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1 Intr oduction

1.1 Description of the problem

Lack of compactnessis the main analyticaldifficulty in the studyof functionalson unbounded
domains.Ever sincethe Straussradial lemma[1], it hasbeenwell-known that symmetryplays
animportantrole in understandingthecompactnessin suchproblems.For many symmetricfunc-
tionals,theexistenceof minimizerscanbeestablishedby first restrictingtheproblemto radially
symmetricfunctionswith the help of a rearrangementinequality, and thenusing the additional
compactnessof symmetricfunctionsto find a convergentminimizing sequence.Particularexam-
pleswherethis strategy hasbeenusedarethedeterminationof thesharpconstantsin theSobolev
andHardy-Littlewood-Sobolev inequalities[2-4], andthedeterminationof groundstates[5]. On
the otherhand,it is alsoknown that certaindynamicalstability problemscanbe reducedto the
studyof relatedvariationalproblems[6]. Here, it is the compactnessof a arbitraryminimizing
sequences,not only theexistenceof theminimizers,thatplaysthekey role. In a seriesof famous
papers[7, 8], a generalabstractconcentrationcompactnessprinciple was introducedwhich has
leadto many applications.It shouldbepointedout thatin orderto applythisprincipleto establish
compactnessfor aspecificproblem,someadditionalanalysisis usuallyneeded.

In a seriesof recentinvestigationsof stablegalaxyconfigurations[9-14], a splitting trick is
combinedwith thecrucialscalingpropertyof theenergy functionalto establishcompactnessof all
symmetricminimizing sequences.This allows to constructsymmetricgalaxyconfigurations,and
to show thatthey aredynamicallystableundersymmetricperturbations.Therestrictedstability is
of interestin itself andhadbeenopenfor a longtime. In orderto show stabilityamongall possible
perturbations,anargumentin thespirit of theconcentrationcompactnessprinciplewasemployed
to allow for possibletranslations.

The objective of this article is to closelyexaminethe role of translationsfor minimizing se-
quencesvia elementaryknowledgeof their symmetrizations.We demonstratethat thedifference�
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betweenaminimizingsequenceandthecorrespondingsequenceof symmetrizedfunctionsis char-
acterizedby appropriatetranslations.In many cases,this impliesthatevery minimizing sequence
convergesstronglymoduloscalingsandtranslations.Besidestheinterestof ourresultsin classical
analysis,this characterizationalsosuggestsa a practicaltwo-stepprocedurefor proving compact-
nessonanunboundeddomain: Step1. Show compactnessof all symmetricminimizingsequences.
This implies theexistenceof minimizers;it is alsoa necessaryingredientin the proof that these
minimizersaredynamicallystableundersymmetricperturbations.Step2: Show compactnessup
to translationsfor generalminimizing sequences,assumingthat their symmetrizationsarecom-
pact. This implies dynamicalstability undermoregeneralperturbations.The main part of this
article is devotedto Step2 for two classesof functionalsthatappearin many applicationsof the
concentrationcompactnessprinciple. We hopethatour approachcangive anotherperspective on
concentrationcompactnessfor symmetricfunctionals.

1.2 Main results

Thefirst classof functionalsweconsideris givenby convolution integralsof theform�����
	���
�
�������	�����������	�������	 �!�"�!�"#
(1.1)

where
� $&%(')+*-, ��.0/1	

is a nonnegative symmetricallydecreasingfunction on 2 / . Riesz’ rear-
rangementinequalitysaysthatconvolution integralsgenerallyincreaseundersymmetricdecreas-
ing rearrangement[15, 16]. In particular���-�
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(1.2)

Here,
�

is a nonnegative measurablefunction that vanishesat infinity, and
� 4

is its symmetric
decreasingrearrangement.If either

�
or

� 4
is known to bestrictly symmetricallydecreasing,and���-� 4 	�8:9

, thenequalityin Eq. (1.2)canoccuronly if
�

is a translateof
� 4

[5, 17]. Thesecond
classconsistsof gradientintegralsof theform;<�-�
	=� 
?> �5@BA0�7@B	��C�D#

(1.3)

where
>

is anincreasingconvex functionon 27E with
> ��FC	=��F

. It is well-known that;G���
	(HI;<�-�J45	
(1.4)

for everynonnegativemeasurablefunction
�

on 2 / thatvanishesatinfinity. If
>

is strictly convex,;<�-� 4 	18K9
, andthedistribution functionof

�
is absolutelycontinuous,thenequalityin Eq. (1.4)

occursonly when
�

is a translateof
� 4

[18].
Weareinterestedin applyingtherearrangementinequalitiesin Eqs.(1.2)and(1.4)to sequences

of functions.Let
�ML

bea sequenceof nonnegative functionson 2 / thatvanishat infinity, andletN bea symmetricdecreasingfunction. It is easyto seethatboth inequalitiesarepreservedunder
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taking limits: Using Eq. (1.2) and the continuity of O with respectto the norm definedby the
positivedefinitequadraticform O , weclearlyhavePRQTSUWVYX O[Z�\J]U_^a`�b=c�d c
e PRQRSUfVYX O�Z-\ U b1g PTQRSUfVhX O�Z-\J]Uib7c O�Z `�b7j (1.5)

Likewise,combiningEq. (1.4)with Fatou’s lemmashowsthatPRQTSUWVYXlk Z�\J]U_^a`�b=c�d c
e PRQRSUfVYX k Z�\ U bnm PRQRSUfVYX k Z-\�]Uib(m k Z `�b7j (1.6)

Setting \ Upo \ and `Gc \ ] , we recover Eqs.(1.2) and(1.4). Our main result is thatequalityin
eitherEq.(1.5)or Eq. (1.6) implies,undersuitableassumptionson q , r , and ` , thatthesequence\ U convergesto ` modulotranslations.

Theorem 1 Let O bea convolutionfunctionalasgivenin Eq.(1.1),where q is a strictly symmet-
rically decreasingfunctionthat definesa positivedefinitekernelon s=t . Let ` bea symmetrically
decreasingfunctionon s�t with d<u O�Z `�bvu&w , and let xy\ U{zWUy|~} bea sequenceof non-negative
functionson s7t which vanishat infinity, with symmetricrearrangements\ ]U . Assumethat the
sequenceof symmetricdecreasingrearrangements\ ]U approaches̀ in thesensethatPTQRSUfVhX O�Z-\�]U�^�`�b=c�dvj (1.7)

If thevaluesof thefunctionalconverge to O[Z `�b alongthesequence,PRQTSUWVYX O[Z�\ U b7c O�Z `�b7� (1.8)

thenthe functions \ U converge to ` modulotranslations,in the sensethat thenthere existsa se-
quenceof translations� U on s t such thatPRQRSUfVYX O�Z�� U \ U ^a`�b=c�d�j (1.9)

Thepositivedefinitenessof q ensuresthat O�Z�\ ^�`�bYc�d only for \ c�` . Theassumptionis not
neededif thefunctional O�Z-\ b is replacedby O�Z5�B\7� b . Theclassicalequalitystatementfor Eq. (1.2)
is recoveredby taking \ Uvo \ and `�c \ ] .
Theorem 2 Let k bea gradientfunctionalof theform in Eq. (1.3),where r is a convex, strictly
increasingfunction on s�t with r�Z d!bGc d . Let ` be a symmetricallydecreasingfunction ons�t that vanishesat infinity and satisfiesd:u k Z `�b�u�w , and let xy\ UizWU�|~} be a sequenceof
nonnegativemeasurablefunctionson s�t which vanishat infinity, with symmetricallydecreasing
rearrangements\ ]U . Assumethat thesymmetricdecreasingrearrangements\ ]U approach ` in the
sensethat PRQTSUWVYXlk Z�\ ]Uv^�`�b=c�d_� (1.10)

andthat thevaluesof thefunctionalalongthesequenceconverge to k Z `�b ,PRQRSUWVYXpk Z�\ U b7c k Z `�b�j (1.11)

Thenthefollowingstatementshold.
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1. If � is strictly convex and the distribution function of � is absolutelycontinuouson the
intervalwhere it is finite andpositive, thenthereexistsa sequenceof translations��� on ���
such that �R�T��W�Y�l���n���� �"�!�W� ����¡�¢K£�¤�¥ (1.12)

2. If � ��¦ ¡§£ ¦ , thenthere existsa sequenceof translations��� such that �"�C�M� is compactin¨ª©©�«y¬ � ���[¡ and ­ � �"�!�W�!¡ is tight in
¨(® � ���¯¡ . If ��°�±�² is a limit of a convergent subse-

quence, then �J³´£K� , andall level setsof � areballs.

The purposeof the factor �Wµ � in Eq. (1.12) is to guaranteethat that

�R¶i·¹¸ � � ���M���º��¡¼»¾½ .
Thefactorcanbedroppedunderadditionalassumptionson � , in particularif � ��¦ ¡(£ ¦�¿ for someÀlÁ � or if � is linearlybounded.Theequalitystatementfor Eq.(1.4)dueto BrothersandZiemer
is againrecoveredby setting �M�vÂÃ� and �¼£��J³ .

In many applicationsto variationalproblems,assumptions(1.8) and(1.11)hold naturallyfor
minimizingsequences,while assumptions(1.7)and(1.10)arerelatedto compactnessfor symmet-
ric minimizingsequences.Theorems1 and2 provideweakboundsontheasymmetryof a function
in termsof thesymmetrizationdeficit Ä � �J³5¡=��Ä � �J¡ or � � �J¡7� � � �J³Å¡ : Setting ��³� £�� for all Æ ,
weseethatthesymmetrizationdeficitscanbesmallonly when �M� is closeto a translateof � .

1.3 Description of the proofs

Mathematically, our resultsareinspiredby so-calledasymmetryinequalities,which estimatethe
differencebetweena functionor a bodyanda symmetriconeby a relatedsymmetricfunctional.
ClassicalexamplesaretheBonnesen-styleisoperimetricinequalities,whichgive lowerboundson
theexcessperimeterof a planarset,ascomparedwith thediscof thesamearea,in termsof geo-
metricquantitiessuchasthe in-radius[19] (see[20]). Themostpowerful resultin thatdirection
is quantitative isoperimetricinequalitydueto Hall [21], which boundsthe symmetricdifference
betweena measurablesetanda (suitably translated)ball in termsof the isoperimetricdeficit (a
recentapplicationof this resultappearsin [22]). Relatedstatementshave beenproved for loga-
rithmic capacityin two dimensionsandfor thecapacityof convex setsin higherdimensions[23].
We arenot awareof estimatesfor the differencebetweenthe two sidesof Riesz’ rearrangement
inequalityin the literature,even thoughsuchestimatesarereadily obtainedfor the simplertwo-
point rearrangement[24, 25]. We expectthatasymmetryinequalitiesshouldhold for largeclasses
of symmetricfunctionals,includingtheCoulombelectrostaticenergy.

