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Quasi-geodesics in Out([F,,) and their shadows in sub-factors

Yulan Qing and Kasra Rafi

ABSTRACT

We study the behaviour of quasi-geodesics in Out(Fy,). Given an element ¢ in Out(F,), there
are several natural paths connecting the origin to ¢ in Out(F,); for example, paths given by
Stallings’ folding algorithm and paths induced by the shadow of greedy folding paths in Outer
Space. We show that none of these paths is, in general, a quasi-geodesic in Out(F,,). In fact, in
contrast with the mapping class group setting, we construct examples where any quasi-geodesic
in Out(F,) connecting ¢ to the origin will have to backtrack in some free factor of F,,.

1. Introduction

Let F,, = (s1, $2, ..., Sn) denote the free group of rank n and let Out(F,,) denote the group of
outer automorphisms of F,,,

Out(F,,) := Aut(F,,)/ Inn(F,).

This group is finitely presented [28]. For example, it can be generated by the set of right
transvections and left transvections:
S; — SiSk S; — SkS;
{Sj — S5 for all j # i {Sj —5; for all j # i

together with elements permuting the basis and elements sending some s; to its inverse ;.
For an explicit presentation see [27]. Equip Out(F,) with the word metric associated to this
generating set. We aim to understand the geometry Out(F,,) as a metric space. Specifically,
we want to understand the quasi-geodesics in Out(F,,).

A common way to generate a path connecting a point in Out(F,) to the identity is to use
the seminal idea of Stallings’ folding algorithm [30] which we discuss here briefly. One can
create a model for Out(F,,) by considering the space of graphs z of rank n where the oriented
edges are labelled by elements of F,, inducing an isomorphism p: 71(x) — F,, (defined up to
conjugation and graph automorphism). We refer to p as the marking map. For another such
marked graph 2/ with marking map u': 71 (2’) — F,, we say «’ is obtained from x by a fold if
there is a quotient map from x to z’,

fold: = — 2/,

inducing an isomorphism fold*: m(z) — m1(z’) so that u = u’ o fold*.
Let Ry be a rose with labels si,..., s, inducing an isomorphism

po: m(Ro) = Fo,
and, for ¢ € Out(F,,), let R = ¢(Ry) be the rose where the marking map
w: m(R)—F, is given by = ¢ lo-
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Then, a sequence
R:‘Zm*)l'm_l"")l’l 4)1’0:R0

of folds produces a path in Out(F, ) connecting the identity to ¢ as follows: for 0 < i < m,
consider a quotient map z; — R; by collapsing a spanning sub-tree, resulting in a rose R;.
Also, let g;: ©; — xo = Ry be the composition of the folding maps. Then, we have the following
diagram of homotopy equivalences:

R0—>Ri<—$i—>R0,

where the first arrow is any graph automorphism between the two roses. We associate x; to the
induced map ¢;: 71 (Rg) — 71 (Rp). The map ¢; € Out(F,,) is coarsely well defined, depending
on the chosen quotient maps x; — R; and the graph automorphism Ry — R;. But the set of
all possible resulting maps has a uniformly bounded diameter in Out(F,,) and the distance
between ¢; and ¢;;1 in Out(F,) is uniformly bounded. That is, we have a coarse path

(b:(bm?"'ad)o:id

in Out(F,,) connecting ¢ to the identity which we refer to as a folding path in Out(F,,).

Stallings folding theorem provides an algorithm for finding a sequence of folds connecting
any marked graph = to Ry where, in each fold, edges are identified according to their labels
(see Section 2.4). That is to say, the folds given by the Stallings algorithm are directed by the
marking map. A path consisting of a sequence of marking-directed folds is called a Stallings
folding path. The ideas in Stallings’ folding algorithm have found many interesting applications
in the study of automorphisms of free groups (see, for example, [12, 14, 16, 17, 34]).

Among the complexes frequently used to study Out(F,) (see, for example [5, 19, 20]) are
the free splitting complex and the free factor complex (see Section 2.2 for definitions). Let S(.A)
denote the free splitting complex of IF,,. Stallings folding paths can be thought of as paths in
S(A). Handel and Mosher showed that these paths are quasi-geodesics in S(A) [19]. Let F(A)
denote the complex of free factors of F,,. Kapovich and Rafi [20] proved that a projection from
S(A) to F(A) takes geodesics to quasi-geodesics. Also, generalization of Stallings folding paths
give rise to geodesics in CV,,, for example, see [15, 29].

However, Stallings folding paths do not in general give efficient paths in Out(F,,).

THEOREM A. For any K,C > 0, there exists an element ¢ € Out(F,,) such that any Stallings
folding path connecting R = ¢(Ry) to Ry does not yield a (K,C)-quasi-geodesic path in
Out(F,,).

Proof. Consider the following automorphism:

a— a
b db> b
c—  c(ab®)t.

That is, if Rp is the rose with edge labels a, b and ¢, then R = ¢(Ry) has labels a, b, and (ab®)*.
Following Stallings folding algorithm, to go from R to Ry we need to fold the third edge around
the edges labelled a and b. At each step, there is only one fold possible. The first and second
edges remain unchanged since they are also present in Ry. This takes t (s + 1) steps. That is,
the associated path in Out(F,) has a length comparable to t s.

However, one can see that there is another path connecting R to R, that takes 2s + ¢ steps,
namely

(a,b,c(ab®)"y — (ab®,b,c(ab®)") — (ab®,b,c) — (a,b,c).
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orbit of Rg forget the metric
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FIGURE 1. A path in either Out(F,) or CV,, has an associated shadow path to other
spaces via the maps described here.

Choosing s, t sufficiently large compared with the given K and C, we have shown that the path
given by marking-directed folds was not a (K, C')-quasi-geodesic. O

One can also represent an element of Out(F,,) using train-track maps (see [6]) and consider
a folding sequence according to the train-track structure. Or similarly, consider a geodesic in
Culler—Vogtmann Outer Space and take the shadow (that is, the difference of markings to Ry,
see the discussion at the beginning of Section 5 and Figure 1) of it to Out(F,). The same
example above shows that none of these paths would, in general, produce a quasi-geodesic in
Out(F,,).

On the other hand, we observe in the above example, that even along the shorter paths, it
takes at least s steps to form or to eliminate an sth power of b and ¢ steps to eliminate a tth
power of (ab®). We examine this phenomenon through the language of relative twisting number
(8].

The relative twisting number [8] of two labelled graphs = and 2’ around a loop a measures
the difference between z and z’ from the point of view of o and is denoted by tw,(x,z") (see
Definition 3.1). We show that the length of any path in Out(F,,) connecting ¢ to the identity
is bounded below by the relative twisting number tw, (R, Ry), where R = ¢(Ry).

