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ABsTrRACT. Even though big mapping class groups are not countably generated, certain big
mapping class groups can be generated by a coarsely bounded set and have a well defined quasi-
isometry type. We show that the big mapping class group of a stable surface of infinite type
with a coarsely bounded generating set that contains an essential shift has infinite asymptotic
dimension. This is in contrast with the mapping class groups of surfaces of finite type where the
asymptotic dimension is always finite. We also give a topological characterization of essential
shifts.

1. INTRODUCTION

In this paper, the surface X is an orientable, connected, second-countable 2-manifold without
boundary. We further assume that ¥ is stable, that is, every end of ¥ has a stable neighborhood
(see Definition . The mapping class group of ¥, denoted by Map(X), is the group of orientation
preserving homeomorphisms of ¥ up to isotopy. A surface X is said to be of finite type when m (X)
is finitely generated and is of infinite type otherwise. The mapping class groups of surfaces of
infinite type are referred to as big mapping class groups.

When ¥ is a surface of finite type, Map(X) is finitely generated. A finite generating set defines
a word metric on Map(X) which is well-defined up to quasi-isometry independent of the particular
finite generating set. The large scale geometry of the mapping class group, that is the geometry
of the quasi-isometry class of such metrics, has been studied extensively [I}, Bl @, [7, 10, 15].

In contrast, big mapping class groups are not even countably generated. However, using the
framework of Rosendal for coarse geometry of non locally compact groups [20], we can establish
a notion large scale geometry for big mapping class groups when Map(X) has a coarsely bounded
generating set. For a Polish topological group G, a subset A C G is coarsely bounded, abbreviated
CB, if every compatible left-invariant metric on G gives A finite diameter. We say G is locally CB if
some neighborhood of the identity in G is CB, and we say G is CB generated if G has a generating
set that is a union of a CB neighborhood of the identity and a finite set. Such a generating set
defines a word metric on G that is well defined up to a quasi-isometry. Namely, word metrics on
G associated to different CB generating sets are quasi-isometric to each other.

Mann-Rafi gave a classification of mapping classes of stable surfaces that are CB generated
[13]. We are interested in the study of the coarse geometry of such big mapping class groups. In
particular, we would like to know if big mapping class groups have finite asymptotic dimension.

Definition 1.1 (Asymptotic Dimension). Let X be a metric space. We say that asdim(X) < n if
for every R > 0 there exists a covering of X by open sets {U;}$2; such that sup,cy{diam(U;)} < oo,
and every ball of radius R in X intersects at most n+ 1 elements of the cover {U;}. The asymptotic
dimension is the least n for which asdim(X) < n. We then write asdim(X) = n. If no such n
exists, then we say X has infinite asymptotic dimension.

The notion of asymptotic dimension was introduced by Gromov in [9] where he also proved that
d-hyperbolic groups have finite asymptotic dimension. Many other groups have also been shown to
have finite asymptotic dimensions [3], 12}, [T6,[19]. The study of the asymptotic dimension in mapping
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class groups started with the work of Bell-Fujiwara [3] who modified Gromov’s argument to show
that the curve complex has finite asymptotic dimension. Masur and Minsky showed that the curve
complex is Gromov hyperbolic [14] and that the geometry of various curve complexes are closely
linked with the coarse geometry of the mapping class group [I5]. Using these facts, Bestvina,
Bromberg and Fujiwara showed that, for surfaces of finite type, Map(X) has finite asymptotic
dimension by embedding Map(X) in a finite product of trees of curve complexes [4].

In comparison with surfaces of finite type, there are new phenomena present in big mapping
class groups. For example, there are homeomorphisms where parts of the surface are pushed to
infinity (never recurring back). The simplest form of such a map is a shift map. Consider an
infinite strip in R? with Z acting on the strip by translations. Cut out an equivariant family of
disks and attach identical surfaces 3; (possibly of infinite type) to the boundaries of these disks.
Then Z still acts by translations on the strip, sending the surface ¥; homeomorphically to the
surface ¥; 1. Embedding this in a larger strip o, we can construct a homeomorphism h, of ¢ that
acts as described above in the smaller strip, but the restriction of h, to the boundary of ¢ is the
identity. Assume X contains a copy of o where the ends of ¢ exit different ends of 3. Then there is
a homeomorphism of ¥ (again called h, ) that is as described in o and is the identity map outside
of 0. We call h, a shift map. We say a shift map h, € Map(X) is essential if the group generated
by he, (he), is not a coarsely bounded subgroup of Map(X).

Theorem 1.2 (Main Theorem). Assume ¥ is stable and Map(X) is CB generated. If Map(X)
contains an essential shift, then the asymptotic dimension of Map(X) is infinite.

That is, the existence of an essential shift results in Map(X) having very non-trivial geometry.
In fact, any subset of Z™ for any n > 0 can be embedded quasi-isometrically in Map(X) (see
Theorem ?77).

We also provide the topological classification of essential shifts. To do this, it is more natural
to work with a certain finite index subgroup of Map(X). Let E be the end space of ¥. Mann-Rafi
[13] defined a partial order on E measuring the local complexity. Let FMap(X) be the subgroup
of Map(X) that fixes the set of isolated maximal points in the end space E (see Section [2.4] for the
definition). In the setting of CB (but infinite) generated groups, it is not always true that a finite
index subgroup H of G is quasi-isometric to G. However, we show:

Theorem 1.3. The group FMap(X) is quasi-isometric to Map(X).

It turns out essential shifts are present when the end space is two-sided in a certain sense. Let
E(z) denote the FMap(X) orbit of z in E and Accu(z) C F be the accumulation set of E(z). Also
let E€ C E be the set of non-planar ends of ¥ (for x € EY, every neighborhood of  in ¥ has
non-zero genus).

Definition 1.4 (Two-sided). We say E(z) is two-sided if E(z) is countable and Accu(z) = X UY
where X, Y are non-empty disjoint closed FMap(X)-invariant subsets of E. We say E is two-sided
if E = X UY where X,Y are non-empty disjoint closed FMap(X)-invariant subsets of £. We
say F is two-sided if either E(z) is two-sided for some z € E or if E is two-sided.

Theorem 1.5 (Existence of essential shift). Map(X) contains an essential shift if and only if the
end space E of ¥ is two-sided.

We can refine this theorem to give a characterization of exactly which shift maps are essential.
For a shift map h, with support o, let x,y € E be the ends of ¥ associated to the ends of o, that
is, the ends o exits towards. Let E(X;) be set of ends of %;, where the X; are the subsurfaces
shifted by h,, and let M(X;) be the set of maximal points in E(%;) (see Section [2.1)).

Theorem 1.6 (Topological characterization of an essential shift). A shift map h, is essential if
and only if either
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e X has finite genus and EC is two-sided giving a decomposition E¢ = X 1Y where x € X
andy €Y; or

o for some z € M(X;), E(z) is two-sided giving a decomposition Accu(z) = X UY where
reX andy€ey.

There are other topological properties of ¥ that result in Map(X) having a non-trivial geometry.
A subsurface R of ¥ is called non-displaceable if for every f € Map(X), f(R) intersects R. In [I1],
it was shown that Map(X) acts non-trivially on an infinite diameter hyperbolic space if and only
if ¥ contains a non-displaceable subsurface. Using the classification of coarsely bounded mapping
class groups given in [13], we show:

Theorem 1.7 (Two sources of non-trivial geometry). If Map(X) does not have an essential shift
and X does not contain a non-displaceable subsurface then Map(X) is quasi-isometric to a point.

That is, any surface that does have an essential shift map or a non-displaceable subsurface does
not have interesting geometry. The finiteness of the asymptotic dimension of the mapping class
groups in the remaining cases is still open.

Question 1.8. Let X be a tame infinite type surface that contains a non-displaceable subsurface
such that Map(X) has no essential shifts. Is asdim(Map(X)) always finite?

Remark 1.9. The classification of CB generated big mapping class groups in [I3] was carried out in
a larger class of tame surfaces where only certain ends are assumed to have stable neighborhoods.
Most of the arguments in this paper still work in the setting of tame surfaces as well, for example, an
essential shift does always imply infinite asymptotic dimension. However, without the assumption
that X is stable, E being two sided does not imply existence of a shift map. Hence the statement
and some arguments are cleaner with this assumption. The class of stable surfaces, first used in [§],
is a large and natural class of surfaces to work with and it includes all easily constructed infinite
type surfaces.

