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1 Intr oduction

1.1 Description of the problem

Lack of compactnesss the main analyticaldifficulty in the study of functionalson unbounded
domains. Ever sincethe Strausgadial lemma[1], it hasbeenwell-known that symmetryplays
animportantrole in understandinghe compactness suchproblems.For mary symmetricfunc-
tionals,the existenceof minimizerscanbe establishedy first restrictingthe problemto radially
symmetricfunctionswith the help of a rearrangemennequality andthen usingthe additional
compactnessf symmetricfunctionsto find a corvergentminimizing sequenceParticularexam-
pleswherethis stratgy hasbeenusedarethe determinatiorof the sharpconstantsn the Soboles
andHardy-Littlewood-Sobolg inequalities[2-4], andthe determinatiorof groundstateg5]. On
the otherhand,it is alsoknown that certaindynamicalstability problemscanbe reducedto the
study of relatedvariationalproblems[6]. Here,it is the compactnessf a arbitrary minimizing
sequences)ot only the existenceof the minimizers,thatplaysthe key role. In a seriesof famous
paperd[7, 8], a generalabstractconcentratiorcompactnesgrinciple was introducedwhich has
leadto mary applicationslt shouldbe pointedoutthatin orderto applythis principleto establish
compactnestor a specificproblem,someadditionalanalysiss usuallyneeded.

In a seriesof recentinvestigationsof stablegalaxy configurationd9-14], a splitting trick is
combinedwith thecrucialscalingpropertyof theenegy functionalto establisicompactnessf all
symmetricminimizing sequencesThis allows to constructsymmetricgalaxyconfigurationsand
to shaw thatthey aredynamicallystableundersymmetricperturbationsTherestrictedstability is
of interestin itself andhadbeenopenfor alongtime. In orderto show stability amongall possible
perturbationsanamgumentin the spirit of the concentratiorcompactnesprinciple wasemployed
to allow for possibletranslations.

The objective of this article is to closely examinethe role of translationsor minimizing se-
guencewia elementaryknowledgeof their symmetrizations We demonstratéhat the difference
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betweera minimizing sequencandthecorrespondingequencef symmetrizedunctionsis char
acterizedby appropriatdranslationsIn mary casesthis impliesthatevery minimizing sequence
convergesstronglymoduloscalingsandtranslationsBesidegheinterestof ourresultsin classical
analysisthis characterizatiomlsosuggests a practicaltwo-stepprocedurdor proving compact-
nesonanunboundedlomain: Stepl. Shav compactnessf all symmetricminimizingsequences.
This implies the existenceof minimizers;it is alsoa necessaryngredientin the proof thatthese
minimizersaredynamicallystableundersymmetricperturbations.Step2: Shav compactnesap
to translationdor generalminimizing sequencesassuminghat their symmetrizationsare com-
pact. This implies dynamicalstability undermore generalperturbations.The main part of this
articleis devotedto Step2 for two classe®f functionalsthatappeain mary applicationsof the
concentratiorcompactnesprinciple. We hopethat our approactcangive anothermerspectre on
concentratiortompactnestr symmetricfunctionals.

1.2 Main results

Thefirst classof functionalswe consideris givenby cornvolution integralsof theform

(f) = / / (@)K (@ — y)f(y) dady, (1.1)

whereK € Li,.(R™) is a nonngative symmetricallydecreasingunction on R™. Riesz’ rear

rangemeninequalitysaysthat corvolution integralsgenerallyincreaseundersymmetricdecreas-
ing rearrangemerjL5, 16]. In particular

Z(f) <Z(f7) - (1.2)

Here, f is a nonngative measurabldunction that vanishesat infinity, and f* is its symmetric
decreasingearrangementf either K or f* is known to be strictly symmetricallydecreasingand
Z(f*) < oo, thenequalityin Eg. (1.2) canoccuronly if f is atranslateof f* [5, 17]. Thesecond
classconsistsf gradientintegralsof the form

7(5) = [ F( s, 13)
whereF' is anincreasingcorvex functionon R with F(0) = 0. It is well-known that

J(f) = T(f) (1.4)

for everynonngative measurabléunction f onR™ thatvanishestinfinity. If F' is strictly convex,
J(f*) < oo, andthedistribution functionof f is absolutelycontinuousthenequalityin Eq. (1.4)
occursonly when f is atranslateof f* [18].

We areinterestedn applyingtherearrangementhequalitiesn Egs.(1.2)and(1.4)to sequences
of functions.Let f,, bea sequenc®f nonngative functionson R™ thatvanishat infinity, andlet
g beasymmetricdecreasindunction. It is easyto seethatbothinequalitiesare presered under



taking limits: Using Eqg. (1.2) and the continuity of Z with respectto the norm definedby the
positive definitequadraticform Z, we clearlyhave

lim Z(f; —¢) =0 = Tm Z(f,) < lim Z(f;) = Z(g) - (L.5)
n—00 n—00 n—00
Likewise,combiningEq. (1.4) with Fatou'slemmashawvs that
lim J(fs—¢)=0 = lim J(f) 2 lim J(f7) = I(9) - (1.6)
n—oo n—oo n—00

Settingf,, = f andg = f*, werecover Egs.(1.2) and(1.4). Our mainresultis thatequalityin
eitherEq. (1.5) or Eq. (1.6) implies,undersuitableassumptionsn K, F, andg, thatthe sequence
fn» corvergesto ¢ modulotranslations.

Theorem 1 LetZ bea cornvolutionfunctionalasgivenin Eq.(1.1),whee K is a strictly symmet-
rically deceasingfunctionthat definesa positivedefinitekernelon R™. Let g be a symmetrically
decreasingfunctionon R™ with 0 < Z(g) < oo, andlet { f, },>1 be a sequencef non-ngative
functionson R™ which vanishat infinity, with symmetricrearrangementsf,:. Assumethat the
sequencef symmetriddeceasingrearrangementsf,: approadesg in thesensehat

lim Z(fy —g) =0. (1.7)

n—oo

If the valuesof thefunctionalcorvergeto Z(g) alongthesequence
Tim Z(f,) = Z(g) (18)

thenthe functionsf,, corverge to ¢ modulotranslations,in the sensethat thenthere existsa se-
guenceof translations7;,, on R™ sud that

The positive definitenes®f K ensureghatZ(f — g) = 0 only for f = g. Theassumptioris not
neededf thefunctionalZ( f) is replacedby Z(|f|). Theclassicalequalitystatemenfor Eq. (1.2)
is recoveredby taking f,, = f andg = f*.

Theorem 2 Let J bea gradientfunctionalof theformin Eq. (1.3), whee F' is a corvex, strictly
increasingfunctionon R™ with F(0) = 0. Let g be a symmetricallydeceasingfunction on
R™ that vanishesat infinity and satisfies0 < J(g) < oo, andlet {f,},>1 be a sequencef
nonngativemeasuable functionson R™ which vanishat infinity, with symmetricallydecreasing
rearrangementsf,r. Assumehatthe symmetricdeceasingrearrangementsf,: approad g in the
sensedhat

lim J(fr—g)=0, (1.10)
n—oo

andthatthevaluesof thefunctionalalongthe sequenceorvergeto J7(g),
lim J(f,) = J(9) (1.11)

Thenthefollowing statementsold.