Again, instead of considering a path in the Cayley graph Out(F, ), we consider a folding
sequence R,,, ..., Ry. This is a sequence of labelled graphs where R; is obtained from R;; by
a fold that it is not necessary coming from Stallings’ algorithm or any train-track structure
(see Section 2.4). We also show that if the length of the loop « remains long along the path, it
takes longer to twist around a.

THEOREM B. For any folding sequence R,,, ..., Ry and any loop a, we have
m = twa(Ro, Ry)-
Further, if ¢r,(«) > L > 50 for every 4, then

L
m 2 twq (Ro, Ry) <log5 50)'

One might suspect that, in the above theorem, logy L can be replaced with L. However, we
will show that the above inequality is sharp with an example (see Example 3.8).

Theorem B can be viewed in the context of an attempt to have a distance formula for the
word length of an element in Out(F,,) in analogy with the work of Masur—-Minsky in the setting
of the mapping class group [26]. Let S =S, ; be a surface of genus g with s punctures and
Mod(S) denote the mapping class group of S, that is, the group of orientation preserving
self-homeomorphisms of S up to isotopy. One can try to understand an element f € Mod(.S)
inductively by measuring the contribution of every subsurface to the complexity of f. This is
done explicitly as follows: a marking po on a surface S is a set of simple closed curves that
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fill the surface, that is to say, every other curve on S intersects some curve in py. Masur and
Minsky introduced a measure of complexity dy (o, f(uo)) between g and f(po) called the
subsurface projection distance. Namely, they defined a projection map

my: C(S) — C(Y)

from the curve graph of S to the curve graph of a sub-surface Y and defined dy (uo, f(10)) to
be the distance in C(Y") between the projection my (uo) and my (f(po)) to C(Y'). They showed
the sum of these subsurface projections is a good estimate for the word length of f (see [26]
for more details).

To produce the upper bound for the distance formula, Masur and Minsky constructed a class
of quasi-geodesics called hierarchy paths, whose lengths is the coarse sum of all subsurface
projection distances. An important characteristic of these quasi-geodesics is that they do not
backtrack in any subsurface Y. That is, there is a quasi-geodesic,

[0, m] — Mod(S), i— fi
in Mod(S) so that the projection to the curve graph of Y
[O7m] - O(Y), s ﬂ—Y(fi(MO))

is a quasi-geodesic for every subsurface Y of S.

There are several analogues for the curve graph in the setting Out(F,,), most importantly,
the free splitting graph S(F,,) and the free factor graph F(IF,) both have been shown to be
Gromov hyperbolic spaces [5, 19]. For every sub-factor A of F,,, we have projection maps [5]

Out(F,) — S(A) — F(A)

and it is known that every quasi-geodesic in S(FF,,) projects to a quasi-geodesic in F(F,,) [20].
One may hope to construct quasi-geodesic in Out(F,,) where the projections the free splitting
or the free factor graph of a sub-factor is always a quasi-geodesic. However, we use Theorem B
to prove:

THEOREM C (Quasi-geodesics backtrack in sub-factors). For given constants K, C, K,
Cy > 0 there exists an automorphism, ¢ € Out(F,,) such that, for any (K1, Cy)—quasi-geodesic
p: [0,m] = Out(F,,) with p(0) =id and p(m) = ¢, the shadow © 4 0p of p in F(A) is not a
(K3, Co)-reparameterized quasi-geodesic.

That is to say, there is ¢ € Out(FF,,) and a free factor A, such that every quasi-geodesic
connecting ¢ to the identity backtracks in F(.A). In other words, there does not exists a quasi-
geodesics between the identity and ¢ that projects to a quasi-geodesics in F(A). Same is true
for S(A).

Another application of Theorem B is in the understanding of relationships between Outer
Space geodesics and Out(F,,) geodesics. The Outer Space, denoted CV,, is the set of metric
graphs whose fundamental group is identified with F,,. It is a CW-complex with Out(F,,)
action and it was defined by Culler and Vogtmann to study Out(F,) as an analogue of
Teichmiiller space which has Mod(S) action [11]. One can project a path in CV,, to a
path in Out(F,,), by considering the associated difference of markings maps along a path
in CV,,. Bestvina and Feighn [5] showed that greedy folding paths in CV,, projects to quasi-
geodesics in free factor graphs for all sub-factors. This was used to produce a weak version of a
distance formula which give a lower bound for the word length in terms of projection distance
to S(A) [3].

However, it follows from Theorem C that shadows of greedy folding paths are not quasi-
geodesics in Out(F,,).
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THEOREM D. The shadow of geodesics in CV,, do not in general behave well in Out(F,,).
More specifically,

(i) for given constants K and C, there are points z,y € CV,, such that for every geodesic
[,y]cv, in CV,, connecting x to y, its image in Out(F,,) is not (K, C)-quasi-geodesic;

(ii) there are points x and y in the thick part of CV,, such that they are connected by a
greedy folding path whose shadow in Out(F,,) is not a quasi-geodesic.

Our methods do not say anything about the projection of quasi-geodesics in Out(F,,) to
S(F,,) or F(F,). It is interesting to know if a geodesic in S(IF,,) can be used as a guide to
construct efficient paths in Out(F,,).

QUESTION E. For a given ¢ € Out(F,,), does there always exist a quasi-geodesic in Out(F,,)
connecting ¢ to the identity whose projection to S(F,,) is also a quasi-geodesic?

2. Background

2.1. Labelled graphs

Recall from the introduction that a labelled graph = induces an isomorphism p: 7 (x) — F,
called a marking. Two labelled graphs x and z’ are equivalent if there is a graph automorphism
f:  — 2’ such that the following diagram commutes up to free homotopy:

(2’

m )LFn
"o
m1(x)

Let w denote an element of F,,. We refer to a conjugacy class [w] of w as a loop. For any labelled
graph z, and any loop «, there is an immersion of a circle in x representing « which (abusing
the notation) we also denote by . We always assume this immersion to be the shortest in its
free homotopy class in terms of the number of edges. The number of edges of a loop « in the
given marked graph z is denoted ¢, (), and is called the combinatorial length of « in z.

Sometimes it is more convenient to work with the universal cover of a marked graph. The
universal cover of z is an F,-tree (A simplicial tree with free F,, action). Given such a tree
T, an element w € F,, in the conjugacy class « acts hyperbolically on T, and we use axist(w)
to denote the axis of its action. Consistent with the definition of combinatorial lengths in the
graphs, we use {7(w) to denote the number of edges in a fundamental domain of the action of
w. Note that this is independent of the choice of w € a. Hence, we can also use the notation
{1 (a) which is equal to £, («).

2.2. Free factor and free splitting graphs

There are several analogues of the curve graph in the setting of Out(F,,). The two important
ones are the free factor graph F(F,,) and the free splitting graph S(F,,).
A free factor A of F,, is a subgroup such that there exists another subgroup B where

F, =AxB.

