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Given an n dimensional real vector space V, let us consider the
linear algebra of V & V*.

» Canonical metric of signature (n,n) on V & V*:

SXHEY = L (E) +n(X);

» Canonical orientationon V & V*: Let e4,e0,--- ,e,be a
basis of V. Let e, e5,--- , e, be the dual basis. Then
e1N---ANepAejA---e;,defines a canonical orientation on
Vo Vv

» Symmetry group: SO(V @ V*) = SO(n, n) with Lie algebra
so(Ve V*)={T| < Tx,y >+ < x, Ty >=0}.

» B-transform:

so(V & V*) 2 A2(Va V) =End(V) @& A2V @ A2V,
Let B € A?V*. Exponentiate, we have

exp(B) = G? ?) € SO(V & V),
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generalized complex structure

Definition
A generalized complex structure 7 on V' is
» a complex structure 7 on V & V* such that
<IX, Ty >=< X,y > x,ye VoV
» a maximal isotropic subspace L of V¢ @ V; such that
Ln L = {0}, where V; denotes the complexification of V.
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Examples
1) Complex Structure (V, /):

J = <B/ /0> L=A0"Ve o ATOVE

2) Symplectic Structure (V,w):

|
jw:(g p >,L:{X\/1wa,X€ Vel.

3) B-transform of a generalized complex structure:
Let B € A2V* be a two form, and let L be the
v/—1-eigenspace of a generalized complex structure 7.
Then
Lg={X+{+xB X+ L}

defines a new generalized complex structure, called the
B-transform of 7.
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Type and parity

» Type of a generalized complex structure:
Let L be the /—1-eigenspace of a generalized complex
structure 7. And let 7 : Vo @ V7 — V¢ be the projection.
Then type(J) = codim(n(L)).

» Parity of a generalized complex structure J:
Since J is a complex structure on V @ V*, it induces an
orientation on V & V*.

» If typeJ = even, it agrees with the canonical orientation.
» If typeJ = odd, it differs from the canonical orientation.

» B-transforms preserve the type of a generalized complex
structure.
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» Clifford action of CL(V & V*) on A*V*:

(X+&)-a=ixa+Ena, (X+E2 a=<X+&X+HE>a

» Clifford action of 7 on A*V*:

Since < Jx,Jy >=< X,y > and J? = —1,
<JIX,y>+<x,Jy>=0,foranyx,y € Vg V*.
Since so(V @ V*) = A2(V @ V*) C CL(V @ V*), there is a
natural Clifford action of ;7 on AV*.
» Decomposition of differential forms (Gualtieri): Let UX be

the —k+/—1 eigenspace of the Clifford action of 7 on
A*V*. Then we have

AFVF @U".
k
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Examples

» (Gualtieri) Let V be a real vector space with a complex
structure /. Then UX = @, ,_, (APIVp).

» (Cavalcanti) Let (V,w) be a 2n dimensional symplectic
vector space. Then

Uk = {e™eia: a e ARV,

where 7 = w~! is the canonical Poisson bi-vector
associated to the symplectic form w.
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Generalized complex structures

Definition
» A generalized almost complex structure is an orthogonal
bundlemap J : TM & T*M — TM & T*M such that
J?=-1.
» J is an H-twisted generalized complex structure if the

v —1-eigenbundle of 7, L ¢ TeM&@ T;M, is closed under
the H-twisted Courant bracket which is defined by

X6, Y] = X, Y Lon-Ly€— 20 (n(X) — &(Y)) bryixH,

where H is a closed three form.

» The type of 7 at m € M is the type of the restricted
generalized complex structure on T, M.
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Example

a) Let (M,w) be a symplectic manifold. Then

0 w!
\7(.0 - (_w 0 >
is a generalized complex structure of type 0; the v/—1
eigenbundle of 7, is L, = {X + vV—1ixw | X € TcM}.

b) Let (M, /) be a 2n dimensional complex manifold. Then

-1 0
is a generalized complex structure of type n; the /—1
eigenbundle of Jjis Ly = To1 @ T1*’0, where Ty is the

v/ —1 eigenbundle of J.
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do-lemma
» Jo-lemma:

imo N kerd = kerd Nimo = imdd.

