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Introduction

Model Theory is the part of mathematics which shows how to apply logic to
the study of structures in pure mathematics. On the one hand it is the ultimate
abstraction; on the other, it has immediate applications to every-day mathematics.
The fundamental tenet of Model Theory is that mathematical truth, like all truth,
is relative. A statement may be true or false, depending on how and where it is
interpreted. This isn’t necessarily due to mathematics itself, but is a consequence
of the language that we use to express mathematical ideas.

What at first seems like a deficiency in our language, can actually be shaped into
a powerful tool for understanding mathematics. This book provides an introduction
to Model Theory which can be used as a text for a reading course or a summer
project at the senior undergraduate or graduate level. It is also a primer which will
give someone a self contained overview of the subject, before diving into one of the
more encyclopedic standard graduate texts.

Any reader who is familiar with the cardinality of a set and the algebraic
closure of a field can proceed without worry. Many readers will have some acquain-
tance with elementary logic, but this is not absolutely required, since all necessary
concepts from logic are reviewed in Chapter 0. Chapter 1 gives the motivating ex-
amples; it is short and we recommend that you peruse it first, before studying the
more technical aspects of Chapter 0. Chapters 2 and 3 are selections of some of the
most important techniques in Model Theory. The remaining chapters investigate
the relationship between Model Theory and the algebra of the real and complex
numbers. Thirty exercises develop familiarity with the definitions and consolidate
understanding of the main proof techniques.

Throughout the book we present applications which cannot easily be found
elsewhere in such detail. Some are chosen for their value in other areas of mathe-
matics: Ramsey’s Theorem, the Tarski-Seidenberg Theorem. Some are chosen for
their immediate appeal to every mathematician: existence of infinitesimals for cal-
culus, graph colouring on the plane. And some, like Hilbert’s Seventeenth Problem,
are chosen because of how amazing it is that logic can play an important role in
the solution of a problem from high school algebra. In each case, the derivation
is shorter than any which tries to avoid logic. More importantly, the methods of
Model Theory display clearly the structure of the main ideas of the proofs, showing
how theorems of logic combine with theorems from other areas of mathematics to
produce stunning results.

The theorems here are all are more than thirty years old and due in great part
to the cofounders of the subject, Abraham Robinson and Alfred Tarski. However,
we have not attempted to give a history. When we attach a name to a theorem, it
is simply because that is what mathematical logicians popularly call it.

The bibliography contains a number of texts that were helpful in the prepa-
ration of this manuscript. They could serve as avenues of further study and in
addition, they contain many other references and historical notes. The more recent
titles were added to show the reader where the subject is moving today. All are
worth a look.

This book began life as notes for William Weiss’s graduate course at the Uni-
versity of Toronto. The notes were revised and expanded by Cherie D’Mello and



William Weiss, based upon suggestions from several graduate students. The elec-
tronic version of this book may be downloaded and further modified by anyone for
the purpose of learning, provided this paragraph is included in its entirety and so
long as no part of this book is sold for profit.
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CHAPTER 0

Models, Truth and Satisfaction

We will use the following symbols:
e logical symbols:
— the connectives A ,V , =, — | <> called “and”, “or
and “iff” respectively
— the quantifiers V , 3 called “for all” and “there exists”
— an infinite collection of variables indexed by the natural numbers N
Vo ,U1 , V2, ...
— the two parentheses ), (
— the symbol = which is the usual “equal sign”
e constant symbols : often denoted by the letter ¢ with subscripts
e function symbols : often denoted by the letter F' with subscripts; each
function symbol is an m-placed function symbol for some natural number
m>1
e relation symbols : often denoted by the letter R with subscripts; each
relational symbol is an n-placed relation symbol for some natural number
n > 1.

We now define terms and formulas.

99

[43 » [134 3 2
, “not”, “implies

DEFINITION 1. A term is defined as follows:

(1) a variable is a term

(2) a constant symbol is a term

(3) if F is an m-placed function symbol and t1,...,t,, are terms, then
F(ty...ty) is a term.

(4) a string of symbols is a term if and only if it can be shown to be a term
by a finite number of applications of (1), (2) and (3).

REMARK. This is a recursive definition.

DEFINITION 2. A formula is defined as follows :

(1) if t; and to are terms, then (¢; = t3) is a formula.

(2) if R is an n-placed relation symbol and ¢y, ...,t, are terms, then
(R(t1...tn)) is a formula.