A free factor A is proper in F,, if the rank of A is strictly less than n. Then F(F,,) is a graph
whose vertices are conjugacy classes of proper free factors of F,, and edges are associated to
pairs of proper free factors where one is contained in the other. Similarly for each free factor
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A, one defines the free factor graph F(A) whose vertices are conjugacy classes of proper free
factors of A.

A free splitting over F,, is a minimal, simplicial (but possibly not free) action of the group
F,, on a simplicial tree T' with trivial edge stabilizer. Then S(F,,) is a graph whose vertices are
free splittings of IF,, up to an equivariant isometry and two splittings are connected by an edge
if one can be obtained from the other by a collapse map (see [19] for more details). As above,
for any free factor A, S(A) denotes the free splitting graph of A.

There is a projection map

m: S(F,) — F(F,)

defined as follows. Let a be a primitive loop, that is, @ = [w] and (w) is a free factor. Then, for
any free splitting 7', the translation length of o in T, ¢7(«), can be defined as before but may
be zero. We define 7w(T) = a where « is the primitive loop with shortest translation length.
Similarly, there is a projection map S(A) — F(.A) which we also denote by 7. These maps are
coarsely well defined (see [5]) and further we have

THEOREM 2.1 [20]. The projection under 7 of a quasi-geodesic in S(A) is a reparameterized
quasi-geodesic in F(A).

REMARK 2.2. The above theorem implies that, given a path p in Out(F,,), if its projection
to the free factor graph is not a quasi-geodesic, then its projection to the free splitting graph
was also not a quasi-geodesic.

Let = be a labelled graph and T be the universal cover. For a proper free factor A let T|.4
be the minimal A-invariant subtree of T. Note that T|A € S(A). Also recall that the Outer
Space (see [11] and the discussion in Section 5) denoted CV,, is the set of volume 1 metric
graphs whose fundamental group is identified with F,,. Letting T; be the universal cover Ry,
the labelled rose fixed in the introduction, we define a shadow map as follows:

0%: Out(F,) — S(A) ¢ — ¢(Tp)|A.

That is, we change the action on T according to ¢ and take the minimal A-invariant subtree.
Composing with 7: S(A) — F(A) we can define a shadow map to F(A):

0% Out(F,) = F(A4) ¢ — n(05%(9)).

The map Gft is used more often and hence we shorten the notation to © 4. In fact, the shadow
to F(A) makes sense for all marked graphs. That is, we can define a map:

©%: CV, — F(A) 0% (z) :=n(T]A),

where T is the universal cover of x. Note that since the image of ©% does not depend on the
metric of the graph in question, it makes sense to write ©% () even when x is a marked graph
with no metric.

We recall the lemma in [5] on the upper bound for the distance in the free factor graph. It
states that if a loop o € A is short in z then the shadow of = in F(A) is near «.

LEMMA 2.3 [5, Lemma 3.3]. Let A be a proper free factor and o be a primitive element in
A. Let x be a marked graph so that {,(«) < L. Then

dra)(©%(x), ) < 6L+ 13.
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2.3. Intersection core

To define the relative twisting, we first need to introduce the Guirardel Core associated to
a pair of [, -trees. We give a characterization of the 2-skeleton of the Guirardel Core that is
different from (but equivalent to) the one given in [18]. Given an F,,-tree T, let o be a fixed
vertex of T' that we call the base point. We refer to the vertex w(o) of T, w € F,,, simply by
wp and we refer to an edge by a pair of words (w,ws)r where s is the label of the oriented
edge. We say the edge (w,ws)r is an s-edge. We say an s-edge (w,ws)r is preceded by a t-edge
(u, ut)r if w = ut.

There is a one-to-one correspondence between the set of infinite geodesic rays originating
from o and the set of infinite freely reduced words in F,,. Hence, the Gromov boundary of the
group JF,,, that is, the equivalence class of quasi-geodesics rays in a Cayley graph F,,, can be
identified with the set of all geodesic rays starting from o which in turn can be identified with
the Gromov boundary 9T of T. An (oriented) edge e = (w,ws)7 in T defines a decomposition
of OF,, into two sets in the following way: a vertex vy in T is in front of e if the geodesic
connecting vy and (ws)r does not contain the edge e; likewise a vertex vy is behind e if the
geodesic connecting vy and wr does not contain e. Let 07 (e) be the set of all the geodesic
rays originating from o that eventually lie in front of e and 9~ (e) be set of all geodesic rays
originating from o that eventually lie behind e.

Note that the sets 9*(e) are independent of the choice of 0. Also,

0T (e)ud (e)=0F, and 0T (e)Nd (e) = 0.

That is, e induces a partition of JF,,.

DEFINITION 2.4. Consider an edge e; in 77 and an edge e; in T5. We say e; and ey are
boundary equivalent if they induce the same partition of JF,,. We say e; X ey is an intersection
square if all of the following four intersections, as subsets of JF,,, are nonempty:

0" (e1) NIt (e2) # 0 0 (el)NO (ex) 0
0 (e1) NI (e2) # 0 0" (e1) N O~ (e2) # 0.

It follows from definition that a pair of boundary equivalent edges never form an intersection
square.

EXAMPLE 2.5. Consider the pair of trees T and 75 that are covers of roses R; and Ry with
edge labels (a,a?b) and (a, b), respectively. Let 0; be the base point in T} and 0 be the base
points in 75 (Figure 2).

ab b
a .L). a/ .L}.

0 @ T 092 €2

FIGURE 2 (colour online). The edges e1 in T and ez in T» form an intersection square.

T

We check that the edge e; = (id,a)r, and e; = (a,a?)7, form an intersection square by
producing the beginning of the infinite reduced words that lie in each of the intersections:

O (e1)NOT(ex) :a®bt ... 0T (e1) N (e2) : ala®b) taa---=ab™t...

O (e1) NI (ex) s a®b. .. 0 (e1) NI (eg) b *...
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Intuitively, this is because the edge (id,a?b)r, in T} that is behind e; maps to an edge path
that passes ey, but e; maps to an edge that is behind e;. Therefore, e; and ey are tangled to
each other.

Let Core(Ty,T») be the sub-complex of Ty x Tb that is the union of all intersection squares:
m = {61 X €9 | e; € T;, e X ey is an intersection square}.
We define the intersection core, or simply the core of T1,T5, to be
Core(Ty, T) = Core(T, T5)/F,,.

It follows from [9, Lemma 3.4] that the above definition is the same as the definition given
by Guirardel.

It is clear from the definition that the core is symmetric: Core(T,75) is isomorphic to
Core(T»,Ty). For an edge es € Ty, the es—slice of the intersection core is the subtree in T that
is a collection of edges that form intersection squares with es:

Ce,(Th) = {e el ‘ e X ey is a square in Core(Tl,Tg)}.

