma 2.2, or rather its analogue for M, provides a stabilization
of sorts for these differential operators. However, we are looking for something more. We
would like to stabilize the operators 9§ (7, 2) as functions of z, as well as of 7. We shall
apply a construction that is suggested by the conjectural stabilization of weighted orbital
integrals in [A5] and [A6].

We begin by allowing M to play the role of G in the general discussion of §2. In
particular, we let M’ denote a fixed endoscopic datum (M', M’ s, &),) for M. We
assume that M’ is elliptic [A4, §2], and that 77 C M’ is a fixed maximal torus over R
that is an image of T (relative to M). We also fix a central extension M’ of M by an
induced torus C’, and an L-embedding ng M’ — LM'. We then obtain objects Z’, 77
and 5’ , relative to M. There is no loss of generality in assuming that M’ is actually an

L-subgroup of LM and that £}, is the identity embedding of M’ into ©M. This allows us

13



to introduce the family £y (G) of endoscopic data (G',G’, s, ¢’) for G that was defined in
[A6]. The objects in £y (G) are taken only modulo translation of s’ by Z(G)T, the group
of invariants in Z(G) under I' = Gal(C/R). They are parametrized by Z(M\)F/Z(@)F, and
are constructed in a simple way from M’. The choices of M’ and gfw for M determine a
central extension G’ of any G in £,(G) by C', and an L-embedding G’ — LG’ (See [AS6,
§3].) The set £y (G) is infinite if M # G. However, there are only finitely many elements

G’ in &y (G) that are elliptic, or equivalently, such that the coefficient
wr (GG = |20/ Z(M)7]12(G)"/2(@)"]

is nonzero.

The stabilization of 9;(v,2) is an example of a general construction that includes
both a definition and an identity that has to be proved. We shall state it as a theorem.
Since the construction is inductive, we shall formulate it so that the objects (G, T, M, ()

and (M’,T") (together with (]Tj’, 8\4)) above are allowed to vary.

Theorem 3.1. For any (G, T, M, (), with G quasisplit, there are differential operators
6§ (0, 2), 0 € Tweg(R), z € Z(G,0),

on C* (Treg(R),C) with the following property. For any (G,T,M,() at all, and any
(M',T"), the identity
(3.1) 0502 = 3 (G, (o) 0" € Tlyorog(R),
Q'€ (@)
is valid for every operator z € Z(G, ().
The proof of the theorem will take up the rest of the section. There will be two
ingredients. One is the construction of the differential operators 9%, (v, z) [A3, §12] that

was based on Harish-Chandra’s radial decomposition [HC1]. The other, which will come

later, is a stable descent formula like those of [A6, §7].
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We shall first observe that 9% (7, z) comes from a (G, M)-family. Following notation
from [A3, §12], we set

(32) 81)(/\,’7,2’) = Z <#P(Xz)7A>al(77 Z),
=1

for any P € P(M) and A € ia},. For each i, 0;(7,2) can be taken to be a differential
operator on C* (T;eg (R), ¢), and p1p(X;) is an element in the symmetric algebra S (aa(C)).
It follows from the definition of pup(X;) on p. 283 of [A3] that

(up(X;),A), P eP(M),

is a (G, M )-family. Therefore
Ip(A,7,2), P e P(M),

is a (G, M)-family of functions of A, with values in the space of differential operators on
C® (Treg(R), ¢). It is then an easy consequence of Lemma 12.1 of [A3] that

O5r(v.2) = lim > 9p(A,y,2)0p(A)".

—0

PeP(M)

The next step will be to reduce Theorem 3.1 to a statement about the complex group
G(C). For this, we shall assume that ¢ equals 1 (the trivial character on the trivial torus
Z =1). The terms 0;(7, z) in (3.2) are real analytic differential operators on Tyes (R). One
of the points of the construction is that these operators do not really depend on the real
form g(R) of g(C). They are the restrictions of complex analytic differential operators
obtained by applying the construction to the complex group G(C). We have been working
strictly with real groups, so we shall write H; = Resc/r(Hc), for any group H over R.
Then Mj is a Levi subgroup of GG1, and aj; comes with a linear isometric embedding into
the real vector space aps, (relative to suitable metrics on the two spaces). In fact, the

triplet (R, G1, M) satisfies the conditions in [A6, §4] for being a satellite of (R, G, M).
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Let z1 € Z(G1) be the biinvariant complex analytic differential operator on G1(R) =
G(C) corresponding to a given z € Z(G). We could certainly apply the definition (3.2)
to (Gy, My,T1,21). We can equally well apply it to (G1,71,T1, 21), since T} is also a Levi