Our strategy for the proofsof Theorems1 and2 is asfollows. We first write eachfunction
asthesumof a boundedfunctionsupportedon a setof finite volume,anda functionwhosecon-
tribution to the functionalis negligible (Section2). To ensurethat this decompositioncommutes
with translationsandrearrangements,we usea well-known slicing techniqueclosely relatedto
the layer-cake principle [26, Theorem3.9]. In the secondstep,we considerthe symmetrization
deficitsÄ � �J³5¡Ç�lÄ � �
¡ and � � �
¡È� � � ��³5¡ for aboundedfunctionwhosesupporthasfinite volume
(Sections3.1and4.1).Weshow thatafunctionwith asmallsymmetrizationdeficitmustbealmost
supportedon a suitablytranslatedball whosesizewe control(Lemmas3.1and4.2). This is a key
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stepthat providessomebasiccompactness.It hasthe role that Lieb’s compactnesslemma[27]
hasplayedin many minimizationproblems(see,for example,[28, 29]). In the third step(Sec-
tions3.2and4.2),wepick subsequencesthatconvergeweaklyupto translations,andidentify their
weaklimits with thehelpof theclassicalequalitystatementsfor therearrangementinequalitiesin
Eqs.(1.2) and(1.4). This stepis motivatedby the missingterm in Fatou’s lemma[30] (see[16,
Theorem1.9]). Theproof is completedin Sections3.3 and4.3 by combiningthe threesteps.In
thefinal section,wediscusssomeapplications.

2 Preliminaries

2.1 Definitions and notation

Let É beanonnegativemeasurablefunctionon Ê�Ë . Wesaythat É vanishesat infinity, if for everyÌvÍ�Î
, the level set ÏWÐÒÑÒÊ Ë Ó ÉÕÔ�Ð�Ö Í�ÌÅ×

hasfinite measure.Thedistribution functionof É is
givenby Ø Ô Ì Ö�Ù�ÚÜÛiÝßÞáà+âäã�åçæTèêéCÐìë (2.1)

The symmetricdecreasingrearrangement, ÉJí of É is the symmetricallydecreasing,lower semi-
continuousfunctionequimeasurableto É ,É í Ô�Ð�Ö�ÙKî�ï ð�ñ Ì1ÍòÎ Ó Ø Ô Ì Ö Í�ó Ë Ó Ð Ó Ë ô (2.2)

where
ó Ë is thevolumeof theunit ball in Ê Ë . We saya function õ is symmetricallydecreasingifõií7ÙIõ .

2.2 Slicing

In the proofsof Theorems 1 and2, we it useful to write a given function É asa sumof slices,ÉìöÃÉ�÷JøºÉ"ù , where É ÷ ö�úüû§ýRþ�ÏyÉêÿ5É í Ô�������Ö ×�� É í Ô��¯Ö	��
 (2.3)

is boundedandhaslevel setsof boundedmeasure,andÉ ù öÃÉ � É ÷ ÙIû�ýTþ"ÏyÉêÿ5É í Ô��¯Ö × ø
� É � É í Ô�������Ö�� 
 (2.4)

will benegligible for � sufficiently large(seeFig.1). If É isequimeasurableto õ , then É�÷ and É"ù are
equimeasurableto õ{÷ and õçù , respectively. By construction,slicingcommuteswith rearrangements
andtranslations.Thefollowing lemmawill beusedto obtainuniformboundson thesequenceÉ ÷� .
Lemma 2.1 Let � bea convolutionfunctionalof theformgivenin Eq.(1.1)with � symmetrically
decreasingand not identically zero, and let � be a gradient functionalas definedin Eq. (1.3)
with � convex andstrictly increasing. For a nonnegativemeasurablefunction É that vanishesat
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Figure1: Constructionof theslices ��� and ��� .
infinity, define ��� by Eq. (2.3). Fix � �"! and #�$&%('�$)�+* . There exist constants,�-�.��/%0#($21 and,435.��/%('�$21 such that 676 � � 686:9<; ,�-(.��/%=#�$21 (2.5)

for all functions� with >?.@�BA21 ; #�$ , and676 � � 686:9<; ,435.��/%�'�$21 (2.6)

for all � with CD.@� A 1 ; '�$ .
PROOF. Since

686 � � 676:9 decreaseswith � , it sufficesto provetheclaimfor largevaluesof � . To see
thefirst claim,weusethefactthat E and � A aresymmetricallydecreasingto estimate>F.�� A 1HG IJILK M5K NOK P(K QSR�TVUW� A .YX�1ZE[.YX]\_^`1a� A .Y^`1`b�^Sb�XG E[.@cV��d - 1Vegfihkjl��d j � A .���d - 1am 3 (2.7)G E[.@cV��d - 1 e fihkjl��d j 676 � � 686:9 m 34n
In the last line, we have usedthat

676 � � 676 9Ho �p.�� d - 1 by construction. Eq. (2.5) follows sinceE[.�cV� d - 14�J* for � sufficiently largeby assumption.To seethesecondclaim,definethefunctionq on rts by
6vu � A .wX�1 6xo q . 6 X 6 1 , andcomputein polarcoordinates

CD.@� A 1HG I RR�TVUSyz. q .�{V1|fihkj}{ j d - b�{
G fih~jl� - d j .���\���d - 1`y���I RR�TVU q .�{V1 bW{��\[� d -�� (2.8)

G fih~jl� 3 d j y � 676 � � 686:9� � n
In thesecondstep,we haveestimatedthefactor { j d - from below by � - d j , thenappliedJensen’s
inequality. Since �Zyz.YX����a1 is nonincreasingin � , we canreplace�<\�� d - by � in the third step.
Theboundon

676 ��� 676 9 claimedin Eq. (2.6) followssincey is strictly increasing.

It is easyto seethattheassumptionsof Theorem2 holdalsofor theslices���� and ��� of thefunctions� � and � :
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Lemma 2.2 Let � bea gradientfunctionalof theformin Eq.(1.3)with � convex andnondecreas-
ing, and let � be a symmetricdecreasingfunctionwith �D�Y�|�/��� . Fix ����� , anddecompose�����
������ �� �

,
�B¡� �
��¡g��<� �B¡@ �

, and � � � � � �   , asin Eqs.(2.3)-(2.4).If¢7£8¤��¥�¦ �§� � ¡��¨ �|� �ª©¬« (2.9)

then ¢7£8¤��¥�¦ �D� � ¡g�� ¨ � � � �ª©¬« ¢7£8¤��¥�¦ �§� � ¡@ � ¨ �   � �
©¬­ (2.10)

If, additionally, ¢7£7¤��¥�¦ �D� �5� � � �D�Y�|� « (2.11)

then ¢8£7¤�&¥®¦ �D� � �� � � �¯�w� � � « ¢7£8¤��¥�¦ �D� �  � � � �¯�Y�   � ­ (2.12)

PROOF. Since ° � ¡g� �Y±�� � ° � ¡ �Y±��L²W³�´xµ�¶�· ¸5· ¶S³ «2� ¡ ����¹�º0� « (2.13)

wecanrewrite Eq.(2.9)as ¢7£7¤�&¥�¦�»`¼ � � ¡g�� ¨ � � � � ¼ � � ¡@ � ¨ �   ��½ �
©¾« (2.14)

whichclearlyimpliesthatbothsummandsconvergeto zero,asclaimedin Eq. (2.10).
To seethesecondclaim,wenotethat° � � �Y±�� � ° � �w±��L²�¿ÁÀaÂ ³|ÃÄ¶ ¿&Â ¸ÁÃÄ¶ ¿�ÀÅÂ ³�´Vµ�Ã « (2.15)

andrewrite Eq. (2.11)as¢8£7¤�&¥®¦�»ÇÆ ¼ � � �� � ¨ �D�w� � �aÈ � Æ ¼ � �  � � ¨ �D�Y�   �ZÈ ½ �É©¬­ (2.16)

Theclaim followssincethelimit of eachsummandis nonnegativeby Eq. (1.6).

Thecorrespondingstatementholdsfor thefunctionalÊ appearingin Theorem1.

Lemma 2.3 Let Ê be a convolution functionalof the form in Eq. (1.1) with Ë positivedefinite
andsymmetricallydecreasing, andlet � bea symmetricdecreasingfunctionwith Ê?�Y�|�?�Ì� . Fix�Í�
� , anddecompose

�5�¾�
� ��®� �  �
,
� ¡� �Ì� ¡g��Ì� � ¡@ �

, and � � � � � �   , asin Eqs.(2.3)-(2.4).If¢8£7¤�&¥®¦ Ê?� � ¡�/¨ �|� �ª©�« (2.17)

then ¢8£7¤��¥�¦ Ê?� � ¡g��Î¨ � � � �ª©¬« ¢7£8¤��¥�¦ ÊF� � ¡@ �Ï¨ �   � �ª©�­ (2.18)

If, additionally, ¢7£8¤��¥�¦ ÊF� �5� � � Ê?�Y�|� « (2.19)

then ¢7£7¤�&¥�¦ Ê?� � �� � � ÊF�w� � � « ¢7£8¤��¥�¦ Ê?� �  � � � Ê?�Y�   � ­ (2.20)
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Theproof requiressomeauxiliary estimates.Thefirst lemmacontainssometail estimatesfor
symmetricdecreasingfunctionsÐ in termsof Ñ?ÒwÐ`Ó .
Lemma 2.4 If Ô and Ð arenonnegativeandsymmetricallydecreasing, then,for any Õ×Ö�Ø ,

ÑFÒwÐ|ÓÚÙ Ô[Ò�ÛVÕÜÓ®Ý�ÞBß à5ß áSâ�ÐLÒwã�Ó`ä�ã�å�æ)ç (2.21)

ÑFÒwÐ|ÓÚÙ Ý�Þ ß à5ß è æ â�ÐBÒYã�ÓaÔ[ÒÅé ãêéÁëìÕÜÓ`ä�ã å×Ý�Þ ß à5ß íSâ®ÐBÒYã�Ó`ä�ã åÏî (2.22)