Guirardel showed [18] that the es-slice is always convex and finite. That is, if two edges
e, € T/F, are in a given slice, then all the edges on the geodesic path in T} /F,, connecting
e and € are also in the slice.

2.4. Stallings folding path

We describe Stallings folding path here as needed in this paper; for full generality, see [30]. Let
x be a labelled directed graph. Then the edges of x can be subdivided into edgelets where each
edgelet is labelled with an element in the fixed basis {s1,...,s,} of F,, and the concatenation
of edgelets into an edge yields the original labelling of the edge. A marking-directed fold from
z to x’ is a map from z to z’ that identifies two edgelets eq, e for which both of the following
are satisfied:

i) e1 and ey share the same origin vertex;
g
(ii) e; and es shares the same label

The resulting quotient map from x to 2’ is a homotopy equivalence respecting the markings.
We recall Stallings’ folding theorem per the context of this paper [30].

THEOREM 2.6Stallings’ folding theorem [30]. For any labelled graph x, there exists a finite
sequence of marking-directed folds x = ©,, — --+ — x1 — x¢9 = Ry connecting = to Ry.

For the labelled rose R in Theorem A, there is a unique Stallings folding path connecting
R to Ry because at every step, there are only two edgelets with the same label and the same
original vertex.

2.5. Folding for roses

Here, describe a folding map and its association to partitions of OF,, which is similar to marking-
directed fold but one does not need to match the labels of the edges identified. For simplicity,
we restrict our attention to cases where the labelled graph is a rose which is sufficient for all
our examples.
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DEFINITION 2.7. Consider a labelled rose R and choose two edges of R labelled s and ¢. Let
R’ be a labelled rose whose edge labels are the same as R except the edge label ¢ has changed
to 5t. We say R’ is obtained from R by a fold, and write

R’ =fold(R,t,s) orsimply R’ = fold(R).

We also write T” = fold (T, ¢, s) for the equivariant map in the universal covers.

' g
t | st
S . S .

€1 €2 €1 €2

T T
FIGURE 3. An edge labeled t is mapped to two edges labeled s and st.

REMARK 2.8. In this paper, a fold can occur between any two edges. In contrast, marking-
directed folds [30] follow the labelling of the graphs.

Given F,,—trees T', T, and a fixed base points 0 € T and o’ € T”, there is a natural morphism
f: T — T’ constructed as follows. Send o to o’ and, for w € F,,, send the vertex wr in T to the
vertex wps in T. Also, send an edge (w,ws)r to the unique embedded edge path connecting
wy to (ws)p in T'. The morphism f also induces an FF,,—equivariant homeomorphism

foo: OT — OT".

Let T and T” be the universal covers of R and R’ respectively. A fold from R to R’ induces
a morphism from 7' to 7" where an edge of the form (w,wt)7 is mapped to the edge path

[(w,ws)7, (ws, ws(st))r/]

and every other edge is mapped to a single edge. Similarly, the edge (w,ws)r € T’ has two
pre-images, (w,ws)r and a half of (w,wt)r. All other edges have exactly one pre-images. We
now describe how partitions given by edges in T differ from that of edges in T".

PROPOSITION 2.9. Let R’ = fold(R,t,s) and f: T — T" be the above morphism. Then

(i) if an edge e in T is not an s-edge or a t-edge then f(e) € T' is boundary equivalent to
e;
(ii) if e = (w,wt)r is a t-edge, then e’ = (ws,ws(st))r, which is contained in f(e), is
boundary equivalent to e;
(iii) if eq is an s-edge and e; is the t-edge starting at the same vertex as es then €' = f(e3)
partitions OF,, in the following way:

07 (€) =0 (e2)\0" (e1) and 0T (e) =0T (e) UDT (e1);
(iv) for adjacent edges e; = (u,us)r, e = (us,w)r and ¢’ C f(ez), we have
9 (e1) C 9~ ().

Proof. Let o and o’ be the base points in T and T’; F(0) = o’. Note that changing a base
point 0 to a point w in T moves both the partition given by e in T' and given by ¢’ in 7" by
the action of w. Hence, it is sufficient to prove the statement for any desired base point.

Consider an edge €’ € T’ that has only one pre-image under the morphism f: T — T’. That
is, e is the only edge where ¢ C f(e). Then, e and e’ are boundary equivalent. To see this,
assume o = wr. A ray r starting from o crosses e if an only if f(r) crosses e’. Hence, a ray is
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eventually in front of e if and only if it is eventually in front of e’ which, by definition, means
e and ¢’ are boundary equivalent. This finished the proof of the first two parts.

Let e; = (u,ut)r and es = (u, us)y. We choose 0 = u. Then e; and es are the only two edges
that are mapped over f(e1). But a ray r in T starting from o crosses at most one of e; or es.
In fact, f(r) crosses either edge if and only if it is eventually in front of f(e;). That is,

a* fle) = 9 (e) U AT (&).

The other equality in part (iii) holds because 9~ f(e1) is the complement of 9T f(ey).

In part (iv), we have e; = (u,us)p. Since R’ = fold(R, ¢, s), the only ray r in 0~ (e1) where
f(r) crosses f(e1) is a ray starting with (u,ut)r. If such is the case, then f(r) starts with
[(w,us)7r, (us,us(st))r/]. But € is different from (us, us(st))r: (which has only one pre-image).
Hence, f(r) does not cross €’ and lands in 97 (¢’). Therefore,

97 (e1) C 97 (€). O

3. Twisting estimate

Let |G| denote the number of edges in the given graph G. We now define relative twisting
number, which is an analogue of the Masur-Minsky twisting number [26]. Recall that, for a
given pair of trees T' and Ty, a slice C, (T) over an edge eg € Tj is the subtree of T' consisting
of edges that form intersection squares with eg.

DEFINITION 3.1. Given a loop a and two F,—trees T, Ty, the relative twisting number of
F,~trees T, Ty around « is

twist, (T, Tp) = max |aXlST(2”)(m)Ceo (T)\
eo€lo, wea (o

If T and Tp are universal covers of R and Ry, we define twist, (R, Ry) = twist, (T, Tp).-

ExXAMPLE 3.2. We illustrate the intuition behind this definition by an example. Consider
the rose R with labels (a,b,c(ab)?) and let T be the universal cover of R with base point o
and let Tj be the universal cover of Ry with labels (a,b,¢) and base point oy as usual. Let
a = [ab] and w = ab. Then, ¢7(a) = 2. Consider the edges e, = (id, a)7,. Then C,, is the tree
depicted next. The solid edges form a slice but the dashed edges are not in the core. One can
see this by direct computation or from [9, Lemma 3.7] which states that C., is the interior
of the convex hull of the pre-image of e,. Intuitively, this is caused by the fact that the edge
(¢, (ab)})7 in T (which is the doted edge on the right) is in front of all the solid edges in T
but maps to an edge path that crosses e, which is behind the image of the solid edges in Tj.
The edge e = (id,a)r (the dotted edge in the left) does not form an intersection square with
e, because 0~ eNdte, =0 (Figure 4).

o»-@-b a_ b _a b a b/q

27 c(ab)?
'd
co

FIGURE 4 (colour online). The slice C.,, over e, € Ty Iis a path of length 7.