Outline of the paper. We show FMap(X) has infinite asymptotic dimension by embedding the
infinite dimensional cube, Q> C {0,1}", quasi-isometrically into FMap(¥). We introduce the
definition of asymptotic dimension in Section 7?7 and show that Q°° has infinite asymptotic dimen-
sion. In Section 2| we introduce the finite-index subgroup of the mapping class group FMap(X)
and show that it is quasi-isometric to the mapping class group, Map(X).

In Section [3] we carry out our main arguments in the simple case of the shark tank, T, which
is a cylinder with a Z action and a discrete set of punctures exiting both ends of the cylinder.
We define a length function on FMap(T") which counts how many punctures from one side of the
cylinder are mapped to the other side. We then use this length function to show that there is a
quasi-isometric embedding from Q% to FMap(T).

The proof in the general case is essentially the same, except one has to define appropriate length
functions whenever E is two-sided. When E(z) is two-sided for some z € E, the length function
counts the number of ends in E(z) that are moved from one side to another. When E is two-
sided, we rely on the action of FMap(X) on homology to construct a suitable length function (see
Section. Using these length functions, we again show that there is a quasi-isometric embedding of
Q°° to FMap(X) whenever E is two-sided which implies FMap(X) has infinite asymptotic dimension
(see Section [f]).

Theorems [I.5] and [I.6] are proven in Section [6] and Theorem [I.7]is proven in Section [7}
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2. A FINITE INDEX SUBGROUP OF THE MAPPING CLASS GROUP

Recall from the introduction that ¥ is an infinite-type, orientable, connected, second-countable
2-manifold without boundary with tame end space such that Map(X) has a CB generating set.
In this section, we recall the definition of tame end space and describe the CB generating set for
Map(X). We also introduce the finite-index subgroup FMap(X) of Map(X) and show that FMap(X)
is quasi-isometric to Map(X). Then Fact ?? implies that these groups have the same asymptotic
dimension.

2.1. A partial order on the space of ends of X. Each topological X has an space of ends
which is defined as the inverse limit lim . m (X\K) as K ranges over the compact subsets of
X. We denote the space of end of ¥ by E = E(X). For any subsurface ¥’ C X, E(X') is the
space of end of ¥'. We always assume subsurfaces of ¥ have compact boundary hence, to ensure
E(X)C E(D).

A point z € FE is a non-planar end or is accumulated by genus if every neighborhood of z in
3 has non-zero genus. Otherwise, x is a planar end and it admits a neighborhood which can be
embedded in the plane. We denote the subset of non-planar ends of ¥ by E. Topologically, F
is closed and totally disconnected and hence it is homeomorphic to a closed subset of the Cantor
set. The space EC is a closed subset of E.

Richards proved that orientable, boundary-less, infinite type surfaces are completely classified
by their genus (possibly infinite), the space of ends F, and the subset of ends accumulated by genus
E% [18]. When we talk about homeomorphisms between subsets of E, we always assume they are
type preserving. That is, we say U C E is homeomorphic to V C F if there is a homeomorphism
f: U — V such that f sends U N E homeomorphically to V' N E®. Every homeomorphism of
induces a (type preserving) homeomorphism on the space of ends and, by Richards classification,
every homeomorphism of F is induced by some element of Map(X).

The following definition, given by Mann and Rafi, gives a ranking of the local complexity of an
end providing a partial order on equivalence classes of ends. See [I3, Section 4 and Section 6.3]
for a detailed discussion.

Definition 2.1. Let < be the binary relation on E where y < z if, for every neighborhood U of
x, there exists a neighborhood V' of y and f € Mod(X) so that f(V) C U. We say that = and y
are of the same type, denoted x ~ y, if x < y and y < z, and write E(z) for the set {y |y ~ x}.
One can easily verify that ~ defines an equivalence relation.

From the definition of <, we obtain a partial order on the set of equivalence classes under ~.
Indeed, the relation <, defined by x < y if x < y and x ~ y, gives a partial order on the set of
equivalence classes under ~.

Proposition 2.2 (Proposition 4.7 in [13]). The partial order < has mazimal elements. Further-
more, for every maximal element x, the equivalence class E(x) is either finite or a Cantor set.

The above statement also applies to every clopen subset of E. Let M = M(E) denote the set of
maximal elements for <. For a clopen subset A C E, we denote the maximal ends in A by M(A).

2.2. Map(¥) is locally CB. A CB generating set is the union of a CB neighborhood of the
identity and a finite set.

Definition 2.3 (Locally CB). Let G be a topological group. A subset H C G is coarsely bounded,
abbreviated CB, in G if H has finite diameter with respect to every continuous left-invariant length
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function on G. We say G is locally CB if there is a neighborhood of the identity that is a CB
subset of G.

Mann and Rafi give a classification of surfaces 3 for which Map(X) is locally CB. In particular,
they show that if Map(X) is locally CB, then ¥ has the following structure [I3 Proposition 5.4].

Proposition 2.4. If Map(X) is locally CB, then there exists a subsurface of finite type L C %
giwing a partition of the ends
E=]]A

AcA
where |A| equals the number of boundary components of L. Each set A € A is clopen and M(A) C
M(E). In fact, points in M(A) are all in the same equivalence class, and M(A) is either a
singleton or a Cantor set.

Furthermore, for every A, B € A, there is a clopen set W4 g such that if E(x) intersects both
A and B, it also intersects W4 g [I3, Lemma 6.10].

2.3. Stable surface. In this paper, we assume the surface is stable.

Definition 2.5. We say a neighborhood U of a point x € E is stable if every neighborhood U’ of
z contains a smaller neighborhood U” of z that is homeomorphic to U. The surface ¥ is called
stable if every point z in E has a stable neighborhood.

In fact, a stronger conclusion holds. Namely all clopen neighborhoods of z inside the stable
neighborhood are homeomorphic.

Lemma 2.6 (Lemma 4.17 in [I3]). If U is a stable neighborhood of x € E, then for any clopen
neighborhood U’ C U of z, U’ is homeomorphic to U.

2.4. The subgroup FMap(X). As mentioned above, M(A) is either an isolated point in M(E)
or a Cantor set. Let A;q, be the subset of A consisting of sets A where M(A) is isolated. Let x4
denote an element of M(A). The set A is always a stable neighborhood of x4 and if x5 € F(z )
then A is homeomorphic to B. Any f € Map(X) acts by a permutation on the set of isolated
maximal ends,
Miso = {l’A ‘ Ae Aiso}
which is a finite set. There exists a map
o: Map(%) - Sym(Mi,)

induced by the action of Map(X) on Mis,. Since Mg, is finite, this implies that ker(o) is a finite
index subgroup of Map(X). We define FMap(X) = ker(o), that is, FMap(X) the subgroup of
Map(X) that fixes the isolated maximal ends point-wise.

2.5. Coarsely bounded generating sets. In [I3] Mann-Rafi gave a CB generating set for
FMap(X) and Map(X). Let L be the surface of finite-type as above. The first collection of el-
ements in our generating set are the elements fixing L
vy = {g € Map(%) | g|1, = id}.

When Map(Y) is CB generated, there is a finite set F' C FMap(X) such that v, UF generates FMap
(See [I3], Section 6.4] for details). We say m € Sym(Miy,) is type preserving if for every x4 € My,
xp =m(xra) € E(xa). For every type preserving m € Sym(M;,,) we fix a homeomorphism p, which
permutes the sets in A, sending A to B when w(z4) = xp, but fixes the finite type subsurface L
set wise (that is the restriction of p, to L is an element of Map(L)). In fact, we can choose these

so that p,—1 = p, 1. Since there are only finitely many such permutations, the collection P = {p,}
is finite. Then v, U F'U P is a CB generating sets for Map(X).
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2.6. FMap(X) is quasi-isometric to Map(X). Let Spaap and Syap be the generating sets for
FMap(X) and Map(X) from the previous section. Let ||*||pmap and ||*||map be the associated word
lengths for FMap(X) and Map(X), respectively. Since FMap(X) and Map(X) are CB generated,
the word lengths with respect to any other generating sets would be bi-Lipschitz equivalent to the
word lengths associated to Seumap and Samap. Hence it is sufficient to consider these generating sets.