subgroup of G;. Taking the latter course, we obtain a (G1,T)-family of functions
Op, (A1,71,21), Py € P(Th),

of Ay € ia}, with values in the space of complex analytic differential operators on
Ti reg(R) = Tieg(C). Now in each of these functions, we can restrict A; to the linear
subspace iaj, of ia}l, and we also can restrict y; to the real submanifold Tjeq(R) of
Treg(C). The first operation is an example of a general procedure in [A6, §4]. It provides

a (G, M)-family of functions
op(A,m1,21) = Op (A, 71,21), PeP(M),

of A € ia},, where P, € P(M;) is any group whose closed chamber in az, contains the
chamber of P in ap;. The second operation, the restriction of 7, then gives a (G, M )-family
of functions

8P<A7’77Z1) ) P S P(M)J

with values in the space of real analytic differential operators on Tieg(R). It follows easily
from the construction of [A3] that this last (G, M)-family is the same as the first family
(3.2). We conclude that the original differential operator 9§ (7, 2) equals the restriction

to Treg(R) of the complex analytic differential operator
G 7 -1
Oyr(11,21) = /{lino Z Op(A,v1,21)0p(A)
PEP(M)

on T reg (R).
Suppose that (M’,T") is an in Theorem 3.1. Then Mj represents an endoscopic datum

for My, and T is a maximal torus in M7 over R. Since M{ amounts to an endoscopic
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datum for a complex group, we can take M] itself for the extension of §2. We will have
no need of the group ]Tf{ obtained from M. By the conventions of §2, we can form the

complex analytic differential operator

a]\CZ(O-LZl) = /{1—>n10 Z aP(A70-1721)0P<A)_1
PeP(M)

on T} e (R). It is clear that 0% (o}, 2) = 9%,(F}, 21), in the notation at the end of §2,
and that the restriction of this complex analytic differential operator to Té,_reg (R) equals
05(@,2) = lim Y Op(AT,2)0p(A)".

A—0
PeP(M)

Let us summarize the discussion so far. Given objects (G,T, M), (M’,T") and z €
Z(G) as in the theorem, we obtain a real analytic differential operator 9;(7,2) on
T-reg(R) that comes from a (G, M)-family. The original objects also determine a sec-
ond set of objects (G1,T1,My), (M7, T]) and z; € Z(Gy). From these, we construct

a complex analytic differential operator 9§ (o7, z1) on T} (R), that comes from the

,G-reg
(G, M)-image of a (Gy,T})-family. The restriction of this second differential operator to
R) is then equal to the original one.

the real submanifold T¢,_,, (R) of T} 4.

reg( reg(

We can now state a lemma that is essentially a reformulation of the theorem in terms

of Gl.

Lemma 3.2. For any (G, T, M), with G quasisplit, there are complex analytic differential
operators

(516\;4(0'1,21>, 01 eTl,reg(]R)» ZEZ(G),

on T yeg(R) such that for any (G, T, M) at all, and any (M',T"), the identity

(33) 816\;/[(0-17 Zl) = Z Ly (G7 G/)(SIC\Z/’ (0-17 Zi) ) O-i S T{,G-reg(R)v
Q'€ (@)
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is valid for every z € Z(QG).

Proof. The operators 51?4(01, z1) are uniquely determined by the special case of the

identity (3.3) in which G is quasisplit, and (M’,T") = (M, T). In this case, we define

(3.4) 0§i(o, 1) = 05(on,20) — > (G, G685 (01, 7)),
G'e&S,(G)

where £3,(G) denotes the set of elements G’ € Ey/(G) with G’ # G. Since the coefficient
1y (G, G") vanishes unless G’ is elliptic, the sum can be taken over a finite set. Once having
defined the operators 0§, (o1, 21), we must then establish the identity (3.3) in general. We

have to show that for any M’ and T”, the endoscopic differential operator

o, z) = Y (GGG, 2, 01 € T{ Greg(R),
G €€ (G)

equals 0%, (0}, 21). We reiterate that if (M’,T") is isomorphic to (M, T), there is nothing
to prove. The identity in this case is just the definition of 51?4(01, z1) above.