1. If F is strictly corvex and the distribution function of g is absolutelycontinuouson the
intervalwhee it is finite and positive thenthere existsa sequencef translationsr;,, on R™
sud that .

lim J <—(Tnfn — g)> =0. (1.12)
n—00 2

2. If F(t) = t, thenthere existsa sequencef translationsT,, sud that 7, f,, is compactin
L=t (R™) and V(T, f,) is tightin L*(R™). If f € BV is alimit of a cornvergent subse-
guencethen f* = ¢, andall level setsof f are balls.

The purposeof the factor1/2 in Eq. (1.12)is to guaranteehatthatinfr 7 (7f, — g) < oc.
Thefactorcanbe droppedunderadditionalassumptionsn F', in particularif F'(t) = t? for some
p > lorif FislinearlyboundedTheequalitystatementor Eq. (1.4) dueto BrothersandZiemer
is againrecoveredby settingf,, = f andg = f*.

In mary applicationgo variationalproblems,assumption$1.8) and(1.11) hold naturallyfor
minimizing sequencesyhile assumptiongl.7) and(1.10)arerelatedto compactnestr symmet-
ric minimizing sequenceslheoremsl and2 provide weakboundsontheasymmetryof afunction
in termsof the symmetrizatiordeficit Z(f*) — Z(f) or J(f) — J(f*): Settingf’ = g for all n,
we seethatthe symmetrizatiordeficitscanbe smallonly when f,, is closeto atranslateof g.

1.3 Description of the proofs

Mathematically our resultsareinspiredby so-calledasymmetryinequalities which estimatethe
differencebetweena function or a body anda symmetricone by a relatedsymmetricfunctional.
Classicakexamplesarethe Bonnesen-stylesoperimetrianequalitieswhich give lower boundson
the excessperimeterof a planarset,ascomparedvith the disc of the samearea,in termsof geo-
metric quantitiessuchasthe in-radius[19] (see[20]). The mostpowerful resultin thatdirection
is quantitatve isoperimetricinequalitydueto Hall [21], which boundsthe symmetricdifference
betweena measurablesetanda (suitably translated)all in termsof the isoperimetricdeficit (a
recentapplicationof this resultappearsn [22]). Relatedstatementfhiave beenprovedfor loga-
rithmic capacityin two dimensionsandfor the capacityof corvex setsin higherdimensiong23].
We are not aware of estimatedor the differencebetweenthe two sidesof Riesz’ rearrangement
inequalityin the literature,eventhoughsuchestimatesare readily obtainedfor the simplertwo-
pointrearrangemerj24, 25. We expectthatasymmetryinequalitiesshouldhold for large classes
of symmetricfunctionals,includingthe Coulombelectrostatieneny.

Our stratgyy for the proofsof Theoremsl and?2 is asfollows. We first write eachfunction
asthe sumof a boundedunction supportedn a setof finite volume,anda functionwhosecon-
tribution to the functionalis negligible (Section2). To ensurethatthis decompositiorcommutes
with translationsand rearrangementsye usea well-known slicing techniqueclosely relatedto
the layercake principle [26, Theorem3.9]. In the secondstep,we considerthe symmetrization
deficitsZ(f*) — Z(f) and 7 (f) — J(f*) for aboundedunctionwhosesupporthasfinite volume
(Sections3.1and4.1). We show thatafunctionwith asmallsymmetrizatiordeficit mustbealmost
supportedn a suitablytranslatedall whosesizewe control(Lemmas3.1and4.2). Thisis a key
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stepthat provides somebasiccompactnessit hasthe role that Lieb’s compactnestemmal27]
hasplayedin mary minimization problems(see,for example,[28, 29]). In the third step(Sec-
tions3.2and4.2),we pick subsequenceabatcorvergeweaklyup to translationsandidentify their
weaklimits with the help of the classicalequalitystatement$or therearrangemerihequalitiesin
Egs.(1.2) and(1.4). This stepis motivatedby the missingtermin Fatou’s lemma[30] (see[16,
Theoreml.9]). The proofis completedn Sections3.3 and4.3 by combiningthe threesteps.In
thefinal sectionwe discusssomeapplications.

2 Preliminaries

2.1 Definitions and notation

Let f beanonn@ative measurabléunctionon R™. We saythat f vanishesat infinity, if for every
t > 0, thelevel set{x € R™ | f(z) > t} hasfinite measure.Thedistribution functionof f is
givenby

pu(t) :/1{f(:c)>t} dz . (2.1)

The symmetricdeceasingrearrangement f* of f is the symmetricallydecreasinglower semi-
continuoudunctionequimeasurabl® f,

(@) =sup{t > 0 | p(t) > wm|z|™} (2.2)

wherew,, is thevolumeof theunit ball in R™. We sayafunctiong is symmetricallydecreasingif
9 =y.

2.2 Slicing
In the proofsof Theorems 1 and 2, we it usefulto write a givenfunction f asa sumof slices
f = f°+ f*, where
f* = [min{f, f(R7)} = f*(R)], (2.3)
is boundedandhaslevel setsof boundedneasureand
fr= 1= ff=min{f, fF(R)}+[f - (R4 (2.4)

will benegligible for R sufficiently large(seeFig. 1). If f isequimeasurabi® g, thenf® andf* are
equimeasurabl® ¢° andg®, respectiely. By constructionslicing commutesvith rearrangements
andtranslationsThefollowing lemmawill be usedto obtainuniform boundsonthe sequence?®.

Lemma 2.1 LetZ bea corvolutionfunctionalof theformgivenin Eqg. (1.1)with K symmetrically
deceasingand not identically zeio, and let 7 be a gradientfunctional as definedin Eg. (1.3)
with F' corvex and strictly increasing For a nonngative measuable function f that vanishesat
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Figurel: Constructiorof theslicesf® and f*.

infinity, definef® by Eq. (2.3). Fix R > 1 and I, J, > 0. Thee exist constantsC; (R, I;) and
Cy(R, Jy) sud that
1/°1loe < C1(R, Io) (2.5)

for all functionsf with Z(f*) < I, and
[1/%]]e0 < Ca(R, Jo) (2.6)
for all f with 7(f*) < Jp.

PROOF. Since||f°||« decreasewith R, it sufiicesto prove theclaimfor largevaluesof R. To see
thefirst claim, we usethefactthat K and f* aresymmetricallydecreasingo estimate

//IH | R*lf*(m)K(x_y)f*(y) dydz

> K2R (mwnR™™f*(R™))’ (2.7)
> K2R ) (mwnR ™| fe)” -

v

Z(f)

In the last line, we have usedthat || f®||, = f(R™!) by construction. Eq. (2.5) follows since
K(2R™') > 0 for R suficiently large by assumptionTo seethe secondtlaim, definethe function
v onR* by |V f*(z)| = v(|z|), andcomputein polarcoordinates

J(f) 2/ F(y(r) mwp,r™ dr

R-1
> mwpRT™(R-RY)F /R (T)L (2.8)
= m R_17 R— R '
b
> mon g (1Y
> mw, R ( 7

In the secondstep,we have estimatedhefactorr™! from below by R'~™, thenappliedJensers
inequality SincetF(x/t) is nonincreasingn ¢, we canreplaceR — R™! by R in the third step.
Theboundon|| f?|| claimedin Eq. (2.6)follows sinceF is strictly increasing. n

It is easyto seethattheassumptionsf Theoren? hold alsofor theslicesf? andg® of thefunctions
fn andg:



Lemma 2.2 Let.7 beagradientfunctionaloftheformin Eq.(1.3)with F' corvexandnondeceas-
ing, andlet g be a symmetriadeceasingfunctionwith 7(g) < cc. Fix R > 1, anddecompose
fo= Lo 2 2= F2 + f;v,andg = ¢ + ¢*, asin Eqs.(2.3)-(2.4).If

lim J(f; —9)=0, (2.9)
then
lim J(f;' = ¢") =0, lim J(f;*—¢")=0. (2.10)
If, additionally,
then
lim J(f) = J(g"), lim J(fy)=T(g") - (2.12)
PROOF. Since
Vf*b(x) = V[ () 1r-1<2<r af*(Rfl) ) (2.13)
we canrewrite Eq.(2.9)as
lim {J(f;" — ") + J(fy* — g")} =0, (2.14)

n—oo

which clearlyimpliesthatbothsummandg€ornvemeto zero,asclaimedin Eq. (2.10).
To seethe secondclaim, we notethat

V(@) = Vf(2) 1y my< @< r) (2.15)
andrewrite Eq.(2.11)as
Jim {(T(fz) = T(9") + (J(fz) = T(¢")} = 0. (2.16)
Theclaim follows sincethelimit of eachsummands nonneative by Eq. (1.6). n

Thecorrespondingtatemenholdsfor the functionalZ appearingn Theoreml.

Lemma 2.3 Let Z be a corvolution functional of the form in Eq. (1.1) with K positivedefinite
and symmetricallydeceasing andlet g be a symmetriadeceasingfunctionwith Z(g) < oco. Fix
R > 1,anddecompos¢,, = f2 + f&, fr = f* + f:*,andg = ¢* + ¢%, asin Eqgs.(2.3)-(2.4).If

lim Z(fy —g) =0, (2.17)
n—oo
then
lim Z(f* - ¢*) =0, lim Z(f™ -g¢*) =0. (2.18)
n—o0 n—oo
If, additionally,
lim Z(f,) = Z(g) , (2.19)
n—oo
then
lim Z(f2) = Z(¢"), lim Z(f2) = I(g") - (2.20)
n—00 n—00



The proof requiressomeauxiliary estimates Thefirst lemmacontainssometail estimategor
symmetricdecreasindunctionsg in termsof Z(g).

Lemma 2.4 If K andg are nonngativeandsymmetricallyjdeceasing then,for any R > 0,

1) > xen ([ o dx)2 , (2.21)

76) > | /ngmff(m sma) ([ e ) (2.22)

Furthermoe, for everyh € L'(R™) supportedn theball |z| < Ry, andeverye > 0 there existsa
numberR > 0 which depend®nlyon K, Ry, ande sud that

/ I ) e < ] T(0) (2.23)

PROOF. Egs.(2.21)-(2.22)follow immediatelyfrom the factthatboth K and g arenonnegative
andsymmetricallydecreasingTo seethe weaktail estimatein Eq. (2.23),we separatéwo cases.
If

ol < B2 gy (2.29

thenwe havefor R > R,

I(9)'*, (2.25)

/>R9(:c)\K*h(:1:)|da: < [|h|11]lg| LK (R — Ro) < HhH1(3/2) - jz(R_RO)

andEq. (2.23)follows by choosingR largeenoughsuchthat K (R — R,)(3/2)™ ! < 2. If, onthe
otherhand,

2 m—1
/ g() dz > %I(g)lﬂ (2.26)
|z|< Ry €
for someR; > R, thenwe estimatdor R > 4R;,
[ @ sn@ldz <|lbl [ gle)K (ol = Ri)ds. (2.27)
|z|>R |z| >4 R,y

Theintegral on theright handsideis boundedoy

x|+ 2R\
[ s@k(a-ryas < [ gkt r (D) a
ezt a[>2R ]

_ I(g)
< @) (2.28)
-ﬁ(E‘SRl g(x) dz
< el(g)'?.
In thefirst step,we have estimated)(z) < ¢(|z|—2R;) andchangedariablesn polarcoordinates.

In thesecondstep,have usedthat|z| + 2R, < (3/2)|z| andappliedEq.(2.22).In thelaststep,we
have usedEq. (2.26). Theclaim follows by insertingEqg. (2.28)into Eq. (2.27). n
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Lemma 2.5 Letg, andg benon-ngative symmetriadecreasingfunctionson R™ which vanishat
infinity, and definetheir slicesby Eq. (2.3) for someR > 1. AssumehatZ(g) < oo, whee Z is
definedby Eq. (1.1) with a symmetricallydeceasing positivedefinitekernel K. If

lim Z(g, —g) =0, (2.29)
n—o0
then
lim Z(¢® —¢") =0, lim Z(g"* —g¢g*) =0. (2.30)
n—oo n—oQ

ProoF. It sufficesto establishthata subsequencef g, corvergesto g pointwisealmostevery-
where;the claim thenfollows by applyingFatou’s lemmato

[ {100+ 9lloat) + 00)) - 6 @)~ o*@igk o) - G} K 2 — ) dady (231

for # = b, u.
In orderto prove pointwisecorvergence we first noticethat

lim Z(g,) = Z(9) (2.32)

by Eq. (1.5). By Cauchy-Schwarz,thisimplies
i [ [ gule)K (@ = w)hy) dady = [ [ g@)K(a - phty)dudy  @39)

n—0o0

for ary function b with Z(h) < oo. This meanghat K * g,, corvergesto K x g in the senseof
distributions. The sequence,, is uniformly boundedn L} by Eq.(2.21). Sincethe functionsg,

loc

aresymmetricallydecreasingwe canchoosea subsequencgstill denotedy g,,) suchthat

gn — ady+go weaklyinL;, ,and (2.34)
g — go pointwisea.e.. (2.35)

Herea > 0, §; is the Dirac massat theorigin, andg, > 0 is a symmetricallydecreasindgunction
with Z(go) < oo. It sufficesto shov a = 0. Tothisend fix any h € Cg°. Sincesup,,»; Z(gn) < oo,
Eq.(2.23)of Lemma2.4impliesthatthereexistsfor eachs > 0 anumberR > 0 suchthat

sup/ gn(2)| K x h(x)|dz < e . (2.36)
n>1Jiz >R
CombiningEqg. (2.36)with Eq. (2.34)shovs that

/[K xglh = lim [ gn(z)K xh(z)dx

n—oo
= lim lim gn(2)K * h(x) dx
R—00 n—o0 |z|[<R ( ) ( )
- /[K*{a50—|—go}]h.
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Sinceh is arbitrary we concludethat
K x{ady+go} =K g, (2.37)

whichimpliesthatady + go = g andg = gy, by the positive definitenes®f K. Pointwisecorver-
gencethenfollows from Eq. (2.35). This completegshe proof of thelemma. n

ProOF OF LEMMA 2.3. Applying Lemma2.5to the sequence’; of symmetricdecreasingear
rangementswe seethatEq. (2.17)implies Eq. (2.18). To seethat Eq. (2.19)implies Eq. (2.20),
we notethat

lim Z(f7) <Z(¢"), lim Z(fy) < Z(g") (2.38)
by Eg. (1.5), Similarly, usingfirst Riesz’ rearrangemennequality and thenthe continuity with
respecto thenormdefinedby the positive definitequadratidorm Z