Also, recall that to show that a metric space (X, dx) is quasi-isometric to its subspace (Y, dy)
it is sufficient to check that the inclusion map Y — X is coarsely onto and a quasi-isometric
embedding. That is there are constants M, C > 0 such that:

e for every x € X there is a y € Y such that dx(z,y) < C.
e for all y1,y2 € Y, we have

1
MdY(ylam) —C <dx(y1,y2) <M -dy(y1,y2) + C.

Theorem 2.7. Let X be a surface such that Map(X) is CB generated. Then (FMap, ||*||pmap) and
(Map, ||*||map) are quasi-isometric.

Proof. Let v, F and P be as in Section 2.5]so that we have Spyap = v UF and Syap = v UFUP.
Notice that

Map(2) = | J pr FMap(X).
prEP

Let H be the set of elements of FMap(X) that can be written in the form psp’ where s € Syap
and p,p’ € P. We begin by showing that

mase [ siap

is finite. We consider the cases when s is in vy, or in F'U P separately.

For s € vy, and p,p’ € P, if h = psp’ is an element of FMap(X), we must have p = p, and
p' = pp-1 since s acts trivially on M;s,. By the construction of P, this implies that p’ = p~!.
Since, s|; = id, we also have h|; = id. That is, h € vz, and ||h|lpMmap = 1.

Let H' be the subset of H consisting of elements of the type h = psp’, where s € F'U P. Then
H’ is a finite set. That is, letting

M = max||Al|ryap,
we also have

M= Iglea}}(HhHFMap = max{M, 1}.

Now, let g € FMap(X). We can write g = s152...5y,, where s; € Syap and n = ||g||map- Let
gi = SiSit+1--.Sn and let p; € P be such that g; € p;, FMap(X), that is

gi = 8iSit1---Sn = Difi

for some f; € FMap(X). Therefore,
pifi = 9i = Si gi+1 = SiPit1 fit1,
which implies
fifz-_+11 =p; 'sipiy1-

Note that p{l,piﬂ € P, 5; € Smap and fifij_ll € FMap(X), hence p[lsipiﬂ € H and

”pi_l Si Pi+1||FMap <M.
Now, by rewriting g as

g=(es1p2)(py " 52p3)(p3 "' 53D4) .. (Pn Sn€)
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we have that p;s;piy1 € H for 1 < i < n (by setting po = pnt1 = e where e is the identity).
Therefore,

lgllFnap < M -1 = M -||g|lmap-

Since Spyap C SMmap, We always have ||g|lmap < [|9]|pMap. That is, the word lengths ||*||pMap
and ||*||map are bi-Lipschitz equivalent in FMap(X). Also, for every g € Map(X) there is an
f € FMap(X) and p € P such that ¢ = pf, and thus dmap(f,9) < 1. Hence (FMap, ||*||pMap) and
(Map, ||*||map) are quasi-isometric. O

3. THE SHARK TANK

The shark tank, T, is a bi-infinite cylinder with a discrete countable set of punctures exiting in
both ends. The end space F = E(T') is homeomorphic to the following subset of R:

{0} u {711}:; U {n; 1}::3U{1}.

We call the ends of the cylinder which are accumulated by punctures the limit ends. These are
also the maximal elements of E. The group FMap(X) is the index two subgroup of Map(7') which
fixes the limit ends point wise. In this section, we prove that FMap(T), and as a result Map(7T),
have infinite asymptotic dimension.

The generating set given in [13] has a very simple form in the case of FMap(T) which we now
describe. Fix a curve § on T that separates the two limit ends of 7. This decomposes the end
space into two sets, which we denote by A and B. We denote the limit end in A by x4 and the
limit end in B by zp. In addition, we fix an ordering on the punctures in 7' (the non-limit ends)
and label them with p;, i € Z such that p; € A for ¢ < 0 and p; € B for i > 0.

P-1 Po b2
T\ /N [H '\

A 6‘(7 h(ﬁ|o’) IB

b1

FIGURE 1. The map h is homotopic to the shift map h, whose support is the
strip o and sends p; to p;y1.

There is a homeomorphism h: T — T fixing x4 and zp such that h(p;) = p;+1 and f(5) is
disjoint from 8 with 5 and f(8) bounding a a surface with two boundary components and one
puncture. We refer to h as the shift map. This is consistent with the definition of shift in the
previous section; if we embed an strip o in T containing all the punctures and limiting to x4
and xp, the homeomorphism h, described in the previous section is homotopic to h since the
complement of ¢ is a strip with no topology (see Figure [1)).

Define

vs = {g € FMap(%) | ¢(8) = 5}

Then & = vg U {h,} is the generating set for FMap(T) given in [I3] Section 6.4]. We now equip
FMap(T') with the word length associated to this generating set which we denote by ||*||rMap-
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Definition 3.1. For a group G, a function ||*||: G — Ry is a called length function if it is
continuous, if ||¢|| = |[¢~| for all ¢ € FMap(X) and if it satisfies the triangle inequality, namely,
for ¢, € G we have

lewll < lIgll + [[¥ll-
We now define a length function on FMap(T'), namely, for ¢ € FMap(X), define
(1) 8ll = [{pi € A| o(pi) € BY| + [{pi € Bl o(pi) € A}|.

Note that, since maps in FMap(T') fix the limit ends, they also fix a neighborhood of these ends
and hence can move only a finitely many punctures from one side to another. That is, ||¢|| is a
finite number.

Theorem 3.2. The function ||*|| is a length function on FMap(T). Furthermore, for ¢ € FMap(T),
we have

(2) ol < ll¢llFnap-

Proof. We start by checking the triangle inequality. Consider ¢,1 € FMap(T). For any p, € A
where ¥¢(p;) € B, we either have

(hea and  op)eB) o (sp)eA and vo(p) € B).
Therefore,

{pi € Alvo(p) € BY C {pic A|¢(pi) e B} U{pic Al p(p;) € A and ¢(p;) € B}.
and hence (denoting ¢(p;) with ¢;), we have

|{pi € Alv¢(pi) € BY < |{pi € Al ¢(pi) € B}| + |{a: € A|¢(a:) € BY}|.

Similarly,

{pi € Bl vo(p:) € A} < [{pi € B| ¢(p:) € A}| + |{a: € B|¢(a:) € A}|.
Therefore,

ol < llell + Il

Now we check that ||+|| is continuous. Note that, for ¢ € vg, we have ||¢|| = 0. That is ||*|| is zero
on some neighborhood of the identity. The triangle inequality above proves that ||*| is continuous.
Also, since ¢ is a homeomorphism,

I6ll = {p: € Al d(pi) € B} + [{p: € B|o(pi) € A}|
=@ €Blo (@) € A} + {a € Al ¢ (@) € A} =o'
Hence, ||*|| is a length function.
To see the second assertion, let s € & be an element of the generating set of FMap(T'). If
s € vg, then s fixes the base curve 3. Therefore, s(A) C A and s(B) C B, and therefore, ||s|| = 0.

Alternatively, if s = h, then pg is the only puncture in A that is mapped to B and no punctures
from B are mapped to A. That is,

Il = [{pi € A|h(p:) € B} +|{pi ¢ B|h(p) € B}| =1+0=1.
Now, for ¢ € FMap(T), if ||¢|| = n, then ¢ = s1...s, where s; € §. By the triangle inequality,

61 <> lisill < 1 = | llratap. O

=1

We now recall two useful facts about asymptotic dimension. The first fact states high dimen-
sional space cannot be coarsely embedded in a small dimensional space.
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Fact 3.3 (Theorem 5 of [2]). If f: X — Y is a quasi-isometric embedding between two metric
spaces X and Y, then asdim(X) < asdim(Y’).

The second fact is regarding the asymptotic dimension of Z™.

Fact 3.4 (Theorems 5 and 6 in [2]). Equip Z" with the L! metric. That is, for a = (ay, .., a,) and
b= (b1,..,b,) in Z", define

dzn (a,b) = |a = blzn = Z|ai — by
=1

The asymptotic dimension of Z™ with respect to the L' metric is exactly n.

Due to these two facts, we now construct a map from Z™ to FMap(T) for all n € N which will
allow us to show that the asymptotic dimension of Map(T) is infinite. As the asymptotic dimension
for Z™ is n for all n € N, by showing that the map we construct is a quasi-isometric embedding,
we will be able to conclude that the asymptotic dimension of FMap(T') is greater than n for all
n € N, which will show the asymptotic dimension is infinite.