The whole slice lies on axisy(ab), therefore

| axisy (ab) N C,, (T)] T
KT(Oé) 2

=3.5.
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Meanwhile, if we consider e, = (id, b)7, the slice over e, is the set of solid edges in Figure 5.

ool . a b a b  a b{

.7 c(ab)?
o«
aco

FIGURE 5 (colour online). The slice Ce, over e, € Ty is a path of length 6.

Since this slice also lies on axisy(ab), we have

|axisr(ab) N Ce, (T)| 6 3

ET(OA) o 2 e
This means, if one starts from b, one observes less twisting. Lastly, the edge e. = (id, ¢)r has
only one pre-image in 7. This implies that C., =0 (again, see [9, Lemma 3.7]). Thus the
estimate for the twist depends heavily on the choice of ey. In our example,

twiste (T, T0) = max {3.5,3,0} =35  and  twa (T, Tp) = [3.5] = 3.

REMARK 3.3. The twisting number defined above is a rational number. The integer part of
twistq, (T, To), which we denote by tw,, (T, Tp), is equal to the Clay—Pettet definition of relative
twisting number which considers hyperplanes 7,7, in the core that are dual to specific edges
and counts how many a—translates of 7 intersects 7y (see [8] for details). Similar to the above
example, one can see that in the example of Theorem A,

twy(Ro, p(Ro)) = s —1 and tWaps (Ro, #(Rp)) =t — 1.

We now show that the relative twisting number changes slowly along loops with large lengths.
For a real number r > 0, let [r] be the integer part of r and {r} be the fractional part of r.
THEOREM 3.4. Let R’ be obtained from R by a single fold:
R’ = fold(R,t,s).
Then, for any loop «,
two (R, Ro) = twa (R, Ro) — 1, (1)

where Ry is as defined before. Furthermore,

wistq (12, - 2
eR<a>]+{t S ) 2)

We need to prepare for the proof by establishing a few lemmas. Note that R can also be
obtained from R’ by a single fold:

R =fold(R,t,s), R =fold(R,3t,3).

twist, (R, Ro) > |twistq (R, Ro) —

For the rest of this section, we assume T and T” are universal covers of R and R’ respectively
and that

f:T—=T and g: T =T

are the morphism associated to these folds. For an embedded edge path P = ey - ¢eg] in T,
let f(P) denote the image of P under the morphism f and let f(P),, denote the embedded
edge path that is the intersection of f(P) and axisy(w). We call e; and ey, the end edges of P.
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LeEmMmA 3.5. For any loop a, we have
r ()
5

Also, if P = ey ---eg] is an edge path on the axisp(w), for some w € F,,, so that both f(e1)
and f(ex) contain an edge on axisy(w), then

ET(a) 2

Proof. Recall that f maps an edge (u,ut)r to the edge path
[(u, us)rr, (us, us(st)) 7]
and maps every other edge to one edge. Therefore, for any embedded edge path P in T,
|F(P)] <2|P|. 3)
If P is an edge path that realizes {1 (), then |f(P)| = ¢ (), thus
1P erte)
2 2
Now assume P = [e; - - - ¢;] is an edge path on the axisy(w) and both f(e;) and f(ex) contain

an edge on axisy (w). Applying, equation (3) to the morphism g and the edge path f(P),, we
have

tr(a) = |P| >

l9(f(P)w)| < 2[f(P)uwl- (4)
We need to show P C g(f(P)w). In fact, it suffices to show that any end vertex of P is contained
in g(f(P)w)-

Let up be the first vertex in e; (the argument for the last vertex of ey is similar). If up €
axisg (w), then wp € f(P)y, which means up € g(f(P)y). Otherwise, up ¢ axisys (w). By
assumption, f(e;) contains an edge on axisrs (w). It follows that e; is mapped to two edges
[¢/,€”] under f, which means e; is necessarily a t-edge (or a t~!-edge, in which the remainder of
the proof changes accordingly). Furthermore, the edge ¢’ has two pre-images. This is because,
ups ¢ axisps (w) and the edge preceding e; along the axisy(w) must be mapped over ¢’ as well.
But the edges in T” with label 5t have only one pre-image. Hence,

e1 = (u,ut)r, e = (u,us)r, and e’ = (us,ut)y.

We then have
(us)r, (ut)r: € axisp (w) = (us)r, (ut)r € g(f(P)w).

But T is a tree and the vertex up necessarily lies on the path connecting (us)r and (ut).

Thus (us)r, (ut)r € g(f(P)w) implies ur € g(f(P)w)-
We have shown that the end vertices of P are both in g(f(P).,), which implies P C g(f(P)w)-
The lemma follows from equation (4). O

Let a € F,, be a loop. Let eg € T and w € « be so that the edge path
P:=lejes...ex] = axisp(w) N Ce, (T)
is the one realizing the maximum in the definition of twist, (T, Tp), although we remark that

maximality is not needed for the following result.

LEMMA 3.6. Let P be the path above and assume |P| > 2. Then f([e1ez]) contains an edge
in C,, (T") Naxisy (w). The same holds for f([ey_1ex]). Furthermore, if {7(co) = 1, then either
f(e1) or f(ey) contains an edge in Ce,(T") N axisy (w).
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Proof. The edge path f(P) contains f(P),. Furthermore, an edge in f(P) is on f(P),, if
and only if it has a unique pre-image in axisy(w).

If, for i =1 or 2, e; = (u,v) and Wv is not s, 5, ¢ or ¢, then f(e;) is a single edge, has one
pre-image and it is boundary equivalent to e;. Hence, it lies on C,, (T”) N axisy (w).

If e; = (u, ut), by the definition of fold(T,t, s), e; is mapped to the edge path

[(u,us)(us, us(st))].

Since the edge (us,us(St)) has only one pre-image, it lies on f(P),, and by Proposition 2.9,
it is boundary equivalent to e; and thus (us, us(st)) € C.,(T"). Similar argument works when
e; = (ut,u). Also, this shows that if a = ¢ or ¢, then either f(e;) or f(ex) contains an edge in
Ce, (T") N axisy (w).

There are two remaining cases. Assume e; = (u,us) and es = (us,us?). Then the t-edge
starting at us, (us,ust), does not lie on axisy(w). Hence, f(ez) has one pre-image in axist(w)
and thus is on axisy (w). Also, by part (iii) of Proposition 2.9,

9" (e2) C O (f(e2))
and by part (iv) of Proposition 2.9,

9™ (e1) C 07 (f(e2)).