Furthermore, for every ïñð¯òló(ÒYôöõÜÓ supportedin theball é ãêé�÷�Õ?ø , andevery ù/ÖJØ thereexistsa
numberÕÍÖJØ which dependsonlyon Ô , Õ?ø , and ù such thatÞ ß à5ß èSâ®ÐBÒYã�ÓZÔ�úûïÇÒYã�Ó`ä�ãü÷Jù�é7é:ïýé7é ó Ñ?ÒYÐ|Ó ó�þ æ î (2.23)

PROOF. Eqs.(2.21)-(2.22)follow immediatelyfrom the fact that both Ô and Ð arenonnegative
andsymmetricallydecreasing.To seetheweaktail estimatein Eq. (2.23),we separatetwo cases.
If é8é ÐÇé7é ó ÷ Ò�ÿ���ÛVÓ õ���óù Ñ?ÒYÐ|Ó ó�þ æ (2.24)

thenwehave for Õ×ÖJÕ�øÞ ß à5ß èSâ�ÐLÒwã�Ó5é Ô�úûïÇÒYã�Ó5éZä�ãñ÷ é7évïýé8é ó é8é ÐÇé7é ó Ô[Ò�Õ���Õ�øÁÓl÷�é8évïýé7é ó Ò�ÿ���Û�Ó�� ��ó Ô[Ò�Õ��[Õ?ø2Óù Ñ?ÒwÐ`Ó ó�þ æ ç (2.25)

andEq.(2.23)followsby choosingÕ largeenoughsuchthat Ô[Ò�Õ	�ñÕ?ø�Ó(Ò�ÿ���Û�Ó�õ
��ót÷�ù æ . If, on the
otherhand, ÞBß à5ß íSâ�� ÐLÒwã�Ó`ä�ã Ö Ò�ÿ���ÛVÓ õ���óù Ñ?ÒYÐ|Ó ó�þ æ (2.26)

for someÕ ó ÙÉÕ?ø , thenweestimatefor ÕÍÙ�
�Õ ó ,Þ ß à5ß èSâ�ÐBÒYã�Ó5é Ô�úûïÇÒYã�Ó�éZä�ãñ÷ é7é:ïýé7é ó Þ ß à5ß è��Zâ���ÐBÒYã�ÓaÔ[ÒÅé ãêé���Õ ó Ó`ä�ã î (2.27)

Theintegralon theright handsideis boundedby

ÞLß à5ß è��Zâ�� ÐBÒYã�ÓZÔ[Ò2é ãêé��[Õ ó Ó`ä�ã ÷ ÞLß à5ß è æ â�� ÐLÒwã�ÓaÔ[ÒÅé ãêé�ë Õ ó Ó Ý é ãêé2ë ÛVÕ óé ãêé å � ��ó ä�ã÷ Ò�ÿ���Û�Ó õ
��ó � ÒwÐ|Ó� ß à5ß áSâ�� ÐBÒwã�Ó`ä�ã (2.28)÷ ù � ÒYÐ|Ó ó�þ æ î
In thefirst step,wehaveestimatedÐLÒwã�Ól÷JÐBÒ2é ãêé�� ÛVÕ ó Ó andchangedvariablesin polarcoordinates.
In thesecondstep,haveusedthat é ãêéaë_ÛxÕ ó ÷×Ò�ÿ���Û�Ó�é ãêé andappliedEq.(2.22).In thelaststep,we
haveusedEq.(2.26).Theclaim followsby insertingEq. (2.28)into Eq. (2.27).
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Lemma 2.5 Let ��� and � benon-negative, symmetricdecreasingfunctionson �
� which vanishat
infinity, anddefinetheir slicesby Eq. (2.3) for some����� . Assumethat �! "�$#&%(' , where � is
definedbyEq. (1.1)with a symmetricallydecreasing, positivedefinitekernel ) . If*,+.-�0/21 �! 3� �&4 �5#7698;: (2.29)

then *.+,-�</=1 �! 3�?>� 4 �?>�#7698@: *,+.-�0/21 �! 3��A� 4 ��A�#�6B8;C (2.30)

PROOF. It sufficesto establishthat a subsequenceof �D� convergesto � pointwisealmostevery-
where;theclaim thenfollowsby applyingFatou’s lemmatoEFEHGJI ���$ "KJ#MLN�O "KJ#�P I ���5 RQ5#OL	�S 3Q$#TP 4 I �VU�  3KJ# 4 �VUW 3KJ#TP I �VU�  RQ5# 4 �VUX RQ5#�P�YZ)[ 3K 4 Q5#$\�K]\�Q (2.31)

for ^(6B_�:a` .
In orderto provepointwiseconvergence,wefirst noticethat*,+.-�0/21 �b "�D�Z#76c�! 3�5# (2.32)

by Eq. (1.5).By Cauchy-Schwarz,this implies*.+,-�0/21 EFE ���$ 3KJ#d)[ "K 4 Q5#aef 3Q$#$\ZK]\�Qg6 EhE �O 3KJ#i)[ 3K 4 Q$#def RQ5#$\�K]\�Q (2.33)

for any function e with �! je�#k%�' . This meansthat )ml=��� convergesto )ml=� in the senseof
distributions.Thesequence��� is uniformly boundedin npoqsrut by Eq. (2.21).Sincethefunctions���
aresymmetricallydecreasing,wecanchooseasubsequence(still denotedby �D�Z# suchthat�D� v w�xzy{L[�Dy weaklyin n oq|rut : and (2.34)�D� } �~y pointwisea.e. C (2.35)

Here w��H8 , x�y is theDirac massat theorigin, and �Dy&��8 is a symmetricallydecreasingfunction
with �! 3�Dy�#�%�' . It sufficesto show wg6�8 . To thisend,fix any e���� 1y . Since�a�$� ��� o �b "�D�Z#X%�' ,
Eq.(2.23)of Lemma2.4impliesthatthereexistsfor each�g��8 anumber����8 suchthat�a�5��D� o EO� ��� �V� �D�$ 3KJ#0��)�l2ef 3KJ#0�i\ZK�����C (2.36)

CombiningEq. (2.36)with Eq. (2.34)shows thatE�I )�lp��P�e 6 *.+,-�0/21 E �D�$ 3KJ#i)Fl�ef 3KJ#$\ZK6 *.+,-�5/21 *,+.-�0/21 ES� ��� � � ���� "KJ#d)�l2ef 3KJ#$\ZK6 E�I )Fl���w�xzy�L[�Dy<�0P"e�C
9



Since   is arbitrary, weconcludethat¡�¢�£�¤?¥�¦¨§N©~¦zª&«�¡�¢W©­¬
(2.37)

which impliesthat

¤�¥z¦¨§c©D¦=«�©
and

©­«�©~¦
, by thepositivedefinitenessof

¡
. Pointwiseconver-

gencethenfollows from Eq.(2.35).Thiscompletestheproof of thelemma.

PROOF OF LEMMA 2.3. Applying Lemma2.5 to thesequence®J¯° of symmetricdecreasingrear-
rangements,we seethatEq. (2.17) implies Eq. (2.18). To seethatEq. (2.19) impliesEq. (2.20),
wenotethat ±.²,³°<´=µ·¶;¸ ®J¹°~º¼» ¶!½ © ¹i¾ ¬ ±,².³°0´2µg¶;¸ ®]¿°]º;» ¶!½ © ¿D¾ (2.38)

by Eq. (1.5), Similarly, usingfirst Riesz’ rearrangementinequalityandthenthe continuity with
respectto thenormdefinedby thepositivedefinitequadraticform ¶±.²,³°<´2µÁÀ ® ¹° ½3Â ¾ ¡ ½3ÂÄÃNÅ ¾d® ¿° ½RÅ ¾$Æ Â Æ Å » À © ¹ ½3Â ¾ ¡ ½3ÂÄÃ	Å ¾ © ¿ ½RÅ ¾$Æ Â Æ Å;Ç (2.39)

Adding theinequalitiesin Eqs.(2.38)-(2.39)yields±,².³°0´2µ ¶b½ ® ° ¾ » ¶b½ © ¾ ¬ (2.40)

with equalityonly if Eqs.(2.38)-(2.39)holdwith equality. Thisprovesthesecondclaim.

3 Convolution integrals

3.1 Confinementto a ball

Lemma 3.1 Let ¶ be the convolution functional definedin Eq. (1.1), with somesymmetrically
decreasingkernel

¡
. Let ® be a nonnegativemeasurable functionthat vanishesat infinity, and

assumethat the symmetricallydecreasingrearrangement®O¯ is supportedon a ball of radius È ¦
andsatisfies¶!½ ®J¯É¾XÊ�Ë . For any È&Ì�Í�ÎDÈ ¦ thereexistsa translationÏ such that¶!½ ® ¯ ¾ Ã�¶!½ ®S¾XÐ ¸ ¡ ½ Î~È ¦ ¾ Ã ¡ ½ È@Ìa¾ º·Ñ ÀSÒ Ó�Ò ÔVÕ�Ö Ï!® ½"Â ¾$Æ Â]×=ØÙÇ (3.1)

PROOF. Wedecomposethekernelas¡h«ÛÚÜ¡ Ã ¡ ½ Î~È ¦ ¾�ÝzÞ § ³ß²,à Úá¡�¬â¡ ½ Î~È ¦ ¾�Ý Ç (3.2)

Sinceboth summandsare nonnegative and symmetricallydecreasing,Riesz’ rearrangementin-
equalityimplies¶b½ ® ¯ ¾ Ã�¶!½ ®S¾ãÐ ÀäÀ ® ¯ ½3Â ¾d® ¯ ½3Å ¾ ³ß²,àOå ¡ ½"ÂÄÃNÅ ¾ ¬â¡ ½ Î~È ¦ ¾�æ�Æ Â Æ ÅÃ ÀFÀ ® ½"Â ¾a® ½3Å ¾ ³ß²,àJå ¡ ½3Â�ÃçÅ ¾ ¬É¡ ½ Î~È ¦ ¾�æ�Æ Â Æ Å (3.3)Ð è Ç