Fix some n € N. We begin by defining a homeomorphism, associated to a given element a € Z".
Notice that we are able to rearrange the puctures on the surface T' to make n embedded infinite
strips of punctures, o1,...,0,, and to each strip we can define a puncture shift, hs,,..., s, .
Indeed, with respect to our labelling, we create n strips of punctures by placing the punctures
labelled ..., 1 —2n,1 —n,1,1+n,1 4+ 2n,... in the first strip oy, the punctures ...,;2 — 2n,2 —
n,2,24+n,2 + 2n, ... in the second strip o2, so on and so forth until we have n strips, with the
punctures labelled as ...,7 —2n,i — n, 4,7+ n,i+ 2n,... in strip ;. Associated to each strip, the
shift map h,, has support in o; and sends puncture i to puncture i + n.

Now, for a given a = (a1, ...,a,) € Z"™, we define the map ® to be

O: Z" — FMap(T)

FIGURE 2. Consider the element (4,—2,5,—4) € Z". This image illustrates the
action of the map ® on the base curve f3.

For a,b € Z™, we would like to compute ||®(b)~1®(a)|. For any i > 0 where a; > 0, the map
®(a) moves a; punctures from A into B applying a puncture shift h,, exactly a; times. If b; > 0,
then ®(b)~! moves b; punctures from B into A by applying a puncture shift h;il exactly b; times.
If If b; < 0, then ®(b)~! moves b; punctures from A into B by applying a puncture shift h,, exactly
b; times. Similarly, for any ¢ > 0 where a; < 0, the map ®(a) moves a; punctures from B into A
applying a puncture shift h;il exactly a; times. If b; > 0, then ®(b)~! moves b; punctures from
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B into A by applying a puncture shift h;il exactly b; times. If If b; < 0, then ®(b)~! moves b;
punctures from A into B by applying a puncture shift h,, exactly b; times. This implies that

(4) |2(5) " @ (a)(B)]| = |a — bz~

We now show that ® is a quasi-isometric embedding from Q°° to FMap(T). Recall that the
distance between two elements f, g, € FMap(T) is || fg~"||FMap, Where ||*||Fuap is the word length
with respect to the generating set S. A quasi-isometric embedding is a map that preserve distances
up to uniform additive and multiplicative errors.

Proposition 3.5. For alln € N, for ® as in Equation[3, and for a,b € Z", we have
|a —blzn < [[@(b) "' ®(a)[lrMmap < a — blzn + 3.
That is, the map
®: (Z",]*|zn) = (FMap(T), [|*[lFmap)

is a quasi-isometric embedding.

Proof. The left inequality follows from Equations and . To prove the right inequality, let
a,b € Z", we will find elements in s; € S such that (][] s;) o ®(b)"'®(a) is the identity.

Let w = ®(b)"1®(a)(8|,), and let w; = w|,,. We begin by rearranging the n strips of punctures
back into a single strip of punctures. Recall for o;, the labeling of the punctures is ...,i — 2n,i —
n,%,1+n,i+ 2n, ... inside of the strip. We rearrange the punctures so that we have a single strip
with the labeling as indicated in Figure [T}

For each 4 such that a; —b; > 0, there are a; — b; = k;, punctures between w; and |, in B. Let
the total number of punctures between w and |, in B be denoted by k1 = >, ki,. Using an
element s; € vg such that h=%1(s(w;)) € A for all 1 < < n, we can rearrange the punctures in
the single strip o such that the k; punctures are in positions py,pa,...pr, in B. Then h;* sends
all these punctures to A. That is, h;*1s; sends w to an arc w’ that is completely to the left side

of 3.

1 h2t
____________ oA e~ - _""""C“" LT
o o
s1d sot

F1GURE 3. This image illustrates the elements of S required to build the inverse
of ®(3,—2,1) where (3,-2,1) € Z3.

There are still ko punctures between w’ and |, in A since there are |a; — b;| punctures between
w and f|, in A whenever a; — b; < 0. We now find sy € vg that lines up these punctures in the
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positions p_z,+1,...,P0- Then h¥2 sends these punctures back to B. That is h¥2sy(w’) = Bl,.
Now the composition

(R soh F1s1) 0 ®(b) " ®(a)
sends every puncture in A to a puncture in A and every puncture in B to a puncture in B. Hence,
this map is equal to some element s;' € v5. Therefore, we have shown that

(sshk2soh ;%1 51) 0 @(b) ' @(a) = id.
Hence
12(6) ™" @ (a)llrvtap < k1 + k2 + 3,
where k1 + ky = |a — b|. This completes the proof. O

Theorem 3.6. The group FMap(T') has infinite asymptotic dimension.

Proof. By Proposition, for each n € N the map ®: Z" — FMap(T) is a quasi-isometric
embedding. Since quasi-isometric embeddings preserve asymptotic dimension by Fact [3.3] and the
asymptotic dimension of Z™ is n by Fact we have that for all n, the asymptotic dimension of
FMap(T) is at least n. This shows that the asymptotic dimension of FMap(T') is infinite. O

By Theorem (FMap(T), ||*|ls) and (Map(T'), ||*||sy.,) are quasi-isometric. Fact tells us
that asymptotic dimension is preserved under quasi-isometry. Therefore since (FMap(T), ||*||s)
has infinite asymptotic dimension, so does (Map(T), ||*|| sy, )-

Theorem 3.7. The group Map(T) has infinite asymptotic dimension.

4. THE LENGTH FUNCTIONS

As we saw in the last section, the length function ||*||, defined on FMap(T), is how we provide
a lower bound for the word length. In this section, we show that when the end space is two-sided,
there is a similar length function on FMap(X) that is bounded above by the word length. This
implies that the word lengths of powers of an associated shift map grow linearly, and hence the
shift map is essential.

4.1. Two-sided end. Assume, for z € E, that E(z) is two-sided. Recall from the introduction
that this means Accu(z) = X UY, where X,Y are non-empty disjoint closed FMap(X)—invariant
subsets of E and where Accu(z) is the accumulation set of E(z).

Let the subsurface L be as in Proposition [2.4] giving the decomposition

E=|] A
AceA
As before, we fix a point z4 € M(A) C M(E).

Observe that, for A € A, either X N A =0 or Y N A = (. This is because, if x € X N A, then
E(z) C X and Accu(z) C X. But x4 is an accumulation point of every type of point in A. That
is, x4 € Accu(z) C X. Similarly, if y € Y N A, then x4 € Accu(y) C Y. This contradicts the
assumption that X and Y are disjoint. Hence, we can find a curve 8 in L so that ¥\ consists of
two subsurfaces ¥ and ¥_ such that X C E(X_) and Y C E(X;). Then there is a decomposition
A= A, UA_ such that E(X1) = Usea, A and E(X_) = Upea_B. We denote E(X) by EL
and E(X_) by E_.

Theorem 4.1 (Length function associated to a two-sided end). For z € E, assume E(z) is two-
sided. Let B be the curve defined above so that

E\ﬂ:Z_UEJ,_, XCE_ :E(E_) and YCE+:E(E+)
Then, the function ||*||: FMap(X) — Z defined by
(5) ¢l = [{p € E(z) |p€ E—, ¢(p) € Er}|+ {p€ E(z)|p € Ey, ¢(p) € E-}|
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is a length function on FMap(X).

Proof. We first check that, for every ¢ € FMap(X), ||¢|| is finite. Suppose towards a contradiction
that ||¢| is infinite. By replacing ¢ with ¢! if necessary, we may assume that ¢ maps infinitely
many points from F(z) N E_ into Ey. That is, there is a sequence z; € E(z) N E_ such that
d(z;) € Ey. After taking a sub-sequence, we can assume z; — x € X. Since ¢ is continuous, and
E. is closed, ¢(x) € E;. But this contradicts the fact that X C E_ is FMap(X) invariant.

The proof of the triangle inequality and the fact that ||¢|| = |[¢~*|| are identical to the proof in
Theorem Also, the subgroup of FMap(X) that fixes L is a neighborhood of the identity where
|I*|| is zero, hence ||+|| is continuous. O

Proceeding as in Section 3} we now show that the length function ||*|| is bounded above by a
uniform multiple of the word length.

Theorem 4.2. For z € E, assume E(z) is two-sided and let ||*|| be the associated length function.
Let S be a CB generating set for FMap(X), and let ||*||s denote the associated word length on
FMap(X). Then there exists a constant ¢ > 0 such that for every 1» € FMap(X)

(6) ¥l <c-[[¢lls-

Proof. Since FMap(X) is C'B generated, the word length associated to every two CB generating sets
are Lipschitz equivalent. Hence, without loss of generality, we can assume FMap(X) is equipped
with the generating set given in Section [2.5] That is, there is a finite set F' such that S = v U F.
For A € A, denote the complementary component of (¥ — L) associated to A by ¥ 4. We further
write

vy = Uacava
where elements of v4 have support in ¥ 4.