Since e1, ez € C,,(T), each of 0T (ez) and O (e1) intersects each of 9T (ey) and O~ (eg).
Therefore, each of 97 (f(ez)) and 9~ (f(e2)) intersects each of 9% (eg) and 9~ (eg). That is,
flez) € Cuy(T").

The remaining case when e; = (us?,us) and ey = (us,u) is identical, except in this case,
f(e1) is in Ce, (T") N axisys (w). These two cases also show that if & = s or 3, then both f(e;)
and f(er) contains an edge in C,,(T") N axisy (w). O

Proof of Theorem 3.4. Recall a € F,, is a loop and the edge path
P :=lejes...e;] = axisp(w) N Ce, (T)

is the edge path that realizes the maximum in the definition of twist, (T, Tp). By Lemma 3.6,
either f(e1) or f(e2) contains an edge that is in C¢, (7”) N axisys (w). Call the associated edge in
T (either e; or e3), enyst. Likewise, one of f(ex—1) or f(ex) has this property. Call the associated
edge in T (either ey_1 or e) €1ast- The combinatorial length of the edge path [egst - - - €1ast] 1S
at least

k—2= tWiSta(T, T()) ET(Oé) —2.
Hence, if we define

2
Cr(a) |’ )

then (k—2) > p-fr(a) =p-lr(a). Therefore, [efist - - €last] contains at least p copies of
the fundamental domain of the action of w on axisy(w) and, in particular, wP(egyst) (the
translation of eg,st by the action of w?) lies on [efyst « - * €last]- Let Premain be the edge path
[wWP (Efirst) - - - Elast]. Since egs¢ contains an edge in axisy (w), so does w?(eqyst). That is, f(P)w
consists of p fundamental domains of the action of w on axisy/(w) and the segment f(Promain)w-
Thus

p = |twiste (T, Tp) —

pgT/(O‘) + |f(Prcmain)w|T/ o |f(Promain)w|T’
lro(a) P T ) (6)

twisto (77, Tp) >
Also, by Lemma 3.5

Premain
gT’ (0[) < QET(Oé) and |f(Premain)w|T’ 2 %
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Also, since
|R‘emain|T > |P|T 7p£T(O‘) > (k - 2) 7p£T(Oé)7
we have

|Premain ‘T k _ 2
KT(Oé) - ET(Oé) KT(Oé

Let L := {r(a), we then have

|Pre1nain ‘T k _ 2 _
(r(a) = lr(a)  fr(a) T

2 2
> twisto (T, To) — 7 P= {twista(T, To) — L}’

where the last equality follows from the definition of p. Hence

|f(Premain)w‘T/ > |-Premain|T/2 > {tWiStOé(Tv TO) - %} ) (7)
ET/ (Oé) 2£T(Oé) 4

Equation (2) follows from equations (5)—(7).

For L > 2, equation (2) implies equation (1). If L =1, from the second assertion of
Lemma 3.6, we have that either e; = eg,st Or € = east. Hence, f(P),, contains at least (k — 1)
fundamental domains of action of w and tw,(T’,Ty) = k — 1. But tw, (T, Ty) = k. Therefore,
equation (1) still holds. O

THEOREM 3.7. For any folding sequence T,,, ..., Ty and any loop a, we have
m = twa(T’rm TO)

Further, if {1, (a) > L > 50 for every i, then
> twe (1 To) | 1 —
m aldm, o) .

Proof. The first assertion of the theorem follows directly from the first assertion of
Theorem 3.4. We prove the second assertion.
10

For a real number - < r, we have

2 _ A4r r—% r
- > — d L —. 8
r—1>% an T 7E (8)
For any 0 < N < twy (T, Tp), consider the first time ¢ = i(N) when tw, (T3, 7p) = N. Since
the index decreases as we fold towards Tp, ¢ is the maximal of all the times tw, (T}, Tp) = N.
Now apply Theorem 3.4 with T = T;,1 and 7" = T;. Since i is the first time tw, (T;,Tp) = N,
we have

[twist(T;,Tp)] = N and [twist(Ti11,Tp)] = N + 1.
That is to say, [twist(T;41,Tp) — ] = N as # < 1. By equation (2),

2 twist(T;,1,Tp) — 2
tWiSt(ﬂ,To) > tWiSt(ﬂ_;.l,TO) — Z + { ( +i 0) L

therefore

{twist(Ti+17 To) — %}
4

N + {twist(T;,Tp)} > N +
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and hence

{tWiSt(TH_l, To) — %}
1 .
Again since this is the first time that tw, (T}, To) = N, we have

twist (Ti1,Tp) > N >0

{twist(T}, Tp)} >

That is to say twist(T;4+1,To) = 1. From equation (2), we also have

2

tWiSt (qu, To) thSt(, (Ti+17 To) — Z .

Combined with the fact that tw, (T}, To) < twa(Ti+1,To), we have that
2

{twista (i1, )} < 7 9)

Therefore,
{tWiSt(TH_l,To) - T
4

 {twist(Tiq0, To) +1— £}
- 4

{{tw1st (Ti1,To)}+1— 2}
4
-3 131
4 4 5
Let (i —k —2) be first time when tw,(T;_,—1,Tp) =N — 1
before that we again have

{twist(T3, Tp)} >

. Then the step immediately

{tWiSt(Ti_k-_l, To)} <

SIS

Which means for the step before that we have

t 1st i— 7T i :
{ W ks 40 L} < Atwist(Ti—x—1,T0)} < +.

4 L
Which means {twist(Ti_k,To)} < % That is, in k-steps, the fractional twist has been
reduced from above % to below =2, Thus, from Proposition 3.4 and equation (8), we have
1
= 10
5
- < 77
5k L
which can be rewritten as
L
k > logs —.
085 50

Since this is true for every 0 < N < twq (7o, T),), we have

tWQ (Tm, TU) <

L
= > two (T, To) | logs — |,
log55—LO m > Wl 0)<Og 50)

which is as desired. O
3.1. The lower bound is sharp

At first glance, one might think, that the factor logs 5—L0 in Theorem 3.4 could be replaced with
a linear function of L. However, we show that the above estimate is sharp up to a uniform



162 YULAN QING AND KASRA RAFI

multiplicative error. We now construct, for an arbitrarily large L a folding path R = R,,,, ..., Ro
so that

e the length of o at each R; is at least L;

e m is comparable with log L tw, (R, Rp).