Tim [ fo(2)K (2 — ) [ (y) dudy < / 9"(x) K (x — y)g"(y) dady . (2.39)
Addingtheinequalitiesn Egs.(2.38)-(2.39)ields

Tim Z(f,) < Z(9) , (2.40)

with equalityonly if Egs.(2.38)-(2.39holdwith equality Thisprovesthesecondlaim.m

3 Convolution integrals

3.1 Confinementto a ball

Lemma 3.1 Let Z be the corvolution functional definedin Eq. (1.1), with somesymmetrically
deceasingkernel K. Let f be a nonngative measuable functionthat vanishesat infinity, and
assumehat the symmetricallydeceasingrearrangementf* is supportedon a ball of radius R,

andsatisfiesZ(f*) < oco. For any R; > 2R, there existsa translation7” sud that

T(7) - 201) > (Kem) - K () ( [, e &) @)
PrRoOOF. We decompos¢hekernelas
K = [K — K(2Ro)], + min[K, K(2R,)] . (3.2)

Sinceboth summandsare nonngative and symmetricallydecreasingRiesz’ rearrangemeni-
equalityimplies

() - 2(f) = //f*(m)f*(y) min[K (z — y), K (2Ry)] dzdy
- / / f(@)f(y) min[K (z —y), K (2Ro)] ddy (3.3)
0.

>
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Thefirstintegral on theright handsideof Eq. (3.3) canberewritten as
/ / F(2) f*(y) min[K (z — ), K(2Rg)] = / F(2)* (9) K (2Ro) dady
= /f K(2Ry) dzdy , (3.4)

wherewe have usedthat f is supportecn theball of radiusR, in thefirst step,andthe equimea-
surabilityof f with f* in thesecondlInsertingEg. (3.4)into Eq. (3.3), we obtain

()~ I(f) > / / F(@)f(4) {K(2Ro) — min[K (2Ry), K (x — y)]} dady

> {K(R) - K(R)} [ [ @) Uamsion, dody (35)
Lettingh(y) = [ f(2)1z—y>r, dz, by themearvaluetheoremwe deducehatthereexistsapoint
Z sothat
/f y) dy > h(zo) /f (3.6)
We thusobtain

I —1(f) > {K(2R) - K(R))} / F(y) dy x / (@)L aor, de

> {K(2Ro) - K(Ry)} ( [ r— dx)2 | a.7)

Setting? f(x) = f(xz + z) completeghe proof. |

3.2 ldentification of the limit

Lemma 3.2 Let f,, bea sequencef nonngativefunctionsin L?, andletZ beasin Eq.(1.1),with
a symmetricallydeceasingkernel K that vanishesat infinity. If f, — f and f — g in L? for
somefunctionsf and g, then

Z(f) < Z(g) - (3.8)

If K is strictly symmetricallydeceasingandZ(g) < oo, thenequalityin Eq. (3.8) impliesthat
there existsa translationT sudthat7' f = g.

PROOF. For ary nonngative functionh € L?, we have
/fh = lim [ f,hdzx < lim [ frh"dx = /gh* dz . (3.9)
n—00 n—r00

Sincef and f* areequimeasurablét, follows from the bathtubprinciple that

/ ffdx = sup / frdx = sup / fdx < / g(z)dx (3.10)
|z|<R A:Vol(A)=wm R™ A:Vol(A)=wm R™ J A |z|<R
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forary R > 0. Applying thelayercake principlewe concludethat

/f*h < /ghdx (3.11)

for every symmetricdecreasingunction h. If A is strictly symmetricallydecreasing@ndtheinte-
gralsarefinite, thenequalityin Eqg. (3.11)canoccuronly for f* = g.
It followswith Riesz’rearrangemenhequalitythat

I(f) < I(f*) < / FE xgde < T(g), (3.12)

wherewe have appliedEq. (3.11)twice, with firstwith ~ = K % f* andthenwith h = K x g. If K
is strictly symmetricallydecreasingthenequalityin the Rieszrearrangemennequalityimplies
thatthereexistsatranslation” suchthatT f = f*. FurthermoresinceK * f* andK * g areagain
strictly sphericallydecreasingequalitythe laststepof Eq. (3.12)impliesthat f* = ¢g. ®

3.3 Proofof Theorem1

Let f,, g, and K beasin the statemenbf thetheoremandassumdor the momentthatthe func-
tions f,, areuniformly boundedandthattheir symmetricdecreasingearrangemen@resupported
in aball of radiusR. By Lemmag3.1, thereexistsa sequencef translations/;,, suchthat

I(f5) — Z(fa) \"*
/|I|Z3RTnfn(x) dz < (K(2R) — K(3R)> — 0(n— o0). (3.13)

Since|| T, f»||2 = ||/;]|3 is uniformly boundedthe sequencd’, f,, is weakly compactin L?, that
is, thereexistsa subsequencegaindenoteduy f,, andafunction f with

Tofn — f(n— o00) (3.14)

in L2. In light of Lemma3.2, the valueZ(f) is finite. Our goalis to shov Z(T,.f, — f) — 0 as
n — oo. To thisend,fix ¢ > 0, andsplit

K:Kl|z|<5+K1‘z‘25 =K, + K, (3.15)

sothat
I(Tufn—f) = / (Tnfn — [)Kex (T fn — f)dx (3.16)
|z|<3R
|z|>3R

By the Hilbert-Schmidttheoremthe sequencd (K * Tnf,’;)l‘ngR}nzl is compactn L2, and

(KC * Tnfn)1|:c|<3R — Kc * f1|$|<3R (7’L — OO) . (318)
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Thereforethefirst termon theright sideof (3.17)goesto zero. On the otherhand,for the second
andthethird termsontheright, noticethat

|z|>3R

by Eq. (3.13).Furthermore,

/Tnfn(ﬂf)Ks * fu () dz < [ fallool| fal 2 K(z) dx (3.20)

|z|<e

which can be madesmall by choosinge small. CombiningEgs.(3.14)-(3.18)and by Cauchy-
Schwarz, we concludethatZ(7,, f,, — f) — 0. SinceZ(f) = Z(g*) by assumptionLemma3.2
impliesthatT, f = g for sometranslation’y. Thuswe have shovn that

inf Z(Tf, — g) < I(TyTufu — ) — 0 (n — o0) (3.21)

at leastalonga suitablesubsequenceSincethe limit doesnot dependon the subsequencehis
provesthe claim in the specialcasethat the rearrangementg; are uniformly boundedand sup-
portedon acommonball.

Givenasequencef functionsf,, which satisfythe corvergenceassumptionsf the theorem.
If the functionsf,, andg arenot uniformly boundedor have level setsof large measurewe write
themasa sumof slices, f, = f2 + f* andg = ¢* + g%, accordingto Egs.(2.3)-(2.4),where
R > 1 is alarge numberthatwill be chosenbelowv. By Cauchy-Schwarz, andusingthat7'f,, is
equimeasurablwith f,,, we canestimate

inf Z(T f, — g) < 3{inf Z(Tf, — ¢") + Z(f) + Z(¢")} - (3.22)

By Lemmaz2.1, the functions f? are uniformly bounded,and by construction their symmetric
decreasingearrangementaresupportecbn the ball of radiusR. By Lemma2.3, thefunctions f?
satisfythe assumption®f of the theoremaswell, with g replacedby ¢°. We have shavn in the
first partof the proofthat

lim inf Z(Tf> — ¢") = 0. (3.23)

n—oo T

Furthermoreby Lemma2.3, we have

lim Z(fY) = Z(g") . (3.24)

Takinglimits in EqQ. (3.22),we obtain
lim iITlfI(Tfn —g) <6Z(g"). (3.25)

n—o0

Sincetheright handsidecanbemadearbitrarily smallby choosingR largeenoughthis completes
the proof. n
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V(1)

%=t

Figure2: Proofof Lemma4.1. The perimeterof the setis atleastaslarge asthe perimeterof two ballsof sizeV'(t)
andVp — V(t), minustwice theareaof theinterface.