If s € v, then s fixes every A € A set-wise. In particular, s fixes F and E_ set-wise. Therefore,
Is|| = 0. Now define

¢ = max||s||.
sEF

Then, for s € S, ||s|]| < ¢. For ¢ € FMap(X), if ¢ = s1...s,, where s; € S and n = ||¢||s, then

n
loll < S lsill < e m.
i=1

That is, ||¢]| < c-||¢]ls- -

4.2. Two-sided EY. Assume E¢ is two-sided. Recall from the introduction that this implies that
EY = X UY, where X,Y are non-empty disjoint closed FMap(X)-invariant subsets of . As in
the previous section, for every A € A, we have either X N A =0 or Y N A = (. Therefore, we
can choose a curve § in L giving a decomposition ¥ = ¥_ U X, where X C E_ = E(X_) and
Y CE, =FEX,).

Heuristically, to follow the two-sided end case, for ¢ € FMap(X) we would like to count the
genus of the subsurface of ¥_ that is moved by ¢ to ¥, plus the genus of the subsurface of ¥
that is moved by ¢ to X_. But this is not the correct measurement. For example, consider a large
genus subsurface Y that intersects both ¥_ and ¥ and let ¢ be a pseudo-Anosov homeomorphism
with support in Y. Then no subsurface of X_ is moved to X. Instead, ||¢| will be the genus of
the subsurface Y.

We use the Zo—homology of the surface X, where Zo = Z/2Z. We note that separating curves
on infinite-type surfaces represent elements of homology which are not necessarily zero (see [I7]).
However, we quotient H; (3, Zs) by H{¥ (2, Zs), the subgroup of H (X, Zs) generated by homology
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classes that can be represented by simple separating closed curves on the surface. We denote this
quotient by

H = H\(3,%) = Hi(S,Zy)H{P (S, Zs).

Since the curve [ represents a trivial class in H , the decomposition ¥ = ¥ UX_ gives a splitting
H = H, ® H_ where

~

H, =H($,,2/2) and H_=H(S_,7/2).

Note that H_ N H, = () since ¥_ and 3 are disjoint.
For ¢ € FMap(X), we denote the induced map on homology by ¢*: H(3,Z/2) — H1(X,Z/2).
Since ¢ sends separating curves to separating curves, we also have an induced isomorphism
Define ||*||: FMap(X) — Z4 by

(7) ]l = codim (H : (. N ¢*(Hy)) ® (H-N¢"(H-))),
where codim(V : W) is the co-dimension of a subspace W in a vector space V.
Theorem 4.3. Assume E€ is two-sided. Then ||+||: FMap(X) — N is a length function.

Proof. We start by showing that, for ¢ € FMap(X), ||#]| is finite. Since ¢ fixes X set-wise, there is
a small neighborhood of X in ¥_ that is contained in ¥_. That is, there is a subsurface ¥’ C X _
such that X C E(X') and ¢(X') € X_. The subsurfaces (X_ — %) and (X_ — ¢(X’)) both have
finite genus because the fact that F¢ N E(X_) = X implies that their end space is disjoint from
EY This means that

codim(H_ : Hy(Y,Zy)) <oo  and  codim(H_ : Hy(¢(X'),Zs)) < 00
But
H1(2/7ZQ> N Hl(gb(E’),Zg) CH_nN ¢*(H_)
Therefore,
codim(H_ : H_ N ¢*(H_)) < codim(H_ : H (X', Zs)) + codim(H_ : Hy(¢(X'), Z3)) < oo.

Similarly, codim(H, : Hy N ¢*(H4)) < oo and hence ||| < oo.
We now check that ||+|| satisfies the triangle inequality. Consider ¢, € FMap(X). We have
codim (Hx : Hx Np(p(Hz))) < codim (Hy : He N(Hx) N (H(Hz)))
= codim (Hy : Hy N(Hy)) 4 codim (Hy N(Hy) : He NY(Hy) Np(d(Hy)))
< codim (Hy : Hy N(Hy)) + codim (Y(Hy) : (Hy) NYp($(Hy)))
:codim( cHiNno(Hy ) + codim (Hi Hiﬂgb(Hi)).

Summing over + we get
190l < (Il + 4]

The subgroup vz, of FMap(X) is a neighborhood of the identity and for ¢ € v, ¢ preserves
¥4. Hence, ¢* fixes Hy and ||¢|| = 0. This fact and the triangle inequality imply that ||+|| is
continuous. Also, since

(") (He N o™ (Hy)) = (¢") 7' (He) N (Hy)
we have [|¢|| = [|¢1||. Therefore ||+| is a length function. O

We now show that the function ||*|| is bounded above by the word metric on FMap(X).
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Theorem 4.4. There exist a constant ¢ > 0 such that

(®) 9]l < ¢ ll¢lls,

where ||*||s denotes the word metric on FMap(A).

Proof. This proof follows the same reasoning as the proof of Theorem except we use that F¢ is
2-sided in place of E(z) being two-sided. As before, we assume that FMap(X) is equipped with the
generating set (v, F') given in Section If s € vy, then s fixes the curve S which is contained
in L and hence it fixes ¥1. In particular, s* fixes Hy. Therefore, ||¢|| = 0. Now, for

c= {ggg\lqﬁllv
we have [|¢|| < ¢-||¢]|s. -

5. INFINITE ASYMPTOTIC DIMENSION

In this section, we prove that the mapping class group of an infinite type surface ¥ with a
two-sided end space has infinite asymptotic dimension. For any such surface, we construct an
associated shift map and we use the length function from Section[4] to show that they are essential.
We then follow the arguments in Section [3|to embed Q> in FMap(X).

Proposition 5.1. If E = E(X) is two-sided, then FMap(X) contains an essential shift.

Proof. Assume first that E¢ is two-sided. That is, E = X UY where X and Y are non-empty
closed FMap(X) invariant sets. Let 8 be a curve in L separating X from Y and, as before, let ¥_
and ¥4 be the components of ¥ — 3. Also, let ||*|| be the norm defined in Theorem 4.3

Pick z € X and y € Y. Since every neighborhood of # and y in ¥ have non-zero genus, we
can find a sequence of disjoint surfaces ¥;, each homeomorphic to a genus one surface with one
boundary component, such that 3; = = as ¢ — —oo and ¥; — y as i — co. We choose these so
that 3; € ¥_ for i <0 and X; € ¥4 for i > 0.

We connect ¥; 1 to ¥; by an arc w; so that the arcs w; are disjoint from each other and the
other X;, and so only wg intersects 8. Let o be a regular neighborhood of the union of the ¥; and
w;i. Then o is a strip of infinite genus exiting towards z and y in each end and intersecting 8 in an
arc f3|,. Denote the components of o — 8|, by o_ and 0.

Let h, be the shift map with support in ¢ sending 3; to ¥;11. Choosing a basis for the homology
of each ¥; and extending it to the homology of ¥_ and ¥, we can decompose the homology of
Y4+ as follow:

0 oo
H =H.o @ H and H. =H oPH
i=—00 i=1
where H; = }AI(Zi, Zy) and Hy are the homology of ¥4 — . Then, h fixes H+ and sends H; to
H;.q. Therefore, for n > 0

(W)MH)=H-@@H. and (h)"(H)=Heo @ H
i=1 i=n+1
That is,

Ih2 | = codim (ﬁ C(Hy N ()" (Hy)) @ (H- N (h;)n(H,))) = dim (@ H) — on.
i=1

Theorem implies that the diameter of the group (h,) is infinite. Hence, by definition, (h,) is
not CB and hence h, is essential.

Now assume E(z) is two-sided. That is, Accu(z) = X UY where X and Y are non-empty closed
FMap(X) invariant sets. The proof in this case is similar. Let 8 be a curve in L separating X from
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Y, let ¥_ and X, be the components of ¥ — 3, and let ||*|| be the norm defined in Theorem
Pick € X and y € Y. Since every neighborhood of x and y in ¥ has a point in F(z), we can find
a sequence of points z; € E(z) where z; — x as i — —oo and z; — y as i — 0o, where z; € E_ for
1 <0and z € X4 for i > 0. Choose disjoint stable neighborhoods E; of z; so that M(E;) = z;
this is possible since E(z) is countable. Let ¥; be a subsurface of ¥ with one boundary component
and with E(X;) = E;. We can assume the ¥; are disjoint from each other and from S. Then
Yy —xrasi— —0o,X; > yasi— o0, €3 fori<0,and X; € ¥ for i > 0.