» When a generalized complex structure is induced by a
symplectic structure, the 09-lemma is equivalent to the
symplectic dé-lemma due to Guillemin and Merkulov.

» When a generalized complex structure is induced by a
complex structure, the 09-lemma coincides with the usual
d0-lemma in complex geometry, which is known to carry a
lot of topological information.

» Recently, Gualtieri established the 99-lemma for compact
twisted generalized K&hler manifolds. This result plays an
important role in the remarkable works of Yi Li and Ryushi
Goto which assert that the deformation theory of
generalized complex structures on a compact H-twisted
generalized Calabi-Yau manifold is unobstructed.
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Generalized Kahler structures

» A Generalized Kahler structure is a pair of commuting
generalized complex structures (71, J2) such that
(1T X+€),X+E£) >0,VX+Ee CP(TM @ T*M).

» A bi-Hermitian structure is a triple (g, I+, I-) consisting of
a Riemannian metric g and two integrable almost complex
structures /. and /- compatible with g, so that

dJCrw+ +d°w_ =0, ddiwi =0,

where wy = gl is the Hermitian two form associated to I,
and d$ are the i(0 — 0) operators associated to the
complex structures /..

» Theorem
(Gualtieri 2003): The notion of a generalized Kéhler structure is
essentially equivalent to that of a bi-Hermitian structure.



Examples, Kahler structure

Let (w, /) be a genuine Kéhler structure on a manifold M, that
is, a symplectic structure w and a complex structure / which are
compatible, which means that g = —w/ is a Riemannian
metric. Then w and J induce generalized complex structures
J. and 7, respectively. Moreover, it is easy to see that 7; and
J., commute, and that

~2.a- (3 % ) 0

is a positive definite metricon TM & T*M. Hence (7., J)) is a
generalized Kéahler structure on M.



Examples, Hyper-Kahler structure

Let (M, g, 1,J, K) be a hyper-Kahler structure, and let wy, wy
and wk be the K&hler two forms that correspond to the complex
structure /, J and K respectively. It was shown by Gualtieri that
we can construct a generalized Kéhler structure (71, J2) as
follows:

7= (qu 2)) <w:w —;(w/;—wﬂ)) (_LK ;’) (2)

1
. 1 0 0 —7((,()_1 —|—w_1) < 1 0)
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» (V. Apostolov, P. Gauduchon, and G. Grantcharov, 1999)

Theorem
Let (M, I, 1) be a connected, compact bi-Hermitian
4-manifold with even first Betti number. Then

» either (I;, 1) is strongly bi-Hermitian, in which case the
complex surfaces (M, I.) and (M, I_) are either both
complex tori or both K3 surfaces, or

» (M, 1) (or equivalently (M, 1_) ) is obtained from either C P?
or a minimal ruled surface admitting an effective
anti-canonical divisor, or a complex surface obtained from
them by blowing up points along an effective anti-canonical
divisor.

» Open Question(AGG): Do there exist bi-Hermitian
structures on complex surfaces described in the second
statement of the above theorem?

» Using the generalized Kahler approach developed by
Gualtieri, Hitchin (CMP, 265(2006) 131-164) constructed
explicit examples of generalized Kahler structure on CP?
and CP' x CP".



Hamiltonian actions and quotients in
generalized complex geometry



Hamiltonian actions on generalized complex manifolds

Bursztyn, Gualtieri, and Cavalcanti, math.DG/0509064; L.
Tolman, CMP 268(2006) 199-222 , math.DG/0509069,
math.DG/0510010; S. Hu, math.DG/0509060; Stiénon and
Ping, math.DG/0509393; Vaisman, Izu math.DG/0511013.
Definition
Let a compact Lie group G with Lie algebra g act on a manifold
M, preserving a generalized complex structure 7. Let
L c TcM & T;M be the /—1 eigenbundle of 7. A generalized
moment map is a smooth function . : M — g* so that:
» There exists a one form a € Q'(M, g*), called the moment
one form, so that &y — v/—1(du¢ +v—1af) € L for all
¢ € g, where &, denotes the induced vector field.