10



Thefirst integralon theright handsideof Eq. (3.3)canberewrittenaséhéFêOë0ì"íJîaêOë<ìRï5î5ð­ñ.òSóõô[ì3í­öNï$îø÷Éô[ìjùDú!ûÉîTüþý éhêJë0ì3íJîdêOë0ìRï5îdô[ìÿù~ú!ûøî��Zí���ïý é ê{ì3íJîaê{ìRï5îdô[ìjùDú!ûÉî��Zí���ï·÷
(3.4)

wherewe have usedthat
ê

is supportedon theball of radius
ú!û

in thefirst step,andtheequimea-
surabilityof

ê
with

ê ë
in thesecond.InsertingEq. (3.4) into Eq. (3.3),weobtain� ìjê ë î{ö � ìjêSî�� éFé ê¨ì"íJîaê¨ì3ï$î��~ô[ìjù~ú!û�î{öNðßñ,òOóõô[ìjù~ú!û�îø÷Éô[ì3í­öNï5î�ü	�
�Zí���ï� ��ô[ìÿù~ú!û�î{öNô[ìRú��aî
�péFéFê¨ì3íJîdê¨ìRï5î���� ������� �������Zí���ï��

(3.5)

Letting � ì3ï$î7ý �Äê¨ì"íJî�� � �����!� ����� �Zíf÷ by themeanvaluetheorem,wededucethatthereexistsapointí�û
sothat é ê¨ì3ï$î � ìRï5î���ï"� � ì3í�û�î é ê¨ì3ï$î���ï#�

(3.6)

We thusobtain$ ìjêJëâî¨ö $ ìjêSî%� ��ô[ìjù~ú!û�î{ö[ô[ìRú��dî�� é ê{ìRï5î���ï'& é ê¨ì"íJî�� � �����)(*� ��� ���Zí
� ��ô[ìjù~ú!û�î{ö[ô[ìRú��dî��,+ é ê¨ì3íJî-� � ����� ( � ����� �Zí�.0/1�

(3.7)

Setting2 ê¨ì3íJî43Hê¨ì"í�5Ní�û�î
completestheproof.

3.2 Identification of the limit

Lemma 3.2 Let
ê
6

bea sequenceof nonnegativefunctionsin 7 / , andlet
�

beasin Eq.(1.1),with
a symmetricallydecreasingkernel

ô
that vanishesat infinity. If

ê86:9 ê
and

ê ë6 9 ;
in 7 / for

somefunctions
ê

and
;
, then � ìjêOî=< � ì>;$î?�

(3.8)

If
ô

is strictly symmetricallydecreasingand
� ì@;5îBADC

, thenequality in Eq. (3.8) impliesthat
thereexistsa translation2 such that 2 ê�ýE; .
PROOF. For any nonnegativefunction �GFH7 / , wehaveéFê � ý I,ñ,ð6�JLK éFê
6 � ��í:<%I,ñ.ð6
JLK éäêJë6 � ë��Zí ý�éD; � ë��Zí1� (3.9)

Since
ê

and
ê ë

areequimeasurable,it follows from thebathtubprinciplethaté � �8� M�� ê ë �ZíÙý NPO�QR�S T�UWVYXZR�[]\�^8_ � _ é R ê ë �ZíÙý NPO�QR�S T�UWVYXZR�[]\�^8_ � _ é R ê`��í:<Bé � �8� M�� ;Oì3íJî��Zí (3.10)
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for any acbed . Applying thelayer-cake principleweconcludethatfhgjilkGmnfpo�krqts
(3.11)

for every symmetricdecreasingfunction
k
. If
k

is strictly symmetricallydecreasingandtheinte-
gralsarefinite, thenequalityin Eq. (3.11)canoccuronly for

g ivu o
.

It followswith Riesz’rearrangementinequalitythatw0x gzy{m w`x g|i)yvmnfhg|i*}p~vovqtsHm w0x o�y
�
(3.12)

wherewehaveappliedEq.(3.11)twice,with first with
k u }�~
g i

andthenwith
k u }�~�o

. If
}

is strictly symmetricallydecreasing,thenequality in the Rieszrearrangementinequalityimplies
thatthereexistsa translation� suchthat � g u g i . Furthermore,since

}�~
g i
and
}�~�o

areagain
strictly sphericallydecreasing,equalitythelaststepof Eq. (3.12)impliesthat

g i�u o
.

3.3 Proof of Theorem 1

Let
g
�

,
o
, and

}
beasin thestatementof thetheorem,andassumefor themomentthat thefunc-

tions
g8�

areuniformly bounded,andthattheirsymmetricdecreasingrearrangementsaresupported
in aball of radiusa . By Lemma3.1,thereexistsasequenceof translations� � , suchthatf�� �8� ���	� � �tg8� x sjy�qts:m�� w0x g i� y�� w0x g
��y} xW� a y���} x�� a y�������� �j� d x � � ¡¢y?£ (3.13)

Since ¤¥¤ � ��g
� ¤¥¤ �� u ¤¦¤ g i� ¤¦¤ �� is uniformly bounded,thesequence� ��g
� is weaklycompactin § � , that
is, thereexistsa subsequence,againdenotedby

g8�
anda function

g
with� �tg8�n¨ g x � � ¡¢y (3.14)

in § � . In light of Lemma3.2, thevalue
w0x g|y

is finite. Our goal is to show
w0x � ��g8�©�¢gzyª� d as� � ¡

. To this end,fix «¬b¢d , andsplit} u }®­ � �8� ¯�°²± }®­ � �8� ��°?³ }µ´ ± }B¶l�
(3.15)

sothatw0x � �tg8����gzy u f � �8� ¯��	� x � �tg8�·�¸gzy¹}B¶z~ x � ��g
����gzy�qts (3.16)± f|� �8� ���	� x � ��g
����gzyº}'¶²~ x � �tg8�·�¸gzy�qts ± f x � �tg8�`�¸gzyº}B´²~ x � ��g
����gzy�qts,£(3.17)

By theHilbert-Schmidttheorem,thesequence» x }B¶�~ � �tgj¼� y�­ � �8� ¯��	��½ � � � is compactin § � , and¾ }B¶z~ � �tg8�t¿�­ � �8� ¯��	� �|� }B¶�~=g�­ � �8� ¯��	� x@� � ¡¢y?£ (3.18)
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Therefore,thefirst termon theright sideof (3.17)goesto zero.On theotherhand,for thesecond
andthethird termson theright, noticethatÀDÁjÂtÃ8Â�Ä�Å'Æ²Ç�Á�Â�Ã
Â�È-É�Ê Ë8Ê Ì�Í	ÎÐÏ Ñ¥ÑÒÅ'Æ!Ñ¦Ñ ÓBÑ¦ÑÒÃ
Ñ¦ÑÕÔ�À Ê Ë8Ê Ì�Í	Î Ã8Â�Ä@ÖjÈ�×tÖDØ�Ù Ú#Ä@ÛGÙ Ü¢È

(3.19)

by Eq. (3.13).Furthermore,ÀDÁ�Â�Ã
Â�Ä>ÖjÈºÅBÝÞÇLÃ
Â�Ä>ÖjÈ�×�ÖGÏ�Ñ¦ÑÒÃ8Â�Ñ¦Ñ ÓBÑ¦ÑÒÃ8Â�Ñ¦ÑÕÔ�À Ê Ë8Ê ß�à Å�Ä@ÖjÈ�×tÖ
(3.20)

which canbe madesmall by choosingá small. CombiningEqs.(3.14)-(3.18)andby Cauchy-
Schwarz,we concludethat â Ä@Á�Â�Ã
Â#ØEÃzÈ�Ù Ú . Sinceâ ÄWÃzÈ�ã â Ä@ä�ålÈ by assumption,Lemma3.2
impliesthat

Á|æ-Ã1ãnä
for sometranslation

Ájæ
. Thuswehaveshown thatç¦è�éê â Ä@Á0Ã8Â·Øëä�ÈvÏ¢ìjÄ@ÁjæPÁ�Â�Ã
Â�Øíä�ÈvØjÙ Ú�Ä@ÛGÙ Ü¢È (3.21)

at leastalonga suitablesubsequence.Sincethe limit doesnot dependon the subsequence,this
provesthe claim in the specialcasethat the rearrangements

Ã|åÂ
areuniformly boundedandsup-

portedon acommonball.
Givena sequenceof functions

Ã8Â
, which satisfytheconvergenceassumptionsof thetheorem.

If thefunctions
Ã8Â

and
ä

arenot uniformly boundedor have level setsof largemeasure,we write
themasa sumof slices,

Ã8ÂëãîÃjïÂ¬ð Ã�ñÂ
and
äòãóä�ï ð ä�ñ

, accordingto Eqs.(2.3)-(2.4),whereô�õDö
is a large numberthatwill be chosenbelow. By Cauchy-Schwarz, andusingthat

Á0Ã8Â
is

equimeasurablewith
Ã8Â

, wecanestimateç¦è�éê â Ä@Á0Ã
Â�Øíä�ÈvÏE÷�ø ç¥è�éê â Ä@Á0Ã ïÂ Øëä ï È ð â ÄWÃ ñÂ È ð â Ä@ä ñ È
ù#ú (3.22)

By Lemma2.1, the functions
Ã ïÂ

are uniformly bounded,andby construction,their symmetric
decreasingrearrangementsaresupportedon theball of radius

ô
. By Lemma2.3,thefunctions

Ã ïÂ
satisfythe assumptionsof of the theoremaswell, with

ä
replacedby

ä ï
. We have shown in the

first partof theproof that û ç¥üÂ
ýLÓ ç¦è�éê â Ä@Á0Ã ïÂ Øëä ï È
ãnÚ¬ú (3.23)

Furthermore,by Lemma2.3,wehave û ç¦üÂ
ýLÓ â ÄWÃ ñÂ È4ã â Ä>ä ñ È?ú (3.24)

Takinglimits in Eq. (3.22),weobtainû ç¥üÂ
ýLÓ ç¦è�éê â Ä@Á0Ã8Â·Øëä�ÈvÏEþ â Ä>ä ñ È
ú (3.25)

Sincetheright handsidecanbemadearbitrarilysmallby choosing
ô

largeenough,thiscompletes
theproof.
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x =t

V(t)

1

V −V(t)0

Figure2: Proofof Lemma4.1.Theperimeterof thesetis at leastaslargeastheperimeterof two ballsof size ÿ������
and ÿ��	�#ÿ
����� , minustwice theareaof theinterface.