As before, connect ¥; 1 to ¥; by an arc w; so that the w; are disjoint from each other and the
other ¥;, and so only wy intersects 5. Let o be a regular neighborhood of the union of ¥; and w;.
Then o is a strip containing ¥, exiting towards x and y in each end and intersecting 8 in an arc
Bls. Then, h, acts as a shift on z; with hZ(z;) = 2;4n. Therefore,

[hall = 7,
which implies (h,) has infinite diameter and h, is essential. O

As in Section 3} we now construct a map from Z" to FMap(X) for all n € N which will allow us
to show that the asymptotic dimension of Map(X) is infinite.

Recall that h, be the shift map with support in o sending ¥; to ¥;41 Fix some n € N. We
begin by defining a homeomorphism, associated to a given element a € Z™. Notice that we are
able to rearrange the subsurfaces on the strip ¢ to make n embedded infinite strips of subsurfaces,

01,...,0y, and to each strip we can define a shift map, hy,,...,hs,. Indeed, with respect to
our labelling, we create n strips of subsurfaces by placing the subsurfaces labelled ..., 1 —2n,1 —
n,1,1+n,1+2n,... in the first strip o1, the subsurfaces ...,2 —2n,2 —n,2,2+n,2+2n,... in
the second strip o2, so on and so forth until we have n strips, with subsurfaces labelled ... i —
2n,i —n,i,i+n,i+ 2n,... in strip o;. Associated to each strip, the shift map h,, has support in
o; and sends the subsurface labelled i to the subsurface labelled i + n.

Now, for a given a = (ay,...,a,) € Z"™, we define the map ® to be

®: 7" — FMap(T)
9 n
©) a H hg: .
i=1

For a,b € Z™, we would like to compute ||®(b)~1®(a)|. For any i > 0 where a; > 0, the map
®(a) moves a; subsurfaces from A into B by applying a shift h,, exactly a; times. If b; > 0, then
®(b)~! moves b; subsurfaces from B into A by applying a shift h;il exactly b; times. If If b; < 0,
then ®(b)~! moves b; subsurfaces from A into B by applying a shift h,, exactly b; times. Similarly,
for any ¢ > 0 where a; < 0, the map ®(a) moves a; subsurfaces from B into A applying a shift
h;il exactly a; times. If b; > 0, then ®(b)~! moves b; subsurfaces from B into A by applying a
shift h;il exactly b; times. If b; < 0, then ®(b)~! moves b; subsurfaces from A into B by applying
a shift h,, exactly b; times. That is, the number of surfaces that are sent from X1 to ¥+ under
®(b)~1®(a) is exactly equal to |a — b|zn.

When E¢ is two sided, the surfaces ¥; are genus one surfaces with one boundary component.
Therefore, sending one of these surfaces from ¥4 to X3 contributes 2 to the norm defined in
Equation and we have

(10) 1@ (6) ' D (a)(B)

In the case where E(2) is two-sided, ¥; has one maximal end which is a point in E(z). Therefore,
sending one of these surfaces from Y1 to ¥+ contributes 1 to the norm defined in Equation
and we have

(11) @0 () 0 (@)(B) | = |a — bz

| = 2|a — b|Zn.
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We now show that ® is a quasi-isometric embedding from Q> to FMap(X).

Proposition 5.2. Assume E = E(X) is two-sided and let ®: Q> — FMap(X) be the map from
Equation[4 Then there exists C > 0 such that, for every a,b € Q> we have:
1
o bzn < [Bu(@)Bu(®) s < C-la— bz +3
and hence ® is a quasi-isometric embedding from (Q°°,|*|z») to (FMap(X),|*|ls)-

Proof. To obtain inequality on the left, we assume C' is larger than the constants in Theorems [1.2]
and We then combine Equation (L0) with Theorem in the case where E€ is two-sided and
we combine Equation with Theorem in the case where E(z) is two-sided.

Recall that x,y € E are the ends of ¥ associated to 0. Let A € A be the set containing x
and B € A be the set containing y. We now argue as in the proof of Theorem but in place
punctures, we use disjoint subsurfaces 3;. We find homeomorphisms s1, s3 € vg and s2 € v4 such
that

(s3hk2s9hk151) 0 By (a) Py, () = id,
where k7 is the number indices ¢ where a; = 1 and b; = 0 and k9 is the number of indices where
a; = 0 and b; = 1. Further assuming that C > ||hs||s, we have

[ @ (@)@ (b) s < C - (k1 +k2) +3=C-|a—Db|zn +3
since the s; are generators. This finishes the proof. O
Theorem [T.2] restated below, now follows immediately.

Theorem 5.3. Assume ¥ has a two-sided end space. Then FMap(X) and Map(X) have infinite
asymptotic dimension.

Proof. By Proposition, for each n € N the map ®: Z" — FMap(X) is a quasi-isometric
embedding. Since quasi-isometric embeddings preserve asymptotic dimension by Fact [3.3] and the
asymptotic dimension of Z™ is n by Fact we have that for all n, the asymptotic dimension of
FMap(X) is at least n. This shows that the asymptotic dimension of FMap(X) is infinite.

By Theorem FMap(X) and Map(X) are quasi-isometric. Fact tells us that asymptotic
dimension is preserved under quasi-isometries, and hence Map(X) has infinite asymptotic dimen-
sion. g

6. EQUIVALENCE OF ALGEBRAICALLY AND TOPOLOGICALLY ESSENTIAL

In this section we prove Theorems and from the introduction. Let h, be a shift map as
described in the introduction. Recall that the support of h, is a strip o, containing a collection of
sub-surfaces ¥;, exiting towards points z,y € E. We make use of the following theorem of Rosendal
giving an equivalent condition for the notion of coarsely bounded sets that is more suitable for our
purposes.

Theorem 6.1 (Rosendal, Prop. 2.7 (5) in [20]). Let A be a subset of a Polish group G. The
following are equivalent
e A is coarsely bounded.

e For every neighborhood v of the identity in G, there is a finite subset F and some k > 1
such that A C (Fv)k.

We prove several special cases of Theorem [[.5] We then combine them to give a proof of the
general case.

Proposition 6.2. Assume 3; is a surface of genus g with one boundary component. If h, is
essential, then E€ is two-sided giving a decomposition EY = X UY such that x € X andy € Y.
In particular, if EC is not two-sided, then h, is not essential.
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Proof. Let A, B € A be such that z € A and y € B. There is a homeomorphic copy ¢’ of o which
is the concatenation of an infinite genus half-strip in 34, a zero genus compact strip in L, and an
infinite genus half-strip in ¥ 5. Let g be a homeomorphism sending o to ¢’. For F and v as in

Theorem [6.1] let 7' = g='Fg and v/ = g~'vg. Then

A € (Fv)* — he, € (FIv)E.
That is, (h,) is CB if and only if (h,/) is CB. In fact, in general, any set conjugate to a CB set is
CB. Hence, it is enough to prove the Proposition for h,.

Claim: Assume there is no decomposition E¢ = X UY where 2 € X, y € Y and X,Y are closed
FMap(3)-invariant sets. Then, there is a sequence

A=Ay A4,..., A, = B, A, e A
and a sequence of ends z; € E¢ and 2z, € FE(z), i =0,...,(k — 1) such that zy € Ay — M(Ay),
21 €Ay —M(Ag) and, fori=1,...,(k—1), 2_;,2z; € Ay — M(A;_1).
To see that this claim holds, let A’ be the subset of A such that, for C € A’, there is a sequence

as described above starting from A and ending in C. Let B’ = A — A’. Then, for every A’ € A’,
B' € B and z € Ey N EY we have E(z) N Ep/ = . Define

X = U EyNES  and Y= U Ep N EC°.
Are A B'eB’
The sets X and Y are closed and FMap(X) invariant, and the definition of X implies that we have

z € X. The assumption implies that y cannot be in Y. Therefore B € A’ and the above sequence
exists, which proves the claim.