» fis equivariant.



» Let G act on a symplectic manifold (M, w) with moment
map ®: M — g*, that is, ® is equivariant and ¢¢,,w = d®*
for all £ € g. Then G also preserves the generalized
complex structure 7, and ¢ is a generalized moment map
for this action.
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However, non-trivial actions are never Hamiltonian
because (L) contains no non-trivial real vectors.
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Let G act on a symplectic manifold (M, w) with moment
map ®: M — g*, that is, ® is equivariant and ¢¢,,w = d®*
for all £ € g. Then G also preserves the generalized
complex structure 7, and ¢ is a generalized moment map
for this action.

Let G act on a complex manifold (M, ), preserving /. Then
G also preserves the generalized complex structure 7.
However, non-trivial actions are never Hamiltonian
because (L) contains no non-trivial real vectors.

Let G act on generalized complex manifolds (M, 71) and
(Mo, J2) with generalized moment maps n1 and u». Then
the diagonal action of G on the product manifold M; x M>
preserves the generalized complex structure [7; x J» with
generalized moment map = py + pg: My x Mo — g*.
There are examples of Hamiltonian action on a generalized
complex manifold which is not equivalent up to a
B-transform to the cartesian product of a symplectic and a
complex manifold. (L, 2006)



(L, Tolman, 2005)

Theorem

Let a compact Lie group G act on an H-twisted generalized
complex manifold (M, J') with generalized moment map

f: M — g* and moment one-form o € Q'(M, g*). Let O be a
co-adjoint orbit through a € g* so that G acts freely on f~1(O,).
Assume that H+ « is equivariant/y closed. Given a connection
on f~1(0,), the quotient M, = f~'(0,)/G inherits a H-twisted
generalized complex structure J. Up to B-transform, Jis
independent of the choice of connection. Finally, for all

m e ~1(0,),

type(T ) im) = type(T )m.



Definition

A generalized moment map and moment one-form for a
group action on a twisted generalized Kahler manifold

(M, 71, J2) are simply a generalized moment map and moment
one-form for the twisted generalized complex structure 7;.



(L, Tolman, 2005)

Theorem

Let a compact connected Lie group G act on an H-twisted
generalized Kéhler manifold (M, Jy, J2) with generalized
moment map f: M — g* and moment one-form o € Q' (M, g*).
Let O, be a co-adjoint orbit through a € g* so that G acts freely
on f~1(Oz). Assume H + o € Q%(M) is equivariantly closed.
Then the generalized Kéhler quotient M, naturally inherits a
H-twisted generalized Kéhler structure (71, J2).

Finally, let by be the Lie algebra of the stabilizer H of a, and let
L, be the v/—1 eigenbundle of 7. Then for all m € M,

type(J1)m = type(J1)m,  and

~ 1, 1. .
type(J2)im = type(jg)m—5d/mG—éd/m(H)+2d/m(bMﬁw(L2))m.



Example, Kahler quotient

» (Guillemin, Sternberg, 1982)

Theorem

Consider the holomorphic action of a compact Lie group G on a
Kéhler manifold (M, w, J). Suppose the action of G is
Hamiltonian with moment map f : M — g*. Let O, be a
co-adjoint orbit through a € g* so that G acts freely on f~1(O,).
Then the quotient My = f~'(0,)/G naturally inherits a Kahler
structure and is called the Kahler quotient.

» Example
The generalized K&hler quotient of the Hamiltonian generalized
Ké&hler manifold associated to a Hamiltonian K&hler manifold is
the generalized Ké&hler manifold associated to the Kahler
quotient.