4 Convexgradient functionals

4.1 Confinementto a ball

We begin with a lower boundfor the isoperimetricdeficit in termsof a volume integral. The
following lemmacanbeobtainedasa corollaryof a quantitative isoperimetricinequalitydu to R.
Hall [21]; for the convenienceof the reader, we give herea direct proof. Denoteby �
��������� the� -dimensionalLebesguemeasureof aset ������� , andby ��� �!����� its perimeter.

Lemma 4.1 If ������� hasfiniteperimeter, then��� �"�#���	$%��� �!���'&(���� �!��� & � ) * �+', � -!./-!.103254 6 798:4 ;9<>=@?!ACBEDCBGFIH
(4.1)

where
+

is theradiusof � & , * �KJ �ML9NMOP�Q$SR��UTWV �YX ,� , and Z �\[ $�V^] �`_baEc �dRe$\L 7 NMOP�f� .
PROOF. We will usea simplifiedversionof Hall’s argumentto show thatall but a fractionof the
volumeof � canbeenclosedin a largebox in ��� , andusethatto boundtheintegral in Eq. (4.1).

Sincetheright handsideof Eq. (4.1) is boundedabove by �PLGNMOP��$`R��5T"�#V � �hgiR�TEL , we may
assumewithout lossof generalitythat �M��� �"�#���j$`�h� �!��� & �5�UTk��� �"�#� & �lgmR�TkL . Let �Y�#nU� be the
volumeof � to theleft of thehyperplane

D NoJ n , seeFig. 2. Wemayassumethat
F ��pG� J RqTEL , that

is, half of thevolumeof � lies in thenegative half-space.Applying the isoperimetricinequality
to the partsof � on eithersideof the hyperplane

D NrJ n , andsubtractingtwice the areaof the
interface,weobtainfor theperimeterof ��h� �!���'� ) �YX �tsju �l�vnU�X �mw N 7 NMOP�yx u �h���U�#���z$%�l�vnU�X � w N 7 NMOP�|{ $\LE�/}v�#nU�o~ (4.2)
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Let �@�#�U�e���Y�#�U�5�k�h���U�#��� bethevolumefractionof � to theleft of thehyperplane�����t� . Using
that �h�W�����'�������|� � , ��� �"�#�'�����`�Y�	�|� ����� , andsolvingfor �9� , we obtain� �� � � �#�U�f�S� �����M�P�y  �d¡
¢£�"� �����M�P� ¢�¡
¢ ��� �"�#���	¢%��� �"�#� � ���� �"�#� � � (4.3)

Wenext usetheconcavity of thefunction ¤¦¥ ¤ �����M�P� to seethat¡
¢���¡
¢Q�!� �����M�P�� § ¡
¢`�d¡�� � � �����M�P�¡�� � � � ¢ � �M�P�S¨ ¡'© (4.4)

solongas � § ¡�� � . InsertingEq. (4.4) this into Eq. (4.3), it follows that� �� � � �v�U�e�S� �����M�P� ¢£�«ª (4.5)

solongas ��� �!�����¬¢£�h� �!���­���® � �M�P� ¢¯¡k°��h� �!��� � � § � § ¡�� � © (4.6)

Sincetheright handsideof Eq. (4.5) is strictly positive, we canseparatevariablesandobtainby
directintegration�d±o¢£�(� § � �³²\´�µ´(¶ ¡� �����M�P� ¢Q�h· �«� � �t¸E¢º¹¼»E½C��¡e¢Q� �M�P�± �   ¹¼»E½¾��¡
¢Q� �M�P�� �U¿tª (4.7)

provided Eq. (4.6) holdsfor �ÁÀi�#�(��ª5�d±Â� . Pluggingin �3�Ã� Ä�ÅMÆUÇÉÈ!Ê � Ä�Å�Æ5ÇÉÈ"ËÌÊÍ ± ¶¼Î#Ï ���PÐ Ä�ÅMÆUÇÉÈ Ë ÊlÑÓÒ , �W±Y�Ô¡�� � and�d±j� Ò , weconcludethatall but a fraction �3� of thevolumeof � lies to theright of thehyperplane��� � �Õ¹b»k½¾��¡�¢ � ���M�P� � . Repeatingtheargumentfor the right half of � andfor theother �Ö¢×¡
coordinatedirections,we seethatall but a fraction

� �¦�9� of thevolumeof � is containedin abox
of sidelength ¢ÙØE�y¹¼»E½¾��¡
¢ � ���M�P� � . Sincethediameterof this box is Ú"�f� , it follows that² È ² ÈÃÛ Í5Ü Ý � ´ Ü Þ9ß Ï�à Ð · � · � § � � � �¦�3���5�h�������'� ± � � ±Ì�á � ��� �"�#���	¢%��� �"�#�'�5���� �"�#� � � ª (4.8)

asclaimed.

Lemma 4.2 Let â be a nondecreasingconvex function on ãoä with âÁ� Ò �¯� Ò , define å by
Eq. (1.3), and assumethat æ is a nonnegative function on ã � with åç�Pæ@� ¨éè

. Assumethat
thesymmetricdecreasingrearrangementæ � of æ is supportedin theball of radius � . Thenthere
existsa translationê such that, for any ë Ñ�Ò ,ì �Mæ��¬¢ ì �Mæ � �f� á �� ±Ì� ì �Pæ � �«í|î ì �#ïÁð¼ñò�Mæ � ª5ëk�Uó ² Ü Ý�Ü Þ9ß Ï@à Ûkô!õ Ç Ý Ê Þ9ö · �C÷ ± ª (4.9)

where á � and Ú"� aredefinedin Lemma4.1.
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PROOF. Theconvexity of ø implies,via theco-areaformulaandJensen’s inequality, thatù�úPû@üjýÿþ��� �����!ú	�Wû�

���Wü���ú�� ���#ú��¾ü�� ü������
(4.10)

where
�Áú��Eü���� ø ú��! #"5ü

is a nonnegative, nonincreasingandconvex function on $&% ,
�"ú��¾ü

is the
radiusof theball

�('*) $,+ � û�-.
/���
, and

� � ú��¾ü
is its derivative from the left [18, Eqs. (33)-35).

(Note that the convexity of ø "�021 assumedthereis obsolete,see[31, Proposition4.1].) We set�Sú3� � � ú��¾ü�� ü4�65
if
�

is asingularvalueof
û -

. SinceEq.(4.10)is anidentitywhen
û7�×û -

, wehaveù�úPû�ü98¯ù�úPû - üeý þ �� : �����"ú;�Wû�

���Wü98<�����!ú	�Wû - 
=���Wü	>?�Sú@� �A�vúB�¾ü�� üC�!��D
(4.11)

Applying Lemma4.1to theintegrandresultsinù�úMû�ü98�ù�úMû - üý E + þ=�� �����"ú;�Wû�-F

���Wü�!úB�¾üHG + �Áú�� � � úB�¾ü�� ü�þCI?JLKNMPO!QzþRI?JLSTM2O!QVU#W S  K W XZY�[�\]�^'_�a`���� (4.12)� E +b G + þÖþcU#W S  K W XZY [ \/þ<dfehg JiI�JjSTM k I�JjKNM� �����!ú	�Wû - 
=�l�WüH�Yú@� ���#ú��Cü(� üR�!�#�^'_�Z`.D
In the secondstep,we have exchangedthe orderof integrationandusedthat

�"ú��Cü�mnb
by our

assumptionon thesupportof
û -

. To simplify notation,seto úqpUü,��ù�ú�rtsvuòúMû - �NpUüUü4� þ�w� ������x��Wû - 
y���Az��{x|� �A�vúB�¾ü�� z}�!��D
(4.13)

Clearly, rtsvu9x o úPp " üT� o úPp G ü�z�m o úPp " ü o úqp G üù�úMû - ü �
(4.14)

andEq.(4.12)impliesù�úMû�ü}8�ù�úMû - üfý E +b]G + ù�úPû - ü þÖþ o úMûzúq'IüUü|U#W S  K W XZY�[~\ o úMûzú�`!ü5üR�^'_�a`�D (4.15)

It followsasin theproof of Lemma3.1thatthereexistsa translation� suchthatù�úPû�ü98Kù�úPû - üjý E +b]G + ù�úPû - üt� þ W S W XZY�[�\ o ú � û¬úq'Iü5üR�^'_� G D
(4.16)

Theclaim followsby estimating,for any � 

5
,þ W S W XZY [ \ o ú � ûzúP'Iü5üR�^' ý o ú � ü þ W S W XZY [ \ U!��� I?JLSTM XZ�	� �^'�D (4.17)
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4.2 Identification of the limit

Lemma 4.3 Let �����!�(���#� be a sequenceof nonnegative functionsin � �;�h�|�P�,��� and let � be a
gradientfunctionalof theform givenin Eq. (1.3),with � strictly convex and increasing. Assume
that ����� � in � � . Assumefurthermore that the rearrangements�~�� are supportedon a common
ball andconvergeweaklyto somesymmetricallydecreasingfunction ����� �;�h� with � � � �& y¡ . If� � �(� � � � � � � then �<�¢� �;�h� , and � � � �¤£ � � � � . If thedistribution functionof � is absolutely
continuous,then ¥]� £ � for sometranslation¥ .