FIGURE 4. This is the picture of the our set up for & = 2. The arcs w; and
0; are chosen so that, the concatenation of 9y, wo|r, 01, w1|r is homotopic to the
concatenation of ¢’|, followed by 0.

Fori=0,...,(k—1), fix disjoint sub-surfaces Z; C ¥4, —x4, and Z; C ¥ 4,,, —24,,, such that
z; is an end of Z;, 2} is an end of Z! and Z; is homeomorphic to Z, for example, we can choose
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Z; so that E(Z;) is an stable neighborhood of z;. Connect Z; to Z! by an arc w; that is contained
in LUY 4, UXa,,,. Let Y; be a regular neighborhood of Z; U Z; U w;. Further, we assume that
subsurfaces Y; are disjoint from each other and are disjoint from the strip ¢’ (see Figure |4]). For
i=1,...(k—1), let 9; be a sub-arc of 0¥ 4, connecting w;_1 NOX 4, to w;NIB 4,. Also, let w;|1, be
the restriction of w; to L. We further assume that the concatenation of w;|;, and 9;, which is an arc
connecting 90X 4 to O¥ g, is homotopic (relative ¥ 4 U 90X p) to either arc in the the restriction of
9o’ to L, which we denote by dc’|1. Let Jy be the sub-arc of ¥ 4 connecting a point in 9o’ NIX 4
to the points wy N OX 4 and similarly let Oy be the sub-arc of 9¥ g connecting a point in do’ NOX 5
to the points wi_1 N 0X 5. Again, these can be chosen such that the concatenation (aiwi|L)§ig”
is homotopic to the concatenation of an arc in d¢’|;, and Oy relative their end points.

Let g; be a homeomorphism that sends Z; to Z], whose support is in Y; and that sends w; to
itself in the reverse direction. Let F = {gi}gigl).

We now show that, for every n € Z, h?, € (v, F)**1. Let o/, be a sub-strip of ¢’ of genus n so
that the genus of what remains between o/, and 0A is zero. Choose an element fy € v4, that sends
o), to a Zy, which is possible since zy € EC and therefore Zj has infinite genus. In fact, we can do
this in a way such that fo(c’) N X4 starts the same as ¢’ N X 4 away from a small neighborhood
of 0¥ 4, then it follows 9y (staying in a small neighborhood of 9¥4) to the intersection point of
0¥ 4 and wy N 3 4, then follows wg N X4 (staying in Yy) to Zp, then comes back the same way
along wo N X4 and Jy and continues along ¢’ into B (see the left picture in Figure [5). Then,

go © fO(O‘;L) C Z(/).

g1 f1 90 fo(oy,)

FIGURE 5. The picture on the left depicts the image of ¢’ and o], under the
map fo. The picture on the right depicts the image of ¢’ and &/, under the map
Hf;ol gi o fi(c"). The strip Hi:ol gi o fi(c") can be homotoped to ¢’ inducing the
shift map h},.

We then find a f; € v4, that sends gy o fo(ol,) to Z;. We can do this in a way such that
f1 0900 fo(o!) starts the same as ¢’ inside ¥4 (away from a small neighborhood of 0¥ 4) then it
follows 0y, then wp|r, then 9y to the intersection point of 0¥ 4, and wy, then it follows w; N X4,
(staying in Y7) to Zi, then comes back the same way along w; N X4,, 01, wo|r, and Jp, and then
follows ¢’ into B. We then apply g1 and we have g1 o f1 0 gg o fo(ol,) C Z].

Following the same argument, we can find f;, i =0,...,(k — 1) such that

k—1
(H 9i Ofi) (0) C Z_y C X4, =Xp.
i=0

The strip [] g; o fi(c’) starts the same as ¢’ in X 4, then follows the concatenation of the arcs w;|f,
and 0; (which by assumption is homotopic to arcs do’|1), then follows wy N X g to Zj, then back
the same way to 924 No’, and then continues the same as ¢’ (see the right picture in Figure [5)).
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The portion of Hi:ol gi o fi(o},) traveling back from X5 to 0¥ 4 has genus zero and can be
homotoped into ¥ 5. The portion going forward from 0¥ 4 to 9% also has genus zero and can be
homotoped to a neighborhood of the concatenation of d¢’|;, and dx. Hence, there is fi € vp such
that fi o []g: o fi(0’) can be homotoped into ¢’ and hence fy o []g; o fi can be considered as a
map with support in ¢’. Since, o}, has moved from A to B, we in fact have fi o [[g; o f; = hll.
That is A%, € (v F)**1. This finishes the proof. O

Proposition 6.3. Assume %; is a surface with either zero or infinite genus and where E(X;)
has a single maximal point z. If h, is essential, then E(z) is two-sided giving the decomposition
Accu(z) =X UY wherex € X andy €Y.

Proof. The proof is nearly identical to the proof of Proposition [6.2] We outline it here. Let z, y
be the ends of X associated to the strip . Let A, B € A be such that x € A and y € B. First find
g € FMap(X) such that ¢/ = g(o) starts in X 4, continues in L, and then enters Y. It is enough
to to show that the group generated by h, = gh,g~ "' is CB.

Note that z,y € Accu(z). We can find a sequence

A=Ay A,..., Ay = B, A, e A

and a sequence of ends z; € Accu(z) and 2, € E(z;),i=0,...,(k—1) such that zy € Ag — M(Ay),
zj_q € Ay — M(Ag) and, for i =1,...,(k—1), z]_1,2, € A; — M(A;_1). A similar argument to
the proof of Proposition shows that if such a sequence does not exist, then E(z) is two-sided
which would be a contradiction.

We then construct sub-surfaces Z; and Y; and maps g; as before, and set F = {g; f;ol. Let
ol be a sub-strip of ¢’ that contains the n sub-surfaces 3; that are nearest to 93 ,4. As in the
proof of Proposition we can choose f; € va, such that fi [[gi o fi sends ¢’ to the strip that
is homotopic to ¢’ and moves o, from ¥4 to X¥p. That is 2, = fr[[gio fi € (v F)*+1. This
finishes the proof. O

Proposition 6.4. Assume X; is a surface with either zero or infinite genus, and where M(E(X%;))
1s a Cantor set. Then hy is not essential.

Proof. As before, after conjugation, we can assume o intersects only ¥ 4 UL UX g, where X; € ¥4
for : <0 and X; € ¥p for ¢ > 0. Consider a simple closed curve in the strip ¢ separating 3; and
Yit+1 from the rest of the strip. Denote this subsurface by %; ;1. If the set of maximal ends in ¥;
is a Cantor set, the end space of 3; is homemorphic to the end space of 3; ;41 (see Figure @

FIGURE 6. When M(E(3;)) is a cantor set the surface ¥; ;41 is homeomorphic to ;.

Similarly, the subsurface 3;;i,, which is a subsurface of ¢ with one boundary component
containing the sub-surfaces ¥;,¥;11,..., 24y, is also homeomorphic to ;. Hence, for every n,
there is a homeomorphism f,, € v4 with support in o such that 3; is sent to ;,, for i < —n,
Y; is sent to itself for ¢ > 0, and the surface ¥_,, ¢ is sent to . Similarly, there there is a
homeomorphism g, € v4 with support in ¢ such that ¥; is sent to ¥;, for i > 1, ¥; is sent
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to itself for ¢ < 0, and the surface X; is sent to ¥;,41. Then h? = gnh,f,. That is, we can
collect the surfaces X_,, ... to the surface Yg, shift o once and the expand these surfaces to
31, ..., 2541, which means we have written A} as a composition of 3 homeomorphisms. By letting
F = {hs}, we have that (h,) is contained in (v F)?. Therefore, by Theorem (6.1} (h,) is a CB
subset of FMap(X) and h, is not essential. O

We are now in a position where we can prove Theorem which states that Map(X) contains
an essential shift if and only if the endspace of X is two-sided.

Proof of Theorem[I.5 One direction is already proven by Proposition It remains to show
that, if ' is not two-sided then there is no essential shift map.

Assume EY is not two-sided and there does not exist any z € E such that F(z) is two-sided.
Let h, be any shift map with support on a strip o, containing the subsurfaces ¥;, exiting towards
x,y € E. The end space E(X;) has finitely many maximal types each of which is either a Cantor
set or a finite set. Therefore we can find finitely many sub-surfaces Ef C %, 7 =0,...,¢, each
with one boundary component such that:

(1) The surfaces Ef are disjoint. Furthermore, > — Ef is a compact planar surface which means
E%;) = I_IjE‘(Zg).