4 Convexgradient functionals

4.1 Confinementto a ball

We begin with a lower boundfor the isoperimetricdeficit in termsof a volume integral. The
following lemmacanbe obtainedasa corollary of a quantitatve isoperimetrianequalitydu to R.
Hall [21]; for the corvenienceof the reader we give herea direct proof. Denoteby Vol(A) the
m-dimensionalLebesgueneasuref asetA C R™, andby Per(A) its perimeter

Lemma4.1l If A C R™ hasfinite perimeterthen

Per(A) — Per(A*)
Per(A*) = R2m//1{|x y|>Bm R} dTdy, (4.1)

whee R is theradiusof A*, a,,, = (2V/™ — 1) /4mw?,, and B,, = —4/mlog(1 — 271/™),

ProoF. We will useasimplifiedversionof Hall’s agumentto shav thatall but a fraction of the
volumeof A canbeenclosedn alargeboxin R™, andusethatto boundtheintegralin Eqg. (4.1).

Sincethe right handsideof Eq. (4.1) is boundedabove by (2/™ — 1)/(4m) < 1/2, we may
assumeawithout loss of generalitythat (Per(A) — Per(A*))/Per(A*) < 1/2. Let V(t) bethe
volumeof A to theleft of thehyperplaner; = ¢, seeFig. 2. We mayassumehaty(0) = 1/2, that
is, half of the volumeof A lies in the negative half-space.Applying the isoperimetricinequality
to the partsof A on eitherside of the hyperplaner; = ¢, andsubtractingtwice the areaof the
interface,we obtainfor the perimeterof A

Per(A) > mwn, ({@}H/m + {VOZ(A)m_ Vo) }H/m) —2V'(t). (4.2)

W w
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Lety(t) = V (t)/Vol(A) bethevolumefractionof A to theleft of the hyperplaner; = ¢. Using
thatVol(A) = w, R™, Per(A*) = mw,, R™~*, andsolvingfor y', we obtain

2R 1-1/ 11 Per(A) — Per(A*)
—y' () > m 1-— m—1- 4.3
—y(t) 2y +(1-vy) Per (A7) (4.3)
We next usethe concaity of thefunctionu — u'~ /™ to seethat
1—(1— 1-1/m 1—1(1/2 1-1/m
y 1/2
solongasy < 1/2. InsertingEq. (4.4)thisinto Eq. (4.3),it follows that
2
2By > gty (4.5)
m
solongas
Per(A) — Per(A*
er(4) — Per(4") _ y<1/2. (4.6)

{2V/m — 1} Per(A*) —
Sincetheright handsideof Eq. (4.5) is strictly positve, we canseparate/ariablesand obtainby
directintegration

Y2 1 . -
=t < 2R /y iy = 2R (~log(1 = 5™) +log(1=y™) - (47)
1

provided Eq. (4.6) holdsfor ¢ € (t1,t,). Pluggingin y; = % > 0,9, = 1/2 and
ts = 0, we concludethatall but afractiony; of thevolumeof A liesto theright of the hyperplane
t = 2Rlog(1 — 271/™). Repeatinghe argumentfor the right half of A andfor the otherm — 1

coordinatedirections,we seethatall but a fraction2my; of thevolumeof A is containedn abox

of sidelength—4R log(1 — 2~*/™). Sincethe diameterof this boxis /3., R, it follows that

R*™ Per(A) — Per(A¥)
1, dady < 2(2my,)Vol(A)? = : 4.8
/A/A {la—y|>pmry dxdy < 2(2my;)Vol(A) Per (A7) (4.8)

Qm

asclaimed. |

Lemma4.2 Let F be a nondeceasingcornvex function on Rt with F(0) = 0, defineJ by
Eg. (1.3), and assumehat f is a nonn@ative functionon R™ with J(f) < oco. Assumehat
the symmetriadeceasingrearrangementf* of f is supportedn theball of radius R. Thenthere
existsa translationT” sud that, for anye > 0,

Om

2
J(f)=J(f*) > W(f*) ((J(min(f*,g)) /scz,BmR 17f(@)>e da:) ) (4.9)
whee o, and 3,, are definedn Lemma4.1.
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PROOF. Thecorvexity of F' implies,via theco-aredormulaandJensers inequality that

() > / " Per({f > h)G (F'()]) dh, (4.10)

whereG(z) = zF(z™!) is a nonngative, nonincreasingnd corvex functionon R™, r(h) is the
radiusof theball {x € R™|f* > h}, andr'(h) is its derivative from the left [18, Egs. (33)-35).
(Note that the corvexity of F'/? assumedhereis obsolete,see[31, Proposition4.1].) We set
G (|7'(h)]) = 0if hisasingularvalueof f* . SinceEq.(4.10)is anidentitywhenf = f*, we have

=12 [ [Pert(f > m) = Per((f* > DIG () dh. (@11)
Applying Lemma4.1to theintegrandresultsin

J(F) = J(F7)

(o] P £
> i / erf” > ) g / / 1o yosp dodydh  (4.12)
T(h) " )>h J f(z)>

min(f(z),f(y)
- R2m //lm y|>BmR / Per({f*> h})G(|7'(h)]) dhdzdy .

In the secondstep,we have exchangedhe orderof integrationand usedthatr(h) < R by our
assumptioron the supportof f*. To simplify notation,set

t
i(t) = J(min(f*, 1)) = /0 Per({f* > h})G(1r'(h)]) dh. (4.13)
Clearly, '
mini (1)) < 2 (4.14)
andEq.(4.12)implies
) =T > g [ [0 @) emyosarit @) oty (815)
It follows asin the proof of Lemmag3.1thatthereexistsatranslationl’ suchthat
2
(67
J(F) = J(f*) > ——™ (T dr ) . 4.16
=907 > g ([ i@r(e) o) (4.16)
Theclaimfollows by estimatingfor any ¢ > 0,
/ _](Tf(ﬂi)) dx > ](E)/ 1{Tf(m)25} dx. (417)
|z|>Bm R |z|>Bm R
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4.2 Identification of the limit

Lemma4.3 Let {f,},>1 be a sequencef nonngative functionsin W'(R™) andlet 7 be a

gradientfunctionalof the form givenin Eq. (1.3), with F' strictly corvex andincreasing Assume
that f, — f in L'. Assumdurthermoee that the rearrangementsf; are supportedon a common
ball andcorverge weaklyto somesymmetricallydeceasingfunctiong € Wh! with 7(g) < oc. If

J(fn) = T(g) thenf € Whl and J(f) = J(g). If thedistribution functionof g is absolutely
continuousthenT f = g for sometranslation?'.