PROOF. It is well-known thatany convex increasingfunction � with � ��¦a�V£§¦ canbewritten in

theform � �q¨��4£ª©¢«¬ ©®­ ¬N¯Z°?±!²´³�µ �q¶·� ³!¸ £ª©=¹¬ �P¨»º¼¶#��½ ³!µ �q¶#�&¾ (4.18)

wherethemeasureµ is definedon � ½ by thederivativeof � from theleft,µ»¿TÀ ¦C¾ ¸ �HÁ]£ ��Â � ¸ �ÄÃ (4.19)

Since � is strictly convex, µ assignspositive weight to every interval of positive length. By as-
sumption,ÅvÆÈÇ�� � ��� �4£ � � � � , thatis,

ÅvÆvÇ�(É ¹ ©=¹¬ © ¿|ÊhË ��� Ê º¼¶ Á ½ ³^Ì_³!µ �q¶#�&£ ©=¹¬ © ¿|ÊÍË � Ê ºÎ¶ Á ½ ³^Ì_³!µ �P¶·�ÄÃ (4.20)

Sincefor every ¶ÐÏÑ¦ ,
ÅvÆÈÇ�(É ¹ © ¿|ÊÍË ��� Ê ºÎ¶ Á ½ ³^Ì Ï © ¿?ÊÍË � Ê ºÎ¶ Á ½ ³^Ì (4.21)

by Eq. (1.6),weconcludethat

ÅÈÆvÇ��É ¹ © ¿?ÊÍË ��� Ê ºÎ¶ Á ½ ³^Ì £6© ¿|ÊÍË � Ê ºÎ¶ Á ½ ³^Ì (4.22)

for almostevery ¶ÓÒÔ¦ at leastalonga subsequence(againdenotedby ��� ). By by continuityand
monotonicityin ¶ , Eq.(4.22)holdsfor all ¶ÐÏÑ¦ . For any Õ Ò
¦ , thesequenceË ��� ­�ÖN× ØlÙBÚ�× ¯!ÛNÜ (4.23)

is uniformly boundedin � �fÝ � ¹ andhenceweaklycompactin � � . Theremainderis boundedby© ÊÍË ��� Ê ­#× ØfÙBÚ�× � Û�³aÌ{ÞÑß © ¿?ÊÍË �(� Ê º Õ�à ß Á ½ ³aÌ � ß © ¿?ÊhË � Ê º Õ!à ß Á ½ ��á � ¡
�,¾ (4.24)

wherewe have usedthat ¨ Þ/ß �q¨Äº Õ�à ß � for ¨�Ï Õ in thefirst step,andEq. (4.22) in thesecond
step.The last termcanbemadesmallby choosingÕ sufficiently large,andwe concludethat the
sequenceË �(� is weaklycompactin � � . Choosinga subsequence(againdenotedby ��� ), we may
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assumethat â�ã�ä�åçæ in èêé . By theuniquenessof weaklimits, wehave â�ã�ä�å âëã , proving thatã�ì�í é;îhé . By thecontinuityof thesymmetricdecreasingrearrangementin è é ,ã~ïêð ñvòvóä(ôöõ ã~ïä ð
÷ùø (4.25)

Since ú�û ã ï@üVý úÓû ã üêý ñvòÈóä(ôöõ ú�û ã�ä ü ð ú�û ÷ ü4þ (4.26)

it follows that
úÿû ã ü ð ú�û ã ï ü . If thedistribution functionof ÷ is absolutelycontinuous,thenthe

Brothers-Ziemertheoremimpliesthat �]ã7ð
÷ for sometranslation� [18].

Lemma 4.4 Let � bea nondecreasingstrictly convex functionwith � û�� ü ð �
. Considera (vector-

valued)sequenceof functions æ?ä*ì è é����� û
	�� ü such that æ?ä convergesto somelimit æ weaklyinè é�
��� û
	�� ü ø If ñÈòvóä(ôöõ ����� � û�� æ?ä � ü���� ð ����� � û�� æ � ü�������� þ (4.27)

then ñvòÈóä(ôöõ ��� � � û��� � æ?ä! <æ � ü���� ð �
(4.28)

PROOF. It sufficesto show thatundertheassumptionsof thelemma,thereexistssubsequence
converging pointwisea.e.to æ . This leadsto Eq. (4.28)by anapplicationof Fatou’s lemmato the
sequenceof nonnegativefunctions� û�� æ?ä � ü#" � û�� æ � ü�  $�&% � æ?ä! Îæ �� '&( � ø

By an approximationwith boundedsets,we may assumethat æ?äÓå æ in è é û*)+� ü . To show
pointwiseconvergence,fix ,.- �

, andconsidertherestrictionof thefunctions æ?ä to theset / � ì)+�102� æ û �~ü � ý ,�3 . It follows from theconvexity of � that

ñvòvóä�ôöõ �24 576�8:9�4 ;=< � û>� æ?ä � ü���� ( �?4 576�8:9�4 ;=< � û>� æ � ü���� þ (4.29)

ñvòvóä�ôöõ � 4 576�8:9�4 @=< � û>� æ?ä � ü���� ( � 4 576�8:9�4 @=< � û>� æ � ü���� ø (4.30)

Adding thetwo inequalities,wededucefrom Eq.(4.27)that

ñvòvóä(ôöõ � 4 576�8:9�4 ;=< � û>� æ?ä � ü���� ð � 4 576A8:9*4 ;=< � û�� æ � ü���� ø (4.31)

On theotherhand,since æ?ä convergesto æ weaklyin è é ,
ñvòvóä�ôöõ �24 576�8:9�4 ;=< �CB û�� æ � ü æ� æ � û æ?äC æ ü���� ð �

(4.32)
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everywhere.WeconcludethatDFEHGIKJMLON?P Q>R�S:T*P U=V2WYX�Z\[ I Z\]_^`WaX>Z\[bZ\]c^`WCdeX�Z [bZf] [Z\[bZ X
[ I ^`[g]�h�ikjmlon (4.33)

Sincethe integrandis nonnegative by the convexity of W , it convergesto zeropointwisealmost
everywherein theregion where Z\[pXeib]qZsr1t . By strict convexity, thesameis truefor thesequenceZ [ I ^`[bZ . Theproof is completedby taking tvu w .

4.3 Proof of Theorem 2

Assumefor themomentthatthefunctions x I areuniformly boundedandthattheir symmetricde-
creasingrearrangementsxbyI aresupportedon theball of radiusz for somez|{ l . By Lemma4.2,
thereexistsasequenceof translations} I suchthatfor any choiceof ~�{ l ,� X x I ]_^ � X x yI ]�� ���z�� � � X x yI ]�� � X GYEH� X x yIs� ~ ]�� N P SqP ���>������������� RAS:T���� h�i�� � � (4.34)

where��� and � � dependonly on thedimension.
Thesequence} I x I is clearlyweak-* compactin  |¡£¢\¡ . CombiningSobolev with Hölder, we

seethat the sequence} I x I � P SqP U���¤2� is compactin ¥§¦ for all ¨ rª©�«ªw . Choosinga further
subsequence,we mayassumethat }�x I � P SqP U���¤b� u x in ¥ ¡ . To estimatethepartof } I x I outside
theball of radius� � z , weusethatfor any ~¬{ l , ­$® GYEH� X x yIs� ~ ]��¯u ­`® G�EF� X*° � ~ ]���±j²l , andDHEFGI�J³L´N2P SqP ��� ¤ ���=µ � � � � RAS:T�¶��¸· h�ikjml¹n (4.35)

On theotherhand, N#P SqP ��� ¤ ���=µ � � � � R�S:TeU��£· r²Nª�=µ ��º� R�S:TeU��£· r ~K» � z � n (4.36)

Takingfirst ¼ u w andthen ~ u l shows thatDHEFGI�J³L ZHZ½X } I x I ]2� P SqP ¶���¤�� ZFZ ¡ j²l � (4.37)} I x I is compactin ¥¾¡ (andby uniformboundedness,alsoin ¥§¦ for ¨ r¿©v«�w ). This impliesthe
claim in thecasewhen WYX*À�]¯jÁZ ÀKZ . If W is strictly convex, thenwe mayapplyLemma4.3 to the
sequence} I x I to seethatimpliesthatthereexistsa translation}bÂ suchthat }bÂ:x jÃ° . Weconclude
with Lemma4.4thatEF�oÄ� ­�Å ¨Æ X }�x ^Ç°o]�È&r ­�Å ¨Æ X } I }?Â:x ^Ç°o]�ÈÉ^�u l�X ¼ u wÊ]+n (4.38)

This completesthe proof in the casewherethe functions x I are uniformly boundedand their
rearrangementsaresupportedin acommonball.
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Considernow the generalcaseof a sequenceof functions ËqÌ that satisfy the assumptionsin
Eqs.(1.10)and(1.11). For ÍÉÎÐÏ to bedeterminedbelow, decomposethe functionsinto slices,ËKÌ¹ÑmËbÒÌÔÓ Ë�ÕÌ , Ö×ÑÃÖ=Ò Ó Ö=Õ , asin Eqs.(2.3)-(2.4).By Lemma2.2,thefunctions ËbÒÌ alsosatisfythe
assumptionsof the theorem,with Ö=Ò in placeof Ö . By Lemma2.1, they areuniformly bounded,
andby construction,their symmetricdecreasingrearrangementsË?Ø�ÒÌ aresupportedin a common
ball.

If Ù is strictly is strictly convex, weestimate, for any translationÚ ,ÛÇÜ ÏÝßÞ Ú�ËqÌ�àáÖoâ�ãåä ÛáÜ ÏÝßÞ Ú�Ë ÒÌ àáÖ Ò â�ã Ó ÛÇÜ ÏÝcÞ Ú�Ë ÕÌ àáÖ Õ â�ãçæ (4.39)

Weshowedin thefirst partof theproof thatèFéHêÌKëMì éFíoîï¿ð ÏÝ Þ Ú�Ë ÒÌ àáÖ Ò â�ñ�ÑÃò¬æ (4.40)

For thesecondtermweuseèHéFêÌ�ë³ìôóöõo÷ïÁø ÜÔÏÝßÞ Ú�Ë ÕÌ àáÖ Õ â�ãùä ÏÝ�ú èFéHêÌKëMì Û Þ Ë ÕÌ â Ó Û Þ Ö Õ â�ûüä Û Þ Ö Õ â+æ (4.41)

It follows that èFéHêÌKëMì éFíoîï Û ÜÔÏÝßÞ Ú�ËqÌ!àÇÖoâ ã ä ø Þ Ö Õ âþý (4.42)

whichcanbemadeassmallaswepleaseby taking Íåÿ � .
If Ù Þ � â.Ñ � � � , we have shown in the first part of the proof that thereexists a sequenceof

translationssuchthat ËbÒÌ is compactin ��������	 Ì and 
YËqÌ�ÚbÌ is tight in ��� . Moreover, as Í goes
to infinity, ���

vÖ�Õ���� � becomesarbitrarily small. Hence ���

aËsÕÌ ��� � areuniformly smallwhich implies���fË ÕÌ ��� ������	 Ì aresmallby Sobolev. We thusconcludethat ÚbÌ�ËqÌ is compactin � ������	 Ì , and 
vÚbÌ�ËqÌ is
tight in ��� . Thiscompletestheproof.

5 Applications

In thissection,weillustratehow to useTheorems1and2 to establishthatall minimizingsequences
for somevariationalproblemconvergeup to thesymmetriesof thefunctional.