(2) For j > 0, ¥} has zero genus or infinite genus. That is, if ¥; has finite genus we include
all the genus in the surface X9 so every other subsurface of ; contains no genus. If 3;
already has zero genus or infinite genus, then there is no need to choose ¥?. We can choose
¥? to be a disk or have j range from 1 to £. Also, if E(ZZ) N ES = () then we make sure
7 has genus zero.

(3) For every j = 0,...,¢, the surfaces Zg are homeomorphic for all i € Z. That is we
decompose each ¥; in the same way.

Now the strip ¢ can be decomposed to parallel strips o7 each containing sub-surfaces Zg . Since
hes have disjoint support, they commute and h, = [] hys. That is, the group generated by h,;,
j=0,...,¢, is an abelian group that contains the group generated by h,. Hence, if each (h,;) is
CB then <ha°7~-,hgz> is also CB and thus (h,) is CB.

Since E¢ is not two-sided, by Proposition hgo is not essential and (h,o) is CB. For j =
1,...,¢, if M(E(X)) is a single point then (hyo) is CB by Proposition If M(E(X))) is a
Cantor set, then (h,o) is CB by Proposition This finishes the proof. O

Finally, we prove Theorem [I.6] which tells us that a shift map is essential if and only if there
is either a decomposition of the ends accumulated by genus, or there is a decomposition of the
accumulation set of a maximal point of the surface.

Proof of Theorem[I.6L We begin by proving the forward direction. Consider the decomposition
of the shift map h, = [] j hy; constructed in the proof of Theorem As mentioned before, if
hs is essential then some h,, is essential. If h,, is essential, then since %Y contains finite genus,
Proposition implies the first bullet point in Theorem holds. If j > 0 and M(E(X))) is
a single point, then by Proposition [6-3] the second bullet point in Theorem [I.6] holds. Finally,
M(E(X?)) cannot be a Cantor set by Proposition which proves the forward direction.

In the other direction, first suppose that E¢ is two-sided giving a decomposition E¢ = X LY
where z € X and y € Y, then the proof of Proposition [5.1] shows that h,o is essential. In fact,
there is a length function ||+|| such that, for n > 0, |[hZ%|| = 2n. Since, in this case, 3/ have genus
zero for j > 0, the shift maps h,; act trivially on homology. Hence ||hZ| = 2n and hence h, is
essential.

Similarly, if there exists some z € M(X;) such that E(z) is two-sided giving a decomposition
Accu(z) = X UY where € X and y € Y, then the proof of Proposition shows that h,; is
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essential for some j > 0. In fact, there is a length function [|+|| such that, for n > 0, [|A|| = n. It
is possible that the Ef are homeomorphic for several different j. We can assume, after re-indexing,
that 3!, ...,%¢ all have same type of countable maximal end. Then [|h?|| = ¢ - n and hence hy is
essential. 0

7. TWO SOURCES OF NON-TRIVIAL TOPOLOGY

In this section, we prove Theorem [I.7] which states that if ¥ does not have a non-displaceable
subsurface and FMap(X) does not have an essential shift then Map(X) and FMap(X) are CB. This
implies that Map(X) and FMap(X) are quasi-isometric to a point and therefore do not have an
interesting geometry. To prove this theorem, we make use of the notion of an avenue surface first
introduced in [1I]. Recall that we always assume that ¥ is stable.

Definition 7.1. An avenue surface is a connected orientable surface 3 which does not contain any
non-displaceable subsurface of finite type, and whose mapping class group Map(X) is CB-generated
but not CB.

That is, the only possible examples for surfaces that have no non-displaceable subsurfaces, no
essential shifts, and are not CB are the avenue surfaces. A topological description of avenue surfaces
was given in [IT].

Lemma 7.2 (Lemmas 4.5 and 4.6 in [I1I]). Let ¥ be an avenue surface. Then 3 has either 0 or
infinite genus, and ¥ has exactly two ends of mazimal type, that is, M(E) = {x1,x2}. Furthermore,
for every x € E — {x1, 22}, the set E(x) accumulates to both x1 and xa.

In order to state the classification of CB mapping class groups from [I3], we must first define
the notion of self-similarity for a space of ends, and the notion of telescoping for an infinite-type
surface.

Definition 7.3. A space of ends (E, E®) is said to be self-similar if for any decomposition F =
E,UFE;U...UFE, of F into pairwise disjoint clopen sets, there exists a clopen set D in some F;
such that (D, D N E¥) is homeomorphic to (E, E).

A surface X is telescoping if there are ends x1,x2 € F and disjoint clopen neighborhoods V;
of x; in ¥ such that for all clopen neighborhoods W; C V; of z;, there exist homeomorphisms
fis hiy € FMap(X), with

fi(Wi) D (8 = V3—) hi(W;) = Vi, and hi(Va—i) = Va—i.
A classification of CB mapping class groups was given in [13].

Theorem 7.4 (Theorem 1.7 in [I3]). The group Map(X) is CB if and only if ¥ has infinite or
zero genus and E is either self-similar or telescoping.

We are now ready to prove Theorem restated below.

Theorem (Two sources of non-trivial geometry). If Map(X) does not have an essential shift
and ¥ does not contain a non-displaceable subsurface then Map(X) is quasi-isometric to a point.

Proof. By way of contradiction, suppose that > does not have a non-displaceable subsurface,
FMap(X) does not contain an essential shift, and that FMap(X) is not CB. Then by assumption,
Y is an avenue surface. By Lemma M(E) = {z1,22} and for any other z € E — {z1,z2},
E(z) accumulates to both z; and x3. Consider an end z € M(E — {z1,z2}), that is, an end
that is maximal in E — {z1,29}. If E(z) is countable, then F is two-sided with X = {z1}
and Y = {a2}. This cannot happen since we are assuming there are no essential shifts (see
Theorem [L.5). Therefore, E(z) is a Cantor set.
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Furthermore, either ¥ has genus zero or it is infinite genus and {z1,72} C EY (otherwise,
Map(X) is not even locally CB, see [13|, Theorem 1.4]). We now show that these assumptions
imply that ¥ is telescoping and, by Theorem Map(X) is CB, which will prove our claim.

We check the definition of telescoping. For ¢ = 1,2, let V; be disjoint stable neighborhoods of x;
such that E — (V3 UV3) contains every maximal type in E — {z1,2z2}. Let W; be the given smaller
neighborhoods of x;. Since the V; are stable neighborhoods, we have that V; is homeomorphic to
W;. We claim that E — (V3 U V3) is homeomorphic to E — (V4 U W3). Since all maximal types
in E — {x1,x2} are present in E — (V3 U V3), the sets E — (V3 U V,) and E — (V4 U Ws) have the
same maximal types. But all these types are Cantor sets. Therefore, for every y € Vo — Wa there
isaz € E— (V4 UV,) such that E(y) accumulates to z. By [I3| Lemma 4.18|, there are small
neighborhoods U, of y and U, of z such that U, U U, is homeomorphic to U,. The neighborhoods
U, give a covering of Vo — Ws, hence there is a finite sub-covering. By making the neighborhoods
smaller, we can assume that they are disjoint. Since each neighborhood U, can be absorbed into
U., the set V5 — W5 can be absorbed into E — (V4 UV3) and hence, E — (V; U V3) is homeomorphic
to K — (Vl U Wz)

Now consider surfaces Xy, and Xy, whose end points are V; and W;. We can choose these
surfaces so that Xy, C Xy, and so that Xy, is disjoint from Xy, ,. Also, we can assume Xy, — Xy,
and ¥ — (Zw, UXw,) all have genus zero or infinity. The end space of 3y, — Xy, is homeomorphic
to the end space of ¥ — (X, U Zw,) and they have the same genus. Also Xy, and Xy, have
homeomorphic end spaces and the same genus. Hence, there is a map h; such that hy (Zyw, ) = Ty,
and h1(2y,) = h1(Zy,). The map hs in Definition can also be similarly constructed.

The construction of the maps f; follows similarly. As above, we can send Xy, to ¥ — Xy, while
fixing some neighborhood W3 of x5 as long as W3 is small enough so that Vo — W} intersect F(z)
for every z € M(E — {z1,x2}). This proves that ¥ is telescoping and hence Map(X) is CB. Note
that since FMap(X) and Map(X) are quasi-isometric this means FMap(X) is also CB which proves
the theorem. g
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