This is the stage that we apply the descent formulas. The operator 9§, (o},21) is
defined in terms of the (G, M)-family {0p(A, 07, 21)}. However, this (G, M)-family is
obtained by the restriction process of [A6, §4] from a (Gq,Ty)-family {9p, (A1, 07, 21)}.
This was of course our reason for going to the complex group. One sees easily from [3,
§12] that the construction of the operators dp, (A1, 07, 21) for z; is compatible with the
construction of the corresponding operators for zy, = 21 1,. It follows from [A6, Lemma

4.1] that

(3.5) o5 (oh, 1) = Y df (M, L)z (o1, 2L,) -
LieL(Th)

Here d% (M, Ly) is the familiar Jacobian of a linear map
M L G
ap, ®ap — ap
described for example in the preamble to [A6, Lemma 4.1]. Notice that for any L,
8%11(01,%1) equals 5’%11’5(0’1,%1) by definition, since the torus 77 is isomorphic to T;.
To complete the proof of Lemma 3.2, then, we have only to show that 5’]?4’8(01, z1) satisfies

a descent formula that is parallel to (3.5).

18



Lemma 3.3. (a) Suppose that (G,T, M) and (M’',T") are as in (3.3). Then

(3.6) 05 (o, 2) = Y dA(M,L)og (o}, 21,).
LieL(Th)

(b) Suppose that (G, M, T) is given, with G quasisplit. Then

(3.7) 05r(on,21) = > ef (M, L1)or (01, 21,)
L,eL(Th)

where

e (M, Ly) = d$, (M, L)|Z(M)" n Z(L) /2@ .

(According to the conventions of [A6], Z(]\/f\) and Z(Ly) are both embedded subgroups of
a fixed dual torus ﬁ of T} in @1)

Proof. The lemma is an example of a general descent formula of the kind proved in
[A6, §7]. However, it is not, strictly speaking, a special case of [A6, Theorem 7.1]. To spare
the reader the task of relating the abstract framework of [A6] to the present situation, we
shall give a direct proof.

We assume inductively that the formula (3.7) holds if G is replaced by any element
G in £Y,,(G). Given the data of part (a), we set e(M, M') equal to 1 or 0, according to
whether M’ is isomorphic to M or not. In particular, if e(M, M') equals 1, G is quasisplit.
In this case we shall assume that M’ = M, T = T, and o] = 01, in order to match the

notation of (b). It follows from the definition (3.4) that the difference
(3.8) 05 (01, 21) — e(M, M')55 (01, 21)

equals

> (GG (01, 2).
Gregl ,(G)

According to our induction assumption, we have
G 1N G’ VAN A
Opp (01,21) = § eTl/(M 7L1)5T1' (01, 21"),
G/
LyeL i (Ty)
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for any G’ € £Y,,(G). Since

£ (@) = {Ew(G) if e(M, M') = 0,
M Ev(G) —{G}, ife(M,M') =1,
we see that (3.8) equals the difference between
(3.9) Soae(G @)Y e (M L)dr (o, )
G (Q) Ly ecSh o)
and
(3.10) e(M,M") Z eZ (M,Ll)éé1 (01,21,) -
L,eL(Ty)

Consider a term in (3.9) corresponding to G’ and L}. We can assume that the dual
group fl' has been identified with the torus 7} in G;. Then both Z (@’ ) and Z (E’l) are
subgroups of T;. The group L} therefore determines a Levi subgroup Ly € L(T}) of G,
with (Z(El)r)o = (Z(E’I)F)O. The product of coefficients

o (G, G)eSy (M, LY)

from (3.9) is equal to

|ZQ0)T/Z(M)"| | 2@ /2@ Z2(M)" 0 Z(E)T/2(G)| T g (M, L) -

This in turn can be written as
Z(M") ) Z(M)T| |z(M')" 0 Z(L)T /2G|~ S, (M, Ly),

since the ellipticity of M’ in M implies that dGl,(M L) = d% (M, Ly). In particular, the
term in (3.9) is independent of G’. On the other hand, if we are given L; instead of L}, we
can recover L) from L; and G’ as the element in £r/(L1) such that s7 is the projection
of the point s’ in s?VA,Z(]/M\)F/Z(@)F onto (flr/Z(fl))F (The reader may want to recall

again the definition of the sets Ea/(G) and Er/(L1) from [A6, §3].)
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We need only consider terms in (3.9) that contain nonvanishing coefficients. Given the
formula for the product above, we may therefore assume that (Z (ﬁ)r)o equals
(Z(El)F)O(Z(]\/f\)F)O, and that the group Z(]\/Z)F N Z(El)F/Z(@)F is finite. It follows
that the map G" — L} from &y (G) to Ery(L1) is surjective, and has finite fibres that are
in bijection with Z(]TZ)F N Z(Ly)Y /Z(G)F. Since its terms are independent of G, we can
rewrite the expression (3.9) as the sum over L; € £(T1) and L} € E7/(L1) of the product

of the differential operator

dg, (M, L1)dg3 (o, 1)

with the coefficient
|Z(M")T/Z(M)T| | Z2(M')" 0 Z(L)T /2@ |2(M)T 1 2(L,)T/2(G)T| .