5.1 Dynamical Stability of gaseousstars

We will give a proof of the recentnonlinearstability resultsof G. Rein [14] on gaseousstars.
Considera self-gravitatingstarwhichsatisfiesthecompressibleEuler-Poissonsystem:����� Ó 
�� Þ ��� â Ñ òoý������� Ó � Þ � ��
aâ � Ñ à�
�� Þ � â_à � 
��+ý� � Ñ  "! � ý (5.1)
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with theboundarycondition #�$�%'& ()& *,+.-�/103254�687:9 . Here ;</=03254�6�>?9 and @A/1032B4�6DCFEHG arethemass
densityandvelocity field of agaseousstar, and-JIK/=03254�687ML NPO 4QLSR OUTJV ;</1032WRX6�Y�R (5.2)

is thecorrespondinggravitationalpotential. For simplicity, we assumethat thepressureis given
by Z�/�;[687?;"\ . Theenergy functional] /10B687_^` N O @ O a ;�Y�4cb ^d L ^ N ; \ Y�4�Le^` NfN ;</14�6 O 4QLgR O TJV ;</�RX6�Y�4<Y�R (5.3)

is formallyconservedunderthemotiongeneratedbyEq.(5.1).A family of steadystatesis obtained
by minimizing thetime-independentfunctionalh /�;[687ji ^d L ^ N ; \ Y�4kL ^` N_N ;</=4�6 O 4kLgR O TJV ;</1R�6�Y�4<Y�RAl (5.4)

subjectto themassconstraint N ;</=4�6BY�4m7on p (5.5)

A minimizeris givenby ;�q)/=4�68rtsK/ d 6vu ] qHLw-�Iyxz/14�6|{ V�} \ TJV~ (5.6)

where
] qS��9 is a Lagrangemultiplier associatedwith the massconstraint,and -�Iyx)/14�6 is the

potentialinducedby ;�q throughEq. (5.2). The minimizer is uniqueup to translation.The main
resultin [14] is thefollowing.

Theorem [14] For d������K� , thesymmetricsteadystatesolution ;�q�/14�6 is dynamicallystableup to
translations,amongpossibleweaksolutionswhich satisfyboththemassconservationin Eq. (5.5)
andan energy inequality

] /10B6�� ] /�9�6 .
Here,thedistancefrom ;�q is measuredbyY�/1;J2W;�q3687 ^d L ^ N u
; \ Lg; \q b:/�-�Iyx8L ] q�6�/�;�Lg;�q�6�{�Y�4�>�9Xp (5.7)

The crucial part is to establishthat for any minimizing sequence;���2 thereexists a sequenceof
translations�<� on E G suchthat O�O
� -X����Iy��L � -JIyx O�O aH� 9�2 (5.8)

seeTheorem1 in [14], andsimilar argumentsin stablegalaxyconfigurationsin [9-12].

PROOF. Denoteby � /1;[687 NfN ;</=4�6 O 4QLSR O TJV ;</1R�6�Y�4<Y�R�7 O�O�� -�I O�O aa (5.9)
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thegravitationalpotentialenergy associatedwith themassdistribution � .
Step1. Compactnessof symmetricminimizingsequencesfollowsfrom [13, Lemma4.1]. It is

shown therethat(5.8)holdswith no translationsneededfor any symmetricminimizing sequence,
thatis, ��������
�¡ £¢c¤�¥ � �§¦ ��¨�©«ª­¬¯® (5.10)

As amatterof fact,thesplittingandscalingargumentusedin theproof leadsto anapriori estimate
for theradiusof ��¨ ¥=° © , of theform ± ° ±�² ¦´³�µ·¶¸|¹�º , with anexplicit negativeconstant» µ .

Step2. Givenageneralminimizingsequence� � with
����� �z¼½¢¿¾ � � ª­À . Usingtheequimea-

surabilityof � � with ��Á� andtheRieszrearrangementinequality, we seethat thesequenceof sym-
metrizations� Á� is againaminimizingsequence,andthat������Â¼½¢ ¤�¥ � � ©8ª ������Â¼,¢ ¤�¥ � Á� ©«ª ¤�¥ ��¨�©Ã® (5.11)

By Step1, ������Â¼,¢ ¤�¥ � Á� ¦ ��¨3©8ª�¬�® (5.12)

SincetheCoulombkernelis strictly symmetricallydecreasingandpositivedefinite,Eq. (5.8) fol-
lowsdirectly from our Theorem1.

5.2 Maximizing sequencesfor the HLS functional

We will show how to use Theorem1 to show that all maximizing sequencesfor the Hardy-
Littlewod-Sobolev inequality converge up to scalings,translations,and phasefactors,as first
provedby Lions [7, 8]. TheHardy-Littlewood-Sobolev inequalitystatesthat¤�¥�Ä ©DÅÆªoÇ�È�É´Ç�È�É ÄÊ¥=° ©)± ° ¦SË ±UÌ[Í�ÎÄÏ¥ Ë ©�Ð ° Ð Ë ²ÒÑ ¥�Ó�Ô�Õ ©z±�± Ä ±�± Ö× Ô ØÕ�ÙÛÚÓ ª Ø (5.13)

for any complex-valuedÄ in Ü × ¥=ÝÃÞ © . Both thefunctional¤ andthe Õ -normareinvariantunderthe
translationby vectorsßkà Ý8á andscalingby factorsâäã�¬å ÄÊ¥=° ©«ª Ä�æ�° ¦ ß�ç Ô è8ÄÊ¥1° ©8ª�â Ì áÊé × Ä�æ�°�ê âëç§® (5.14)

Thesharpconstant Ñ ¥�Ó�Ô�Õ ©Ãª ì5í�îï�ï ðzï�ï ññ5ò�ó ¤�¥�Ä © Ô (5.15)

wasdeterminedby Lieb in [4]. It is achievedforô ¥=° ©«ªöõ Ø÷ Ù ± ° ± Ö�ø áÏé ×äù (5.16)

in fact, ô is the uniquesymmetricallydecreasingoptimizerof Eq. (5.15)with ¾�ï ú)ï û ó ô ¥=° © × Ð ° ª÷ ê Ø [26] [Theorem4.3,Lemma4.8].
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Lieb’s identificationof theoptimizercombinedtheconformalinvarianceof Eq. (5.15andthe
sharpRieszrearrangementinequalitywith a subtlecompactnessargument.Themostdirectproof
of thesharpHardy-Littlewood-Sobolev inequalityusesthecompetingsymmetriestechniqueto con-
structspecialmaximizingsequenceswith goodconvergenceproperties,thussidesteppingthecom-
pactnessissue[32, 33], (see[26, Theorem4.6]). In fact,all maximizingsequencesfor Eq. (5.15)
convergeto ü up to suitablescalings,translations,andmultiplicationby phasefactors:

Theorem [7] For everysequenceof functionsý)þ satisfyingÿ�ÿ ý)þ ÿ�ÿ ������� �	��
þ
��� ��� ýzþ�� � ��� ü�� (5.17)

thereexist sequencesof scalings��þ , translations�<þ , andphasefactors ������� such that���	
þ
��� ��� � ����� �<þ ��þ�ý)þ"!Sü�� �$#%� �	��
þ&�'� ÿ�ÿ � ����� �<þ ��þ�ý)þ�!Sü(� �)#%*
(5.18)

PROOF. Step1. Althoughit isnotexplicitly statedthere,Liebshowsin hisproofof themaximality
of ü thatevery maximizingsequenceof symmetricallydecreasingfunctionsüKþ for convergesto ü
up to scalings[4, p. 536]. In otherwords,thereexistsasequenceof scalings��þ suchthat���	
þ
��� ÿ�ÿ ��þKü�þ�!Sü ÿ�ÿ ���+#,*

(5.19)

Since
�

is continuousin - � by the (non-sharp)Hardy-Littlewood Sobolev inequality, it follows
that ���	
þ
��� ��� ��þ�ýzþ"!Sü�� �$#%*

(5.20)

Thecompactnessof symmetricminimizingsequencesup to scalingcanalsobeshown directly, by
usingthesplitting andscalingtechniquedevelopedin [12].

Step2. Considera generalmaximizingsequenceof nonnegative functions ýzþ . Clearly ý/.þ is
againa maximizingsequence.By Step1, thereexistsa sequenceof scalingssuchthat

��� ��þ�ý .þ !ü��10 #
. Since ýzþ is amaximizingsequence,wehave����
þ&��� ��� ýzþ � � ����
þ
��� ��� ý .þ � � ��� ü�� * (5.21)

Sincethekernel 2 �43 !65�� � ÿ 3 !75 ÿ98;: is positivedefiniteandsymmetricallydecreasing,wemay
applyTheorem1 to thesequence��þ�ý)þ to obtainasequenceof translationssuchthat�	��
þ
��� ��� �<þ���þ�ý)þ"!Sü�� �)#%<

(5.22)

in particular, ��þ=��þ�ý)þ$0 ü pointwisealmosteverywhereat leastalong suitablesubsequences.
Since

���	
 þ
��� ÿ�ÿ ý)þ ÿ�ÿ �7� �7� ÿ�ÿ ü ÿ�ÿ � , it follows from the characterizationof the missingterm in
Fatou’s lemmathat ���	
þ
��� ÿ�ÿ ý)þ=��þ>��þ�ýzþ"!Sü ÿ�ÿ ���)#%*

(5.23)
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Conclusion. For a generalmaximizing sequenceof real-value functions, it is easyto see
that thereexists a subsequencealongwhich either the positive parts ?A@
BDC�E or the negative parts?9@FB=CHG form againa maximizingsequence,and that the other part convergesto zero. Similarly,
Schwarz’ inequality implies that the real and imaginarypart of a complex-valuedsequenceare
againoptimizingsequences,andthattheir ratio convergesto a constant.

5.3 Minimizing sequencesfor the Sobolev inequality

Finally, we show thecorrespondingcompactnessresultfor minimizing sequencesof theSobolev
inequality . The Sobolev inequality boundsthe norm of a function in IKJ by a corresponding
gradientnorm,LNM @PORQTS U�V�WYX[Z @ X J]\>^`_ba MHced�f O X	X @ X	X JJhgji flk S cmfconpf d&qsr6fptuc i (5.24)

Thefunctionalandthe
f k

-normareinvariantundertranslationby vectorsvxw`y{z andscalingby a
dilation factors|~}�� � @ M ^ O1Sb@ M ^ n v;O d � @ M ^ O1S$| G z���J g @ M ^�� |]O i (5.25)

Thesharpconstant a MHced�f O{S �������� �F��� � g� g���� LNM @PO d (5.26)

wasdeterminedby Talenti[2] andAubin [3]. For
f } q

it is assumedfor thefunction����� � M ^ O{S�� q����� X�X ^ X�X J���J G �&� J g ��J d
(5.27)

where � and � arepositiveconstantsdeterminedby thevaluesof
X�X � X	X Jhg and   � ¡F� ¢ � � J g . For

f S q
,a MHced&q O is theisoperimetricconstantin y{z , which is notassumedin £ � � � but by thecharacteristic

functionof a ball in ¤¦¥ . Theoptimizeris uniqueup to scaling,translation,andmultiplicationby
constants.