Hyper-Kahler quotient

Example
Let (M, g, /,J, K) be a hyper-Kahler structure. And let 7y and
J2 be the associated generalized K&hler pair. Suppose there is
a Hamiltonian G-action on (M, g, I, J, K) with the equivariant
moment map p = (uy, bk, by) : M — g* @ g* @ g*. Set
f=p —puy: M— g*. Then fis a generalized moment map for
the G action on the generalized Kahler manifold (M, 71, 7).
Assume that G acts freely on f~'(0) and assume that 0 is a
regular value for the map . Then there is a reduced
generalized Ké&hler structure (J;, J2) on the generalized K&hler
quotient My = f~(0)/G. Furthermore, the hyper-Kahler
quotient S := (Mﬂ (0) N 5 (0) M pa! (0)) /G is a sub-manifold
sitting inside M, of codimension 2dimG. Indeed, (S, J,-S) is

1

exactly a generalized complex submanifold of (M, J;).



Construction of bi-Hermitian structures



Deformation of a generalized complex structure

» (Gualtieri) Let 7 be a generalized complex structure, and
let L be its v/—1-eigenbundle.Given e € A2L*, define

Le={Y+uye|YeL).

Then L. is maximal isotropic, and L. N L. = {0} if and only
if the endomorphism

AE:C 1€>:L®L—>L@L 4)

is invertible.



Deformation of a generalized complex structure

» (Gualtieri) Let 7 be a generalized complex structure, and
let L be its v/—1-eigenbundle.Given e € A2L*, define

Le={Y+uye|YeL).

Then L. is maximal isotropic, and L. N L. = {0} if and only
if the endomorphism
AE:C 1€>:L®L—>L@L 4)

is invertible.

» (Z. Liu, A. Weinstein, and P. Xu) For any e € A?L, L, is
closed under Courant bracket if and only if e satisfies the
Maurer-Cartan equation:

die+ %[6, €] =0.



Deformation of generalized Kahler structure

» (Gualtieri, 2003) Now let (71, J2) be a generalized K&hler
structure. Let Ly and L, denote the v/—1 eigenspaces of
J1 and 7, respectively. Then Ly = (L1 N L) & (L1 N Lp)
and L, = (L1 N L) & (Ly N Lp). Thus € € C®(A2Ly) fixes
Jq if and only if e takes Ly N Ly to Ly N Ly, i.e., if and only if
eis an element of C* ((Ly N Lz) ® (L1 N L3)).



Deformation of generalized Kahler structure

» (Gualtieri, 2003) Now let (71, J2) be a generalized K&hler
structure. Let Ly and L, denote the v/—1 eigenspaces of
J1 and 7, respectively. Then Ly = (L1 N L) & (L1 N Lp)
and L, = (L1 N L) & (Ly N Lp). Thus € € C®(A2Ly) fixes
Jq if and only if e takes Ly N Ly to Ly N Ly, i.e., if and only if
eis an element of C* ((Ly N Lz) ® (L1 N L3)).

» (L, Tolman, 2005) Let (w, /) be the standard K&hler
structure on C". Assume that there exists a subset
Ic(1,...,n) so that

«=2_Fil2) az, az,+ZF’f

ijel ijel

OFij;

If Fj; is holomorphic and a—z” =0foralli;jand k € I, then ¢
k

deforms (7., J;) to a new generalized Kahler pair (7., J.)-



Explicit examples of bi-Hermitian structures

(L, Tolman, 2005)

Theorem

There exist examples of bi-Hermitian structures on CPV,
Hirzebruch surfaces, the blow up of CPN at arbitrarily many
points, and other toric varieties, as well as complex
Grassmannians.



Constructing bi-Hermitian structures on PV

» Let S' act on CN*' via
)\-(Zo,...,ZN) = ()\Zo,...,)\ZN).

Note that this action preserves the Ké&hler structure (w, J).

Moreover,
’
®(z) = §|Zi\2
i
is a moment map, S’ acts freely on »=1(1), and the
reduced space My = »~'(1)/S" is CPN.
> Let

) )

2 2
=z25— N — +z25dZ4 N dZ5.
€T 5 622+° ! 2

e deforms (J,,, Jy) to a new generalized Kahler structure
(Jw, Jo) on CN.



Constructing bi-Hermitian structures on PV

» Since ¢ is S invariant, (Jw, Je) is also S' invariant. Hence
there is a natural generalized Kahler structure (7., J.) on
the quotient space CPN = ¢~1(1)/S".