) if ¢ is a formula, then (—y) is a formula

) if ¢ and ¢ are formulas then so are (9 AY), (pV), (¢ — ¥) and (¢ < )

) if v; is a variable and ¢ is a formula, then (Jv;)p and (Vv;)¢ are formulas

) a string of symbols is a formula if and only if it can be shown to be a
formula by a finite number of applications of (1), (2), (3), (4) and (5).

REMARK. This is another recursive definition. —¢ is called the negation of ¢;
@ A is called the conjunction of ¢ and ¢; and ¢ V % is called the disjunction of ¢
and 1.
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DEFINITION 3. A subformula of a formula ¢ is defined as follows:

(1) ¢ is a subformula of ¢

(2) if () is a subformula of ¢ then so is ¢

(3) if any one of (8 A1), (0 V), (8 — ) or (8 <> 1) is a subformula of ¢,
then so are both 6 and v

(4) if either (Jv;)y or (Yv;)1 is a subformula of ¢ for some natural number 4,
then 9 is also a subformula of ¢

(5) A string of symbols is a subformula of ¢, if and only if it can be shown to
be such by a finite number of applications of (1), (2), (3) and (4).

DEFINITION 4. A variable v; is said to occur bound in a formula ¢ iff for some
subformula ¢ of ¢ either (Jv;)y or (Vv;)y is a subformula of . In this case each
occurrence of v; in (Jv;)y or (Vu;)v is said to be a bound occurrence of v;. Other
occurrences of v; which do not occur bound in ¢ are said to be free.

EXAMPLE 1.

F(v3) is a term, where F' is a unary function symbol.

((Fvs)(vo = v3) A (Vvo)(vo = v0))
is a formula. In this formula the variable vs only occurs bound but the variable vg
occurs both bound and free.

EXERCISE 1. Using the previous definitions as a guide, define the substitution
of a term t for a variable v; in a formula ¢. In particular, demonstrate how to
substitute the term for the variable vy in the formula of the example above.

DEFINITION 5. A language L is a set consisting of all the logical symbols with
perhaps some constant, function and/or relational symbols included. It is under-
stood that the formulas of £ are made up from this set in the manner prescribed
above. Note that all the formulas of £ are uniquely described by listing only the
constant, function and relation symbols of L.

We use t(vo,...,v;) to denote a term ¢ all of whose variables occur among
Voy. -y Vk-

We use p(vg,...,v;) to denote a formula ¢ all of whose free variables occur
among v, . . . , Ug.

ExXAMPLE 2. These would be formulas of any language :

e For any variable v;: (v; = v;)

e for any term t(vo, ..., v;) and other terms ¢; and ta:

((t1 =t2) = (E(voy -y Vim1, b1, Vi 1y - -y U) = E(V0y -+ o+, Vi—1, E2, Vit 1y -+, UE)))
e for any formula (v, ...,vr) and terms t; and t:

((t1 =t2) = (o, -+ s Vic1, 1, Vi1, -« - Vk) < @(V0, -« o, Vi—1, t2, Vi1, -+, Vk)))

Note the simple way we denote the substitution of t; for v;.

DEFINITION 6. A model (or structure) 2 for a language £ is an ordered pair
(A,Z) where A is a nonempty set and Z is an interpretation function with domain
the set of all constant, function and relation symbols of £ such that:

(1) if ¢ is a constant symbol, then Z(c) € A; Z(c) is called a constant
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(2) if F is an m-placed function symbol, then Z(F') is an m-placed function
on A

(3) if R is an n-placed relation symbol, then Z(R) is an n-placed relation on
A.

A is called the wuniverse of the model 2. We generally denote models with
Gothic letters and their universes with the corresponding Latin letters in boldface.
One set may be involved as a universe with many different interpretation functions
of the language £. The model is both the universe and the interpretation function.

REMARK. The importance of Model Theory lies in the observation that mathe-
matical objects can be cast as models for a language. For instance, the real numbers
with the usual ordering < and the usual arithmetic operations, addition + and mul-
tiplication - along with the special numbers 0 and 1 can be described as a model.
Let £ contain one two-placed (i.e. binary) relation symbol Ry, two two-placed
function symbols F} and F, and two constant symbols ¢y and ¢;. We build a model
by letting the universe A be the set of real numbers. The interpretation function
7 will map Ry to <, i.e. Ry will be interpreted as <. Similarly, Z(F7) will be +,
Z(F3) will be -, Z(co) will be 0 and Z(¢;) will be 1. So (A,Z) is an example of a
model for the language described by {Rg, F1, F», co,¢1}.

We now wish to show how to use formulas to express mathematical statements
about elements of a model. We first need to see how to interpret a term in a model.