PrROOF. It is well-known thatary convex increasingunction F' with £'(0) = 0 canbewrittenin
theform

1] o'}
Ft) = / / Locr <n dv(7)dh = / (t—7)y du(r) | (4.18)
0 0
wherethemeasure is definedon R* by thederivative of F' from theleft,
v([0,h)) = F'(h). (4.19)

SinceF is strictly corvex, v assigngpositive weightto every intenal of positive length. By as-
sumptionlim J(f,) = J(g), thatis,

lim /Ow/(\an|—T)+dxdy(T) :/OOO/(|Vg\—T)+dxdu(T). (4.20)

n—oo

Sincefor everyt > 0,

lim [ (|Vfa] - 7')+dx > /(|Vg| — 7')+dx (4.21)

n—oo

by Eq. (1.6),we concludethat

lim (\vfn|—T)+dx:/(\vg\—r)+dx (4.22)

for almostevery r > 0 atleastalonga subsequenc@gaindenotedoy f,,). By by continuity and
monotonicityin 7, Eq. (4.22)holdsfor all = > 0. For ary a > 0, thesequence

V a1V a|<a} (4.23)

is uniformly boundedn L' N L>* andhenceweaklycompactn L. Theremaindeiis boundedy
/|an|lvfn>ada: < 2/(\an| — a/2)+dx — 2/(\Vg| — a/2)+ (n—=o00), (4.24)
wherewe have usedthatt < 2(¢t — a/2) for t > a in thefirst step,andEq. (4.22)in the second
step. Thelastterm canbe madesmall by choosinga sufficiently large, andwe concludethatthe

sequencd’ f,, is weaklycompactin L!. Choosinga subsequencégaindenotedoy f,,), we may
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assumehatV f,, — zin L. By theuniquenessf weaklimits, we have V f,, — V £, proving that
f € Whi, By the continuity of the symmetricdecreasingearrangemerih L',

ff=1lm ff=g. (4.25)
Since
T(f) < I(f) < lim T(fa) = T(9) (4.26)
it follows that 7 (f) = J(f*). If thedistribution function of ¢ is absolutelycontinuousthenthe
Brothers-ZiemetheoremimpliesthatT f = ¢ for sometranslation?” [18]. n

Lemma 4.4 Let F' bea nondeceasingstrictly cornvex functionwith F'(0) = 0. Considera (vector
valued)sequencef functionsz, € L}, .(R™) sud that 2z, corvergesto somelimit z weaklyin

lim [ F(z)) de = / F(|2]) dz < oo, (4.27)
n—o0 Rm™ m
then .
nh_)r{)lo - F(i\zn—z\)d:r =0 (4.28)

PrROOF. It sufficesto shaw thatundertheassumptionsf thelemma,thereexistssubsequence
corvemging pointwisea.e.to z. Thisleadsto Eqg. (4.28)by anapplicationof Fatou’s lemmato the
sequencef nonngative functions

F(|za]) + F(|2]) |20 — 2|
2 B F(T) 2 0.

By an approximationwith boundedsets,we may assumehat z, — z in L'(R™). To shav
pointwisecorvergencefix a > 0, andconsidertherestrictionof the functionsz, to theset{z €
R™ : |2(z)| < a}. It follows from the corvexity of F that

lim Flz)) dz > / F(|2]) dz (4.29)
n—00 J|z(z)|<a |2(z)|<a
lim F(lzl)dz > / F(|2]) da (4.30)
n—00 J|z(z)|>a |z(z)|>a

Adding thetwo inequalitieswe deducdrom Eq. (4.27)that

lim F(|z]) dz :/ F(l2]) dz (4.31)
|2(z)|<a |z(z) <a

n—oo

Ontheotherhand sincez, cornvergesto z weaklyin L*,

lim F'(|2]) 2 (20 — 2) dz = 0 (4.32)

n=% J|,(2)/<a z|
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everywhere We concludethat

lim F(|za|) = F(|2]) = F'(|2]) — (20 — 2) dz = 0. (4.33)

z
700 J 2(a)/<a 2]
Sincethe integrandis nonngative by the corvexity of F', it corvergesto zero pointwisealmost

everywherein theregion where|z(z)| < a. By strict corvexity, the sameis truefor the sequence
|z, — z|. Theproofis completedby takinga — oc. n

4.3 Proofof Theorem?2

Assumefor the momentthatthe functionsf,, areuniformly boundedandthattheir symmetricde-
creasingearrangements; aresupportecntheball of radiusRk for someR > 0. By Lemma4.2,
thereexistsa sequencef translationsl;,, suchthatfor any choiceof ¢ > 0,

g

2
T = 1) > s (Tt e) [ dpeede) @30

whereq,,, andg,, dependonly onthedimension.

The sequencd, f, is clearlyweak-* compactin W'!. CombiningSoboler with Holder, we
seethat the sequencd’, f,1 <3,z IS compactin L? for all 1 < ¢ < co. Choosinga further
subsequencaye may assumehat? f, 1 ;<5 — [ in L*. To estimatethe partof T, f,, outside
theball of radiusg,, R, we usethatfor ary & > 0, J (min(f},¢)) — J (min(g,¢)) # 0, and

lim l{Tnfn(w)>6} der =0. (435)
0 S |a|>Bm R

Ontheotherhand,

UL fu@)<e} < / Lifi(@)<ep < ewm ™ (4.36)

|z|>Bm R

Takingfirst n — oo andthens — 0 showsthat

nh_{go [(T0fn) Ligj>pmrll1 = 0, (4.37)
T, f, is compactn L' (andby uniform boundednesslsoin L4 for 1 < ¢ < oo). Thisimpliesthe
claimin thecasewhen F'(t) = |t|. If F is strictly corvex, thenwe may apply Lemma4.3to the

sequencé, f,, to seethatimpliesthatthereexistsatranslatiorily suchthat7, f = g. We conclude
with Lemma4.4that

inf 7 (517 ~9)) < T (5TTof ~9)) — 0 (n = o0). (4.38)

This completesthe proof in the casewherethe functions f,, are uniformly boundedand their
rearrangementsresupportedn acommonball.
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Considernow the generalcaseof a sequencef functions f,, that satisfythe assumptionsn
Egs.(1.10)and(1.11). For R > 1 to be determinedbelon, decomposehe functionsinto slices,
o= f2+ f¥ g=g"+ g% asin Egs.(2.3)-(2.4).By Lemma2.2,thefunctions ! alsosatisfythe
assumption®f the theoremwith ¢° in placeof g. By Lemma2.1,they areuniformly bounded,
andby constructiontheir symmetricdecreasingearrangementg:® are supportedn a common
ball.

If F is strictly is strictly corvex, we estimate, for arny translationT’,

1
1(3n-a) <o (jan-) + (jan-9) (4.39
We showvedin thefirst partof the proofthat
o1
Tim 1IT1f<§(T £ gb)> —0. (4.40)
For thesecondermwe use
1 1
T sup 7 (5712 - 0") < 5 (I JU2) + (%) < T(0"). (4.41)
It follows that
iyt 7 (57— 0)) < 76, (4.42)

which canbe madeassmallaswe pleaseby taking R — oo.

If F(t) = |t|, we have shavn in the first part of the proof that there exists a sequencef
translatlonssuchthat ft is compactin L'*'/* andV £,T,, is tight in L. Moreover, as R goes
becomesrbitrarily small. HenceHVf#Hl areuniformly smallwhich implies
Hfﬁflhﬂ/n aresmallby Sobole. We thusconcludethatT,, f,, is compactn L'*'/" andVT,f, is
tightin L!. This completeshe proof. n

5 Applications

In thissectionweillustratehow to useTheoremdl and2 to establistthatall minimizing sequences
for somevariationalproblemconverge up to the symmetrieof thefunctional.