ExXaMPLE 3.8. Let R be a rose of rank 5 with edge labels
((be)™a,db,¢*(d)e,d,e),

where ¢: (d,e) — (d,e) is a fully irreducible automorphism of the free factor (d,e) with
exponential growth and

NOEPC

Let L be the word length of ¢l*/2)(d) (and also the length of ¢~ */2)(d)) in (d,e) which can
be chosen to be arbitrarily large by choosing k large enough. Let o = [bc]. Let Ry be a rose
with labels

(a,db, ¢"(d)c,d,e).
The shortest way to express « in R is
be = (d) - (db) - 6" (d) - (¢" (d)o),

where the terms in parentheses are labels of edges in R and is a word of length roughly L? in
(d, e). We have

lr(a) < L* > L.
Similar to Example 3.2, we have
tWa(R, Ro) =m—1.

We now start twisting around the loop [bc], however in a somewhat un-natural way that always
keeps the length of « larger than L, using the following steps.

(1) Twist the ((bc)™a)-loop around the first half of «, that is to say, cancel b (which is half
of a) from (bc)™a. To do this we first fold the ((be)"*a)-loop around the (d)-loop, and then
fold the resulting loop around (db)-loop. Thus this step uses two folds:

(db) - d - (be)™a = c(be)™ La.
(2) Fold (d,e) to (¢*(d), ¢*(e)); this takes
k|l (,ey =< log L
many steps. Note that the immersed loop

be = (d) - (db) - ¢~"(d) - (¢*(d)e),

contains both d and ¢~*(d). At any point along this folding path, say after ¢; has been applied
1 times, we have

g —k [k/2] _
max (|d}<¢1(d),¢1(e)>7 |¢ (d)|<¢7(d)7¢)7(e)>> 2 |¢ (d)| - L?

where || (4i(a),¢i(e)) denotes the word length of an element in the group (d, €) in terms of ¢'(d)
and ¢’(e). Thus the combinatorial lengths of  remains at least L for each i.
(3) Twist around the second half of «, that is, cancel ¢ from c(bc)™ 'a in two folds:

(@F(d)e) - ¢"(d) - c(be)™ a = (be)™ a.
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(4) Fold (¢*(d), #"*(e)) to (d,e). Again, the number of steps is comparable to log L and the
length of o remains larger than L.

We now repeat steps 1-4, m-times. Every time the relative twisting around « is reduced by
1. The path has a length of order mlog L as desired.

4. Quasi-geodesics in Out(F,,)

In this section we use Theorem B to prove Theorem C. Consider a path p: [0,m] — X from
an interval [0,m] C R to a metric space X' and, for ¢ € [0,m], let p; = p(i). Recall that p is a
(K, C)-quasi-geodesic if for any i, 7 € [0, m], we have

i—jl=C
K

It follows that, any three points in the image of a quasi-geodesic satisfy a coarse-reverse-triangle
inequality. Namely, for any i, j, k € [0,m], i < j < k, we have

dx(pi,pj) + dx(pj, pr) < K*dx(pi,pr) + (K +2)C. (10)

We say p is a reparametrized (K, C)-quasi-geodesic if there is a reparametrization p: [0,m] —
[0,m] so that pop is a (K, C)-quasi-geodesic. Since the image of p and po p are the same,
if p is a reparametrized quasi-geodesic, any three points in its image still satisfy the coarse-
reverse-triangle inequality given in equation (10). Often, it is convenient to consider maps from
intervals [0, m]z in Z to a metric space X'. Then we say p: [0,m]z — X is a reparametrized
quasi-geodesic if it is a restriction of a reparamterized quasi-geodesic from [0, m] — X.

We can now restate Theorem C explicitly as follows:

<dx(pi,pj) < Kli—jl+C.

THEOREM 4.1 (Quasi-geodesics backtrack in sub-factors). For given constants K, Cy, K,
Cy > 0 there exists an automorphism, ¢ € Out(F,,) such that, for any (K1, C)—quasi-geodesic
p: [0,m] — Out(F,,) with p(0) = id and p(m) = ¢, the shadow © 4 0p of p in F(A) is not a
(Ko, Cy)-reparameterized quasi-geodesic.

Proof. Let {(a,b, c) be a generating set for Fs, and let Ry be a rose with labels {a, b, c}. Let
1 € Out(F3) be an automorphism defined as:

a — aba
b— ab
c—sc

Given the generating set introduced in the introduction, |[¢] =¥~ =2 where |[-||
represents the word length. Let A = (a,b) < F3 be a rank 2 free factor. The automorphism
fixes A. We denote the restriction of ¢ to A by 1 4. Then, 14 is an irreducible automorphism
and acts loxodromicly on the free-factor graph F(A) of A. Hence, there exists a constant ¢, > 0
so that, for an integer ¢ > 0

da(Ro, v (Ro)) = cpq. (11)

Let a be the loop represented by the word ¥?(a) and, for a large integer ¢t > 0, let ¢ € Out(F3)
be the automorphism that twists the element ¢ around « t—times, namely:

a—ra
b—b
¢ — c(¥(a))’
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We first find an upper-bound for the ||¢|| by constructing a path connecting identity to ¢.
First apply ¢? so « is represented by one edge in the rose ¥?(Ry), then twist ¢ around «
t—times, and then apply ¥ ~9. We have

ol < q(llwll + 19~ +t = dg + t.

Now cousider the (K7, Cy)—quasi-geodesic p: [0,m] — Out(F3) connecting the identity to ¢.
We have

m < Ki||¢]| + C1 < 4K1q+ K1t + Ch. (12)

If the shadow of p to A is a (K», Cy)-reparatmetrized quasi-geodesic, then the coarse-reverse-
triangle inequality (equation (10)) holds. That is, for any index ¢ and R; = p(i)(Ro), we have

d4(Ro, R;) + da(Ri, ¢(Ro)) < (K2)*da(Ro, $(Ro)) + (K2 + 2)Cs.
But ¢ fixes a and b and thus Ry and ¢(Ry) have the same projection to A. Hence,
2d4(Ro, R;) < (K3 + 2)Cs.
Now, using equation (11), we get
da(Ri, " (Ro)) = da(Ro, ¥ (Ro)) — da(Ro, Ri) 2 cypq — (K2 +2)Cs.
By Lemma 2.3, this implies

cyq— (Ko +2)Cy —13
() > 29 - G- 18

. L. (13)

Now, Theorem 3.7 implies that

m
t:tWQ(Ro,Rm) < T
logs =5

and using equation (12) we get
1K Kit+C
;< g + 1L + 1
logs =5

If we choose ¢ large enough so that
L
logs — > 2K
%8550 7 S

and then choose t large enough so that
4K, q+ Cy

>
L
10g5 50

t
2
we get

t<4K1q+Cl Kt t t

logs % logs 5—L0 2 2
which is a contradiction. The contradiction proves that the shadow of p to F(A) is not a
reparametrized (Ks, Cs)-quasi-geodesic. O

5. Outer Space

Outer Space CV,, is metric space with Out(F,,) action defined as an analogue of the Teichmdiller
space; see [11] for more details. Here, we introduce CV,, briefly and prove Theorem D.