» (Ju, J.) is not the B-transform of a genuine Kahler
structure, because
type(J)iy = O for all [2] € CPN, whereas type(J.) = N
if g = 0, otherwise type(J.) = N — 2.



Equivariant 00-lemma



Cartan model

» The Cartan complex Qg(M) of the G-manifold M is defined
to be the complex of equivariant differential forms, i.e.,
equivariant polynomial mappings

a:g— QM)
with the coboundary operator given by

(dga)(€) = d(a(§)) — ey (8)-

It is a double complex with a bi-grading induced by the
usual grading of polynomial rings and that of differential
forms; furthermore, by Equivariant de Rham theorem its
cohomology is identical with the Equivariant cohomology
Hg(M).



Kirwan-Ginzburg Equivariant formality

Now suppose that the manifold M is symplectic and the action
of G is Hamiltonian. Then the Kirwan-Ginzburg equivariant
formality theorem says that the spectral sequence of the Cartan
double complex with respect to the horizontal filtration
degenerates at the E; stage. Thus, by a dimension count, the
equivariant cohomology Hg(M) is isomorphic to its E; term.
Note that this isomorphism is not canonical and depends on a
choice of equivariantly closed extension for each closed form
on M.



Equivariant dgé-lemma

» (L, Sjamaar, 2003)Consider the Hamiltonian action of a
compact Lie group G on a sympelctic manifold (M, w) with
the Hard Lefschetz property. Equivariant symplectic
di-lemma:

imdg Nkerd = kerdg Nimé = imdgd,

where dg is the coboundary operator on the Cartan
complex, ¢ is induced by the symplectic adjoint of d on the
equivariant Cartan double complex.



Equivariant dgé-lemma

» (L, Sjamaar, 2003)Consider the Hamiltonian action of a
compact Lie group G on a sympelctic manifold (M, w) with
the Hard Lefschetz property. Equivariant symplectic
di-lemma:

imdg Nkerd = kerdg Nimé = imdgd,

where dg is the coboundary operator on the Cartan
complex, ¢ is induced by the symplectic adjoint of d on the
equivariant Cartan double complex.

» Replacing Morse theory, which was used by Kirwan and
Ginzburg, with symplectic Hodge theory, the dgd-lemma
produces a very simple proof of an improved version of the
Kirwan-Ginzburg equivariant formality theorem which
asserts that every closed differential form has an
equivariantly closed extension which is canonical up to
coboundaries.



Generalized equivariant cohmology

» Consider the Hamiltonian action of a compact Lie group G
on an H-twisted generalized complex manifold.

» Let Qg be the space of polynomial mappings from g to
Q*(M).
» Extend d’ to a new operator A by

(Aa)(&) = —tgya + V—1(dfS +V—1n%) A a.

» Replace the usual derivative d by the twisted one
dy = d — HA. Since H is an invariant form, the twisted
exterior derivative dy is G-equivariant and induces a well
defined operator 1 ® dy on (Sg* @ Q(M))C. For brevity let
us also denote this by dy. Then we have

dnA = —Ady.



(L, math.DG/0607401 and independently shengda, Hu,and
Uribe, Bernardo, 2006, math.DG/0608319)

Definition

(generalized equivariant cohomology) Let

Qg = (Sg* ® Q(M))C be Z, graded. Then Dg = dy + Ais a
differential of degree 1. And the Z, graded generalized
equivariant cohomology is defined to be

ker <Qg/en/odd Dg chﬂd/even)
Heven/odd(QG DG) _
, =

im (Q%gd/even Dg Qgen/odd)



Equivariant 90-lemma

» The operator dg = d + A anti-commutes with 9.

» The Hamiltonian generalized complex manifold M is said to
satisfy the 0g0-lemma if and only if

kerd Nimdg = kerdg Nimod = imdgo.

» (L, 2006) Assume that the generalized complex manifold M
satisfies the 09-lemma. Assume that the action of compact
Lie group G on M is Hamiltonian. Then M satisfies the
dg0-lemma.

» As a consequence,

Heven/odd(QG, Dg) = H4Y(M) ® (Sg*)G.



	