5.1 Dynamical Stability of gaseousstars

We will give a proof of the recentnonlinearstability resultsof G. Rein [14] on gaseousstars.
Considera self-gravitating starwhich satisfieshe compressiblé-ulerPoissorsystem:

pou+ p(u-Vju = —=VP(p)—pVV, , (5.1)
AV = Admp
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with theboundaryconditionlim, _,, V (¢, z) = 0. Herep(t,z) > 0 andu(t, z) € R® arethemass
densityandvelocity field of agaseoustar and

V,(t,z) = - / &~y plt,y) dy (5.2)

is the correspondingravitational potential. For simplicity, we assumehat the pressureas given
by P(p) = p”. Theenengy functional

E(t) = %/\U\deﬂ ﬁ/ﬂ”dm — %//p(:v)\w —y[ 7 p(y) dzdy (5.3)

isformally conseredunderthemotiongeneratethy Eq.(5.1). A family of steadystatess obtained
by minimizing thetime-independerfunctional

H(p) = {ﬁ [ o= [ [ otaria =l oty daay | (5.9)

subjectto the massconstraint
/p(x)dx =M. (5.5)

A minimizeris givenby
po() = c(y) [Bo — Voo ()]} (5.6)
where E, < 0 is a Lagrangemultiplier associatedvith the massconstraint,and V,,, (z) is the

potentialinducedby p, throughEg. (5.2). The minimizeris uniqueup to translation. The main
resultin [14] is thefollowing.

Theorem[14] For v > 4/3, thesymmetricsteadystatesolutionp,(x) is dynamicallystableup to
translationsamongpossibleweaksolutionswhich satisfyboththe massconservatiornin Eq. (5.5)
andan enegy inequality E(t) < E(0).

Here,thedistancerom p, is measuredy

dp.m) =~ 107 = 3+ (Vi = o) o= o)l 2 0. (5.7)

The crucial partis to establishthat for any minimizing sequence,,, thereexists a sequencef
translationsl}, onR® suchthat

seeTheoreml in [14], andsimilar agumentsan stablegalaxyconfigurationsn [9-12].

PrROOF. Denoteby
2(9) = [ [ ota)ia — 1 oly) dady = | [VV;| 3 5.9
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thegravitational potentialenegy associateavith the massdistribution p.

Stepl. Compactnessef symmetricminimizing sequence®llowsfrom [13,Lemma4.1]. It is
shawvn therethat (5.8) holdswith no translationsxeededor any symmetricminimizing sequence,
thatis,

lim Z(pn — po) =0. (5.10)
As amatterof fact,thesplitting andscalingargumentusedn theproofleadsto anapriori estimate
for theradiusof py(z), of theform |z| < —%, with anexplicit negative constant:,.

Step2. Givenageneramminimizing sequence,, with lim,, ., [ p, = M. Usingtheequimea-
surability of p,, with p andthe Rieszrearrangemerihequality we seethatthe sequenc®f sym-
metrizations;, is againa minimizing sequenceandthat

lim Z(p,) = lim Z(p;,) = Z(po) - (5.11)
By Stepl,
li_>m Z(p;, —po) =0. (5.12)
Sincethe Coulombkernelis strictly symmetricallydecreasingndpositive definite,Eq. (5.8) fol-
lows directly from our Theoreml. [ |

5.2 Maximizing sequencesor the HLS functional

We will shov how to use Theoreml to shav that all maximizing sequencegor the Hardy-
Littlewod-Sobole inequality corverge up to scalings,translations,and phasefactors, as first
provedby Lions[7, 8]. TheHardy-Littlewood-Sobolg inequalitystateshat

)= [ [ f@e-y sty < 1mpliflz, 2+2-2 (613

for any complex-valuedf in LP(R?). Both thefunctionalZ andthep-normareinvariantunderthe
translationby vectorse € R™ andscalingby factorse > 0

Tf(z)=f(x—a), Sf(x)=0™"f(z/0). (5.14)
Thesharpconstant
I(m,p) = H?Huglill-(f) , (5.15)
wasdeterminedy Lieb in [4]. It is achiezedfor
9 m/p
g(z) = (TW) ; (5.16)

in fact, g is the uniquesymmetricallydecreasingptimizerof Eq. (5.15) with fm<1 g(x)Pdx =
1/2 [26] [Theorem4.3,Lemma4.8].
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Lieb’s identificationof the optimizercombinedthe conformalinvarianceof Eq. (5.15andthe
sharpRieszrearrangemenhequalitywith a subtlecompactnesargument.The mostdirect proof
of thesharpHardy-Littlewood-Sobole inequalityuseghecompetingsymmetriesechniqueo con-
structspecialmaximizingsequencewith goodconvergencepropertiesthussidesteppinghecom-
pactnessssue[32, 33, (see[26, Theoremd.6]). In fact,all maximizingsequencefor Eq. (5.15)
cornvergeto g up to suitablescalingstranslationsandmultiplicationby phasefactors:

Theorem[7] For everysequencef functionsf,, satisfying
[fally =1, lim Z(f,) = Z(9) (5.17)
there exist sequencesf scalingssS,,, translationsT;,, and phasefactors ¢’ sud that

lim Z(e“"T,S, f. —g) =0, lim €T, S, fn —g) = 0. (5.18)

n—oo

PROOF. Stepl. Althoughit is notexplicitly statedthere Lieb shavsin hisproofof themaximality
of g thatevery maximizingsequence®f symmetricallydecreasindunctionsg, for corvergesto g
upto scalingd4, p. 536]. In otherwords,thereexistsa sequencef scalingsS,, suchthat

nli_)H;oHSngn_ng: 0. (519)

SinceZ is continuousin L? by the (non-sharpHardy-Littlewood Soboler inequality it follows
that
lim Z(S,fn—g)=0. (5.20)
n—o0

Thecompactnessf symmetricminimizing sequencesp to scalingcanalsobe showvn directly, by
usingthe splitting andscalingtechniquedevelopedin [12].

Step2. Considera generalmaximizingsequence®f nonn@ative functionsf,,. Clearly f is
againa maximizingsequenceBy Step1l, thereexistsa sequencef scalingssuchthatZ (S, f;; —
g) — 0. Sincef, is amaximizingsequenceye have

lim 7(f,) = lim Z(fy) = Z(g) - (5.21)
Sincethekernel K (z — y) = |z — y|™ is positive definiteandsymmetricallydecreasingwe may
apply Theoreml to thesequencé,, f,, to obtainasequencef translationsuchthat

lim Z(T,,Snfn — g9) = 0; (5.22)
n—oQ
in particular S, T, f, — g pointwise almosteverywhereat leastalong suitablesubsequences.
Sincelim, . [|full, = 1 = ||gl|,, it follows from the characterizatiorof the missingtermin
Fatouslemmathat

Tim || fu TS0 o = 9llp =0 (5.23)
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Conclusion. For a generalmaximizing sequencef real-value functions, it is easyto see
that there exists a subsequencalongwhich eitherthe positive parts|f,,], or the negative parts
[fn] - form againa maximizing sequenceand that the other part corvergesto zero. Similarly,
Schwarz’ inequality implies that the real and imaginarypart of a comple-valuedsequenceare
againoptimizingsequencesndthattheir ratio corvergesto a constant. [ |