We assume a graph is always simple and all vertices have degree 3 or more. A marked metric
graph (z, f) is a metric graph x together with homotopy equivalence f: Ry — x. The space
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of all marked metric graphs whose edge lengths sum up to one is called the Outer Space [11]
and is denoted by CV,,. The group Out(F,,) acts on CV,, by pre-composing the marking: for
an element ¢ € Out(F,,), ¢(z, f) = (z, f o ¢).

Note that we can still think of x as a labelled graph. Recall that ¢,(«) denotes the
combinatorial length of « in x. Let |e|,, denote the metric length of an edge e in « and |a|, the
metric length of « in x, which is the metric length of the immersed loop of the representative
of o that realizes its combinatorial length in x.

For a fixed € > 0 define the thick part of CV,, to be the set of z € CV,, such that

|| > € for every nontrivial conjugacy class a.

A map h: (z, fz) — (y, fy) is a difference of markings map if ho f, ~ f, (homotopy). We
will only consider Lipschitz maps and we denote by Lj; the Lipschitz constant of h. In many
ways it is natural to consider the (asymmetric) Lipschitz metric on CV,,:

d(l'v y) = 1%f log th

where the infimum is taken over all differences of markings maps. We refer the reader to [2,
15] for review for some metric properties of d(-,-). In particular, there always exists a non-
unique difference of markings map that realizes the infimum. Since a difference of markings
map is homotopic rel vertices to a map that is linear on edges, we also use h to denote the
representative that realizes the infimum and is linear on edges and refer to such a map as
an optimal map from x to y. For this section we always assume h is an optimal difference of
markings map. Since h is linear on edges, we define

|h(e)ly
Ale) =
el
to be the stretch factor of an edge e and
|l
Ma) = —2
|O‘|w

to be the stretch factor of a shortest immersed loop that represents «. Define the tension
subgraph, x4, or stretch(z,y), to be the subgraph of « consisting of maximally stretched edges.
Now we restate and prove part (i) of Theorem D:

THEOREM 5.1 (Shadow of a geodesic in CV,, is not a quasi-geodesic in Out(F,,)). For given
constants K and C, there are points x,y € CV,, such that for every geodesic [x,y|cv, in CV,
connecting x to y, its image in Out(F,,) is not (K, C)-quasi-geodesic.

Proof. Consider the same example in rank 3 as in Theorem 4.1 where ¢ is defined as

a—ra
b—b
¢ — c(y?(a))".

Let w = ¢(¢(a))" € F3 and let M be the length of w in the basis (a,b,c). Let z € CV,, be
a rose where the edges are labelled a, b and w and
1 M
=12 and Em(w)fjw_’_2
and let y € CV,, be a rose where the edges are labelled a, b and ¢ and have length % each. Note
that the length ratio of a, b and w from x to y are identical,

£, (w) M/3 M +2 1/3 ly(a) £,(b)

Ly (a) = £, (b)

0. (w) ~ M/(M +2) 3 1/(M+2)  l(a) ()
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In particular, we have

M +2
dCVn(z,y) = log 3 .

In fact, it follows from [29] that there is a unique geodesic [z, y]cy, in CV,, connecting x to y
and it folds along the unique illegal turn. Namely, it folds the edge labelled w around the free
factor A and if p: [0, m] — Out(F,,) is the shadow of [z, y]cv, in Out(F,), then the projection
of p to A = (a,b) backtracks. Hence, as was seen in the proof of Theorem 4.1, for any K and
C, we can choose ¢ and ¢ large enough so that p is not a (K, C')-quasi-geodesics. (]

We can also modify the example in Theorem 4.1 to prove part (ii) of Theorem D. For brevity,
we do not define greedy folding paths here. They are used in [5] in an essential way to prove
the hyperbolicity of of the free-factor graph. What we need is that if stretch(z,y) = « then
there is a greedy folding path connecting x to y.

THEOREM 5.2. There are points © and y in the thick part of CV,, such that they are
connected by a greedy folding path whose shadow in Out(F,,) is not a quasi-geodesic.

Proof. Let (a,b,c) be a generating set for F3, let Ry be a rose with labels {a, b, c}. Let 9
and 1 4 be as before. Let y € CV,, be the rose Ry with edge labels a, b and ¢ and edge lengths
1

’ Let g be the axis of ¥4 in F(A), the free factor graph associated to A. Also let
a1,Qs,...,a € A be primitive loops in A that, considered as vertices in F(A), are distance
D or further from g for a large constant D. T For positive integers ny,ns, ..., nx, let ¢ be the
following automorphism:

o — 47(a)

b— ¢ (b)

c—rcalt-apt.

We observe that 1" (a)|, and [ (D)|,, as a function n, grow at a fixed exponential rate that
is less than 3. Therefore for any given loops «; and powers n;, there is a power n so that

max ([¢"(a)ly, [$" ()]y) < leai™ - ap*]y < 3 min ([ (a)ly, [" (0)]y)- (14)

Let x be a rose with edge labels, ¥ (a), ¥"(b) and caj” ---a;* (note that these form a basis
for F3) and edge lengths

[P (a)y [ (b)],y cal - ap”,
T T at T ’
where
T =" (a)ly + " (b)]y + [cal - a*]y.

Then stretch(z,y) = x and equation (14) implies that every edge length in x is larger than
(z is 2—thick part of CV,,).

Let ¢; be the shortest automorphism such that ¢;(«;) = a and let r; = ||¢;||. It follows from
construction that

1
7

k

]l < 3n+ > (2r; + na). (15)

i=1

TAs we shall see, it is enough to have one such loop, however choosing many loops showcases how different
the shadow of a quasi-geodesic in Out(F,) to F(A) could be from being a quasi-geodesic.
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Let ¢; be the length of «; in the (a,b) basis and let A be the stretch factor of ¢. To make
equation (14) hold, we need

k
A~ 1+ an&
=1

Letting nmax = max; n; we have, for constants ¢; and ¢o depending on k, r; and ¢;, that
n g C1 log Mmax, and ||¢|| g (k + 1)nmax + Ca.

Now let p: [0,m] — Out(F,,) be the shadow of [z,ylss to Out(F,). Bestvina-Feighn[5]
showed that the projection of [x,ylss to F(A) is a quasi-geodesic. Hence the projection of
p[0,m] to F(A) stays near g and thus remains far from every «;. And, again by [5, Lemma
3.3], this implies that the combinatorial length of «; at any point along [z,y]es is large, say
larger than some constant L depending linearly on D. By Theorem 3.4,

m > maxn,;log L.
3

But, since p is a quasi-geodesic, m < ||¢||. For large enough L, the above inequality contradicts
equation (15). This implies p cannot be a quasi-geodesic. O
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