The coefficient is easily seen to reduce to
|Z(M")T/Z(M)T| | Z(M")" 0 Z(L)F /Z2(M)" n Z(D)"|™
= |2(L)"/2(L)" |
=t/ (Ly, 7).
The expression (3.9) becomes

S AR L) Y (L L)og (o, 5.

L,eL(Th) LQGET{(Lﬂ

Recalling the definition of the endoscopic differential operators, we conclude that (3.9) is

equal to

(3.11) > dG (M, L1)og S (of, 2L,)
L1€L‘,(T1)

We can now complete the proof. If e(M, M’) = 0, (3.8) reduces to 8]?4;8(01, z1), while
(3.10) vanishes. The identity (3.6) then follows from the fact that (3.8) equals (3.11). If

e(M,M') =1, 8]?4’8(01,21) equals 0§, (c}, 21) by definition. Since 8%11’5(01,%1) is always
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equal to 8%11 (04,21, ), the required identity (3.6) in this case reduces to (3.5). In particular,
the term 8]?4’8(01,21) in (3.8) equals (3.11). The other term 6§, (01, 21) in (3.8) therefore

equals (3.10). This gives us the required identity (3.7) of part (b). O

With the parallel descent formulas (3.5) and (3.6) established, we have completed the
proof of Lemma 3.2. To prove the theorem, we have only to restrict the complex analytic
differential operators of Lemma 3.2 to the real submanifold Tyes (R). We obtain differential

operators

61?4(6,2), 0 € T1ee(R), 2 € Z(G),

in the case that G is quasisplit, such that

(3.12) 05@.2) = > (GGG F), T ETh,R), z€ Z(G),
G'eE (@)

in general. This follows inductively from Lemma 3.2 and the discussion preceding the state-

ment of the lemma. To treat the more general case that Z and ( are nontrivial, we note

that the differential operators 9§, (¢, 2) are invariant under translation of T/,__., (R) by the

reg
central subgroup Z(R). This follows easily from either the definition (1.4) or the construc-
tion in [A3, §12]. The same property for the operators 6§;(7, z) then follows inductively
from the case that M’ = M of (3.12). The differential operators S, (", z) and 6§, (7, %)
on T/, (R) can therefore be projected to differential operators on C*° (T}, (R),(), that
depend only on the image of z in Z(G, (), and for which the identity (3.12) continues to
hold. The last step is to apply the construction of §2. From the differential operators
95 (7, z) and 6§;,(,%') on O (T}x(R),¢) that occur in (3.12), we obtain the required
differential operators 9§, (o', 2) and 5%/ (¢/,2") on C* (Tr’eg (R), ¢’ ). The process obviously
converts (3.12) to the required identity (3.1) of the theorem. With this discussion, our

proof of Theorem 3.1 is complete. O

4. Application to weighted orbital integrals. The transfer factors were in-

troduced to stabilize invariant orbital integrals. In general terms, the point is to solve

22



certain problems for orbital integrals that arise from the comparison of trace formulas.
For the Archimedean case under consideration, Shelstad solved these problems (and more)
in [S1]-[S4].

If G, T, G" and T" are as in §2, the map

(4.1) f— 1) = > Aclo’ . fel), 0" € Thmreg(R),

sends functions f € C(G(R),() to functions f’ = f¢ in C™ (Té_reg(R),E’). The value
f'(c’) depends only on the stable conjugacy class of o’ in G (R). If T and T" are allowed
to vary, f’ can be identified with a function on the strongly G-regular stable conjugacy
classes in G/ (R). One of Shelstad’s main results is that f’ can also be regarded as a family
of stable orbital integrals from G'(R). More precisely, there is a function h in C (é’ (R), ¢’ )
whose stable orbital integral h'(c’) = ha/(a’ ) equals f'(o’), for every G-regular, stable
conjugacy class o’ in G’ (R). We recall that a tempered, ("-equivariant distribution S’ on
G'(R) is said to be stable if its value at any function h € C(é’(R), Z’) depends only on A'.