5.3 Minimizing sequencesgor the Soboles inequality

Finally, we shaw the correspondinggompactnesgesultfor minimizing sequencesf the Sobole
inequality. The Sobole inequality boundsthe norm of a function in L? by a corresponding
gradientnorm,

m
P p*zip,lgp<m. (5.24)
m-—p

()= [ IViPds > Jmplf

Thefunctionalandthe p*-normareinvariantundertranslationby vectorse € R™ andscalingby a
dilationfactorso > 0

Tf(x)=f(z—a), Sf(z)=0"""f(z/0). (5.25)
Thesharpconstant
J(m,p) = sup J(f), (5.26)
I =1
wasdeterminedy Talenti[2] andAubin [3]. Forp > 1 it is assumedor thefunction
1 p*/p
0o = () >:20)

wherea and arepositive constantsleterminedy the valuesof ||g||,+ andfm<1 g* . Forp =1,

J(m, 1) is theisoperimetricconstantn R™, whichis notassumedh W' but by thecharacteristic
functionof aballin BV. Theoptimizeris uniqueup to scaling,translationandmultiplication by
constants.

In their proofs, Talenti usesthe rearrangemenhequalityfor corvex gradientfunctionalsand
Aubin usesthe isoperimetricinequality to reducethe variationalproblemto radially decreasing
functions,andthenanalyzethe ordinary differential equationassociatedvith the resultingone-
dimensionalproblem. In the specialcasep = 2, Eq. (5.26 is againconformally invariant,and
the competingsymmetriesechniquequickly yieldsthe optimizers.A recentproof, usingoptimal
transportechniquesavoidscompactnesssuesaltogetherWe will give a proofthatfor p > 1, all
minimizing sequencesorverge up to scalingstranslationandmultiplicationby phasefactors.In
thecasep = 1, theminimizeris afunctionof boundedvariation,but the minimizing sequencstill
hassometightnessproperties.

Theorem[7] Givena sequenceffunctionsf, € W with

Ufallo =1, lim J(f,) = J(m.p). (5.28)
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1. If p > 1, there exist sequencesf scalings,S,, translationsT},, and phasefactors e?» sudh
thatthe sequencelefinedby satisfies

nh_{go ||77nTnSnfn - g||p =0, nh_{go j(nnTnSnfn - g) =0. (5.29)

2. If p = 1, there exist sequencesf scalingss,,, translationsT},, and phasefactors e??» such
thatthesequencef gradientsV{e?~ T, S, f,} is tightin L' andthesequence®-T,,S, f, is
compacin Ln»-1.

PrROOF. Stepl. Let g, beasequencef symmetricallydecreasindunctionswith || g,
lim J(g,) = J(m, p). By scaling,we mayassumehat

* %k 1
/ @ = / @ =1 (5.30)
o<1 jo[>1 2

Choosinga subsequenceye may assumehat g,, corvergesweaklyin Wi» (orin BV if p = 1),
andin L”" to somesymmetricallydecreasindimit functiong € WP, Sincethe g, aresym-
metrically decreasingthey alsoconverge pointwisealmosteverywhere.Clearly, ||g Zi < 1and
J(g) < J(m,p).

We want to show that g, canconcentrateneitherat || = 0 nor at [z| = oco. Let X bea
symmetricallydecreasingsmoothcutoff function with valuesin [0, 1], satisfyingXx’(z) = 1 for
|z| < 1andX(z) = 0 for |z| > 2. For R > 2, we split g,, into threeparts,

g(x) = X(Ra)g(z), ¢'(z) =X(z/R)g(z), ¢°=g-9¢"'~9, (5.31)

andcorrespondinglyfor the functionsg,. It follows from the uniform boundsin LemmaZ2.1 and
the pointwiseconvergencethat g¢ — ¢¢ stronglyin L for all ¢ > 1, andthatg? — ¢ stronglyin
L7 forall ¢ < p*. Let

» =1land

*

0L (R) = ||gt|5. . 6n(R) = ||gh| 1% . (5.32)

We compute
) = [Nords > [ 12(/R-2(R0)Va da (5.39
+/|X(R:c)Vgn|”d:c+/|(1—X(x/R))Vgn\” dx .
Usingthe productrule andthedefinitionof 7, thefirst termon theright handsideis estimatedy
[1X@/B) - X(R) V0, dz > T(65) - [ (RIVA(Ra) |+ R [V 2/ B))g da

> (1= 65(R) = 65(T))"" J(m, p) — C (R + 2waga(R)) |

wherethe constantC' dependsnly on the cutoff function X. We have usedthe definition of the
sharpSobole constant/(m, p) to estimatethefirst term, Holder's inequalityfor the secondand
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thefactthat g,, is symmetricallydecreasindor the third. The secondandthird termson the right
handsideof Eq. (5.33)aresimilarly boundedbelow by

/ X (Re)Vgaldz > (65(R))"" J(m,p) — CRVP (5.34)
/ (= X(2/R)Vaglde > (0.(R)" J(m,p) — C2wsg(2R).  (5.35)
Insertingtheseestimatesnto Eq. (5.33)andtakinglimits, we deducehat

Tim {1— (1= 65(R) — 0 (R))"" + (64(R))"" + (6,(R)"™ |} = 0 (R~ 0) . (5.36)
We have usedthatlim (7 (g,) = J(m, p), andthatg, corvemgesto g pointwise.Sinced’ (R) < 1/2
and@; (R) < 1/2 for all R > 2 by our choiceof scaling,the strict convexity of the function
t — t?/?" impliesthat -
lim {0(R) + 0, (R)} = 0 (R—0). (5.37)
n—oo
It follows thatg, — g stronglyin LP", andconsequently|g|[,» = 1. By the definition of the
optimal constantJ(m, p) and Fatous lemma, we have [|Vy|[p = J(g9) = J(m,p), andVy,
convergesto Vg stronglyin LP. Thusg is anextremalfor the Sobole inequality andis givenby
Eq. (5.27),with o and 5 determinedy

lg[lp- =1, / 9" :%- (5.38)
lz|<1

Sinceall suitablyscaledsubsequencesornverge to the samelimit, the entiresequenceorverges

togin L?(p > 1), asclaimed.For p = 1 we usethat||g gi = 1 andlim J(g,) = J(1,p) which

Vg, — Vg weaklyin measure.

Step2. Considera minimizing sequencef nonngative functionsf,,. Clearlythe symmetric
decreasingearrangementg’ form againa minimizing sequencelf p > 1, by Step1, thereexists
asequencef scalingssS,, suchthatlim,, , [|S.fr — gll = 0, lim, oo T(Sufi —g) = 0.
For p > 1, thelimiting function g is strictly symmetricallydecreasingstrictly positve, andhas
a continuousdistribution function. By Theorem?2 appliedto S, f,,, thereexists a sequencef
translations;,, suchthat

It follows from the Sobole inequalitythat

lim ||7,S,|ful — gl = 0. (5.40)

n—0o0

Ontheotherhand,if p = 1, wethenhave J(S, f¥) — J(g) andlim,_,, ||Spfr — g

we canapplythe secondoartof Theorem?2.
Conclusion.Forageneratomple-valuedminimizing sequenceheclaimfollowsby splitting

thesequencénto it realandimaginarypartsandusingTheorem?.8[26]. n

» =0, and
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