In their proofs,Talentiusestherearrangementinequalityfor convex gradientfunctionalsand
Aubin usesthe isoperimetricinequality to reducethe variationalproblemto radially decreasing
functions,andthenanalyzethe ordinarydifferentialequationassociatedwith the resultingone-
dimensionalproblem. In the specialcase

f S¨§ , Eq. (5.26 is againconformally invariant,and
thecompetingsymmetriestechniquequickly yieldstheoptimizers.A recentproof,usingoptimal
transporttechniques,avoidscompactnessissuesaltogether. Wewill giveaproof thatfor

f } q
, all

minimizingsequencesconvergeup to scalings,translation,andmultiplicationby phasefactors.In
thecase

f S q
, theminimizeris a functionof boundedvariation,but theminimizingsequencestill

hassometightnessproperties.

Theorem [7] Givena sequenceof functions@FB©we£ � � J withX	X @
B X	X J S q�d ª�«	¬B
­�® L~M @FB>O{S a M¯ced�f O i (5.28)
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1. If °e±³² , there exist sequencesof scalings,́�µ , translations¶·µ , andphasefactors ¸�¹�º�» such
that thesequencedefinedbysatisfies¼�½	¾µ
¿�À6Á�Á Â µ=¶�µ>´�µ Ã
µ"Ä6Å Á�Á Æ�Ç)È%É ¼�½�¾µ&¿�À`ÊNËHÂ µD¶·µ>´�µ Ã
µ"Ä6Å�Ì Ç+È%Í (5.29)

2. If ° Ç ² , there exist sequencesof scalings ´�µ , translations¶·µ , andphasefactors ¸ ¹�º�» such
that thesequenceof gradientsÎ�Ï=¸ ¹�º » ¶·µ>´�µ Ã
µÑÐ is tight in ÒRÓ andthesequencȩ ¹�º » ¶�µ>´�µ Ã
µ is
compactin Ò »»ÕÔ�Ö Í

PROOF. Step1. Let ÅDµ beasequenceof symmetricallydecreasingfunctionswith Á�Á Å=µ Á�Á Æ�×jÇ ² and¼	½�¾ ÊNË Å=µ>Ì Ç³Ø1ËHÙeÉ °lÌ . By scaling,wemayassumethatÚ/Û ÜFÛ Ý Ó Å Æ ×µ Ç Ú/Û ÜFÛ Þ Ó Å Æ ×µ Ç ²ß Í (5.30)

Choosinga subsequence,we mayassumethat Å=µ convergesweakly in à�Óâá Æ (or in ã¦ä if ° Ç ²FÌ É
and in Ò Æ × to somesymmetricallydecreasinglimit function Åæåçà Óâá Æ . Sincethe ÅDµ are sym-
metricallydecreasing,they alsoconvergepointwisealmosteverywhere.Clearly, Á�Á Å Á	Á Æ ×Æh×%è ² andÊNË Å�Ì è Ø1ËHÙeÉ °·Ì .

We want to show that ÅDµ can concentrateneitherat Á é1ÁêÇëÈ nor at Á é1ÁìÇëí . Let î be a
symmetricallydecreasingsmoothcutoff function with valuesin ï È�É ²�ð , satisfying î Ë¯é Ì Ç ² forÁ é1Á�ñ ² and î Ë4é Ì Ç)È for Á é1Á ± ß

. For òó± ß
, wesplit ÅDµ into threeparts,Å ô Ë¯é Ì Ç î Ë ò é ÌõÅ Ë¯é Ì É Å�ö Ë4é Ì Ç î Ë¯é�÷ òøÌâÅ Ë4é Ì É ÅÑù Ç Å,Ä6Å>ôúÄ6Å�ö É (5.31)

andcorrespondinglyfor the functions Å=µ . It follows from theuniform boundsin Lemma2.1 and
thepointwiseconvergencethat Å ùµüû Å ù stronglyin Ò{ý for all þ ÿ ² , andthat Å ôµüû Å stronglyinÒ1ý for all þ ñ ° � . Let � ôµ Ë òøÌ ÇçÁ	Á Å>ôµ Á	Á Æ ×Æ × É � öµ Ë òøÌ Ç Á�Á Å;öµ Á�Á Æ ×Æ × Í (5.32)

WecomputeÊNË Å=µ Ì Ç Ú Á Î©Å=µ Á Æ�� é ÿ Ú Á î Ë¯é�÷ ò Ä�î Ë ò é Ì�Î¦ÅDµ Á Æ�� é (5.33)� Ú Á î Ë ò é Ì�Î©Å=µ Á Æ�� é � Ú Á�Ë ²êÄ�î Ë¯é�÷ òøÌ�Ì�Î¦ÅDµ Á Æ�� é�Í
Usingtheproductruleandthedefinitionof Ê , thefirst termon theright handsideis estimatedbyÚ Á î Ë¯é�÷ òøÌ Ä î Ë ò é Ì�Î¦ÅDµ Á Æ � é ÿ ÊNË Å ùµ Ì�Ä Ú�� ò Á Î î Ë ò é Ì Á � ò
	 Ó Á Î î Ë4é�÷ òøÌ Á � ÅDµ � éÿ � ²�Ä � ôµ Ë òøÌ Ä � öµ Ë ¶�Ì � Æ
��Æ × Ø{Ë¯ÙeÉ °·Ì Ä�� � ò Ó ��Æ × � ß���� � ÅDµ Ë òøÌ � É
wheretheconstant� dependsonly on thecutoff function î . We have usedthedefinitionof the
sharpSobolev constantØ1ËHÙeÉ °·Ì to estimatethefirst term,Hölder’s inequalityfor thesecond,and
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thefact that ��� is symmetricallydecreasingfor thethird. Thesecondandthird termson theright
handsideof Eq.(5.33)aresimilarly boundedbelow by��������� �"!�# �$� � %�&'� ( )+*-,� ���.!0/ %
12%43
5 �7698;:<!>=�?@�
AB12%C3 (5.34)� �D�FEG=H���7�"IJ�.!0!�# �$� � %�&'� ( ) *$K� ���.! / %
12%43
5 �7698;:<!>=�?
L�M�N M � �BLJ�.!PO (5.35)

Insertingtheseestimatesinto Eq. (5.33)andtakinglimits, wededucethatQSRUT�-VXWZY EG=\[ ) E]=Z*-,� �B�.!>=�*^K� �B�.! / %412% 3`_ ) *a,� �B�.! / %
12% 3`_ ) *$K� ���.! / %
12% 30b"ced f ��� d g !hO
(5.36)

Wehaveusedthat
QSRSTji � �$� !Pk 5 �7698;:<! , andthat �$� convergesto � pointwise.Since

* ,� ���.!mlnE^I'L
and

* K� �B�.!9l E-I'L
for all

� opL
by our choiceof scaling,the strict convexity of the functionq d q %
12% 3

impliesthat QSRST�aVXW
r *-,� �B�.! _ *^K� �B�.!as d f ��� d f !tO
(5.37)

It follows that �$� d � strongly in u % 3 , andconsequently
�S� � �U� % 3 kvE

. By the definition of the
optimal constant

5 ��698B:<!
and Fatou’s lemma,we have

�S��# � �S� %% k i � � !9k 5 �7698;:<!
, and

# �$�
convergesto

# � stronglyin u % . Thus � is anextremalfor theSobolev inequality, andis givenby
Eq.(5.27),with w and x determinedby�S� � �S� % 3 kyE 8 �{z |^z } A ��~ 3�k EL O

(5.38)

Sinceall suitablyscaledsubsequencesconverge to thesamelimit, theentiresequenceconverges
to � in u % ��:�o�E-! , asclaimed.For

:9k�E
we usethat

�S� � �S� %43% 3 k�E
and

QSRSTji � �$� !]k 5 ��EJ8;:<!
which# ��� d # � weaklyin measure.

Step2. Considera minimizing sequenceof nonnegative functions �^� . Clearly thesymmetric
decreasingrearrangements���� form againa minimizing sequence,If

:�onE'8
by Step1, thereexists

a sequenceof scalings�"� suchthat
QSRUT �-VXW �S� �"�'� �� = � �S� % 3 k f 8 QSRST �aVXW i � �"�'� �� = � !�k f O

For
:�o�E

, the limiting function � is strictly symmetricallydecreasing,strictly positive, andhas
a continuousdistribution function. By Theorem2 appliedto �"�'�^� , thereexists a sequenceof
translations�<� suchthat QURST�-VXW i � �<���"� � �-� �^= � !�k f O (5.39)

It follows from theSobolev inequalitythatQSRST�aVXW �U� �<���"� � �-� �^= � �U� % 3 k f O (5.40)

On theotherhand,if
:�k�EJ8

we thenhave

5 � �"���"�� ! d 5 � � ! and
QSRUT �-VXW �S� �"�'�"�� = � �U� % 3 k f , and

wecanapplythesecondpartof Theorem2.
Conclusion.Forageneralcomplex-valuedminimizingsequence,theclaimfollowsbysplitting

thesequenceinto it realandimaginarypartsandusingTheorem7.8[26].

26



Acknowledgements

Theresearchstemsfromanextensivecollaborationof Y. G.with GerhardReinonstellardynamics.
We thankGerhardReinfor his interest,andRobertMcCannfor initiating our collaboration.A.B.
gratefullyacknowledgesthehospitalityof PrincetonUniversityduringtheSpring2002semester,
andthanksElliott Lieb for severalusefulconversationsandthe ideafor theproof of Lemma2.5.
Thework wassupportedin partby NSFgrantsDMS-0305161andDMS-0308040andtwo Sloan
researchfellowships.

References

[1] Strauss,W.A., Existenceof solitarywavesin higherdimensions,Commun.Math.Physics55
(1977)149-162.

[2] G. Talenti,Bestconstantin Sobolev inequality. Ann. Mat. PuraAppl. (4) 110 (1976),353-
372.
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