In this case, we can write

S'(h) = S'(W),

for a unique continuous linear form S’ on the stably invariant Schwartz space
ST(E®LT) = {1 :heC(@RLT)}.

The point of Shelstad’s theorem is that f — S/ (f’) is then a well defined linear form on
C(G(R),¢).

One would also like to stabilize weighted orbital integrals, or rather, the associated
invariant distributions I/ (7, f). At first glance, it might not be clear even how to formulate

such a problem. We can certainly set

(42) IM(OJv f) = Z AJW(OJ7 V)IM(’% f) 9 OJ € j:é—reg(]R)»

2l
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for (M’,T") as in the last section, and v summed over the Q (M (R), T'(R))-orbits in Tpee (R).
In the special case that M = G, this matches the definition (4.1). The problem in general
is to relate Iy (o”, f) with stable distributions on the groups G’(R). Considerations from
the trace formula suggest a conjectural solution [A5, §4], [A6, §3]. Stated in a form that
is parallel to Theorem 3.1, the conjecture is as follows. For every (G,T, M, (), with G

quasisplit, there are stable, tempered, (-equivariant distributions

SSi(o f), 0 € Theg(R), f€C(G(R),(),

such that for any (G, T, M, () at all, and any (M’,T"), the identity
(4.3) (o' ) = Y (@63 (o', £, 0" € Tlyorog(R),
G'e€€ . (G)
holds.
The conjecture we have just stated is essentially the archimedean case of [A5, Conjec-
ture 4.1]. As in the case of the slightly more general conjecture in [A6], it is convenient to
separate what amounts to an inductive definition from what has to be proved. We assume

inductively that for any G’ € £Y,,(G), the distributions Sg/(a’ ) are defined and stable. If

|1, if G is quasisplit,
e(G) = {0, otherwise,

we then define distributions I§,(o”, f), and also S$;(M’, ¢, f) in case G is quasisplit, by

setting

(4.4) 50 f) = Y wn(G.6)L (o 1) +e(@)SG(M o', f)
G'egd ,(G)

in general, and
I]é\:/[(o-/7f> = IM(J,7f)
for G quasisplit. Suppose first that G is quasisplit. In the special case that M’ = M, the
conjecture asserts that the distributions
Sii(o.f) = S§(M,o,f), 0 € Treg(R),
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are stable. In case M’ # M, the conjecture asserts that the distributions S§,(M’, o, f)
all vanish. If G is not quasisplit, the conjecture is just the assertion that [ ]@(U’ , f) equals
In (o', f).

Theorem 3.1 can be regarded as the first step towards a proof of the conjecture.
Roughly speaking, it asserts that the conjecture is compatible with the differential equa-
tions (1.7). To state this more precisely, we fix (G, T, M,() and (M’,T"). According to
Lemmas 2.2 and 2.3, the equations (1.7) can be written in the form

(4.5) In(o',2f) = Y Of(e’ z) (o’ f), 0" € Tl reg(R),
LEL(M)

for any z € Z(G, (). We assume that the distributions Sg(a’ ) are defined and stable for

any G’ € £9,(G) and L' € LG (M’). In the case that G is quasisplit and M’ # M, we

also carry what can be regarded as a second induction assumption, that the distributions

SC'(M',¢") vanish for any G’ € £9,(G). Theorem 3.1 then has the following corollary,

that applies to operators z € Z(G, () and functions f € C(G(R), C).

Corollary 4.1. (a) Suppose that G is arbitrary. Then

(4.6) I(o'2f) = > Of(o z)IE(e’, ), 0" € Tt 1ep(R).
LeL(M)

(b) Suppose that G is quasisplit. Then

(4.7) S§i(o,zf) = > Owlo,z0)SF (0, f), 0 € Tros(R).
LeL(M)

(b) Suppose that G is quasisplit, and that M' # M. Then
(4.8) SG(M', o', 2f) = 8(hr(2))'SS (M, 0", f), 0" € Tl reg(R).

Proof. The proof is a variant of the argument used to establish Lemma 3.3. Assume
inductively that the obvious analogue of (4.7) is valid for (é’ , M’ ), if G’ is any element in
&Y,/ (G). The difference

(4.9) I§, (o', 2f) — e(G)SS, (M, 0", zf)
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can then be written as
, NS< (o' !
G/E;/(G) (G, GN)ST (o, (2f))
Z o (G, G’)SG (o', 2" f")
Z S (GG (0,259 (o 1),
G Trec(m)
by (4.4), the definition of 2/, and our induction assumption.
Consider an element L' € E(]Tj ). Then L' comes from a unique Levi subgroup
L' € L(M') of G', and this in turn determines a Levi subgroup L € L(M) with (Z(E)F)O =
(Z(E’)F)O. It follows easily that L’ belongs to £y (L) and that G’ belongs to £2,(G). It
is also clear that

LM/(G, G/) = LM/(L, L/)LL/(G, G/)

and

G’ %
Z o= (%) = (2)” = 2.

Replacing the last double sum over G and L’ by a triple sum over L € L(M), L' € Eyp (L)
and G’ € £2,(G), we see that (4.9) equals

Z Z ur (LYK (0, 2) S w(G.6)5E @ f).

G’egY,(G)

It then follows from the definition (4.4) that (4.9) is equal to the difference between

(4.10) o> (L, L8R (o, )T )
LeL(M) L'€& (L)

and

(4.11) e(G) > Yo (L L)% (o), 2)SE(L o, f).

LeL(M) L'e&,y (L)
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Consider the expression (4.10). It follows from Theorem 3.1 that

Yo (L L)% (o), 27) = 0o’ 21).
L'e&y (L)

Consequently, (4.10) is just equal to the right hand side of (4.6). To deal with (4.11), we
assume that G is quasisplit. Suppose that L # M and that L’ # L. The stable descent
formulas of [A6, §7] then imply that S¢(L’,o’, f) = 0. (This is essentially the vanishing
assertion of [A6, Theorem 7.1(b")]. Rather than trying to compare the conditions here with
the more formal Assumption 5.1 of [A6], we simply note that the proof in [A6, §7] provides
an implicit expansion of S¥(L’, o', f) in terms of distributions §]@1(M’, o', fE1), for Levi
subgroups Ly € L£(M) with Ly # G. Since any such L; belongs to £{,(G), gfj (M’ o', f1)
vanishes by assumption.) If L = M, on the other hand, L’ = M’ is the only element in
Enmr(L). Tt follows from this discussion that (4.11) reduces to the right hand side of (4.7)
in the case that M’ = M and ¢’ = 0. In case M’ # M, the set €y (L) does not contain

L. The summands in (4.11) then all vanish, except when L = M and L’ = M’. Since

08 (o 2hy) = 0M (0, 2hy) = (b (2) = O(hr(2)),
(4.11) reduces to the right hand side of (4.8) in this case.

Suppose that G is not quasisplit. Copying the last part of the proof of Lemma 3.3,
we note that (4.9) reduces to I§,(c’, zf), while (4.11) vanishes. The identity (4.6) then
follows from the fact that (4.9) equals (4.10). If G is quasisplit, I5,(o”, zf) equals Ips(0”, 2f)
by definition. The required identity (4.6) in this case reduces to the original differential
equation (4.5). In particular, the term I%,(o’, 2f) in (4.9) equals (4.10). The other term
SG (M’ o', zf) in (4.9) therefore equals (4.11). The required identities (4.7) and (4.8) then

follow separately, according to whether M’ equals M or not. O

It is obvious that every aspect of this paper is fundamentally dependent on the work

of Harish-Chandra. The debt is implicit as well as explicit. Suppose for example that G
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is not quasisplit. The conjecture in this case is that I5,(o”, f) equals I5;(o”, f). Corollary
4.1 establishes that the two distributions satisfy the same differential equations. The next
step would be to show that they also satisfy the same jump conditions, for ¢’ near a G-
semiregular element in T’ (R). Weighted orbital integrals actually combine the two kinds
of jump conditions discovered by Harish-Chandra. We recall that these are the conditions
satisfied by invariant orbital integrals about a noncompact imaginary root [HC7, Theorem
9.1], and the conditions satisfied by invariant eigendistributions about a real root [HCA4].
One would like to establish a stabilization of the second kind of jump conditions that could
be combined with Shelstad’s stabilization [S1], [S2] of the first. It would then be possible
to use Harish-Chandra’s powerful analytic techniques [HC3] to study the singularities of

the difference

IE, (o' f) = T (o, f) 0" € Tt 1ep(R).

The goal would be to show inductively that the difference lies in ST (]Tj "(F ),E’ ), or in
other words, is given by the stable orbital integrals of a function in C(MJ "(R), E’ ) For
inner forms of GL(n), the process was carried out in [A-C, §2.14]. Global methods then

eventually lead to a proof of the conjecture in this special case.
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