DEFINITION 7. The value t[xo,...,z,] of a term ¢(vo,...,vq) at zo,..., x4 in
the universe A of the model 2 is defined as follows:
(1) if ¢ is v; then t[xg, -, x4] is x;,
(2) if t is the constant symbol ¢, then t[zo, ..., z4] is Z(c), the interpretation
of cin A,
(3) iftis F(t1...tm) where F' is an m-placed function symbol and 1, ..., %,
are terms, then [z, ..., x4] is G(t1[zo,...,2q],. .., tm[To, ..., z4]) Where

G is the m-placed function Z(F'), the interpretation of F in A.

DEFINITION 8. Suppose 2 is a model for a language £. The sequence
X0, - .., &4 of elements of A satisfies the formula ¢(vy,. .., v,) all of whose free and
bound variables are among vy, ...,v,, in the model A, written A = @[zo, ..., z,]
provided we have:

(1) if (vo, ..., vy) is the formula (¢; = t2), then
A = (t1 = t2)[zo, ..., 24| means that t1[xzo, ..., x4 equals ta[zo,. .., x4,

(2) if p(vo, ..., vq) is the formula (R(t; .. .t,)) where R is an n-placed relation
symbol, then

A= (R(tr...tn))[xo, - - ., x4 means S(t1[zo, ..., 2], -, tulzo, ..., 2q])

where S is the n-placed relation Z(R), the interpretation of R in A,
(3) if ¢ is (—6), then

A = ¢[zo, . .., x4 means not A = Oz, ..., x4,
(4) if ¢ is (0 A 4), then
A = [z, ..., x4 means both A f= [z, ..., z,] and A = Y[z, ... 24,
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(5) if pis (8 V1) then
A = plzo, ..., x,) means either A = Oz, ..., z4] or A = Plxo, ..., 24,
(6) if ¢ is (0 — 1) then
A = lzo, . .., x4 means that A = 0z, ..., x4 implies A = Y[zo, . .., 4],
(7) if ¢ is (6 <> ) then
A = plxo, ..., x4 means that A = Oz, ..., x4 iff A= vlxo, ..., 24,

(8) if ¢ is Vu;0, then

A = plzo, ..., x,) means for every z € A, A = 0[zo, ..., Ti—1, T, Tig1,- .-, Tql,
(9) if ¢ is Jv;0, then

A = plzo, ..., x4 means for some x € A, A = b[zo,...,Ti—1,%, Tix1, .- ., Tql-

EXERCISE 2. Each of the formulas of Example 2 is satisfied in any model 2 for
any language £ by any (long enough) sequence xg,z1,. ..,z of A. This is where
you test your solution to Exercise 1, especially with respect to the term and formula
from Example 1.

We now prove two lemmas which show that the preceding concepts are well-
defined. In the first one, we see that the value of a term only depends upon the
values of the variables which actually occur in the term. In this lemma the equal
sign = is used, not as a logical symbol in the formal sense, but in its usual sense to
denote equality of mathematical objects — in this case, the values of terms, which
are elements of the universe of a model.

LEMMA 1. Let 2 be a model for L and let t(vo,...,v,) be a term of L. Let

20,-.-,%q and Yo, ...,Yr be sequences from A such that p < q and p < r, and let
x; = y; whenever v; actually occurs in t(vo,...,v,). Then
txo, ..., xq) = tYo, -, Yr]

PrOOF. We use induction on the complexity of the term ¢.

(1) If ¢ is v; then x; = y; and so we have
txo, ..., xq) = i = yi = t[yo, ..., yr] since p < g and p <.
(2) If ¢ is the constant symbol ¢, then

tlxo, ..., x4 =Z(c) =t[yo, .-, yr]

where Z(c) is the interpretation of ¢ in A.

(3) Iftis F(ty...t,) where F' is an m-placed function symbol, t1, ..., t,, are
terms and Z(F) = G, then
txo,...,zq) = G(ti[zo, ..., 2q], ... tm[T0, ..., 24]) and
t[y07 s 7yr] = G(tl[ym s ayr]a cee 7tm[y0’ R yr])'
By the induction hypothesis we have that t;[zo, . . ., z4] = t:[vo, - - ., yr] for
1 <i < m since ty,...,t, have all their variables among {v,...,v,}. So
we have t[zo, ..., x4 = t[yo, .-, yr].
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In the next lemma the equal sign = is used in both senses — as a formal
logical symbol in the formal language £ and also to denote the usual equality
of mathematical objects. This is common practice where the context allows the
reader to distinguish the two usages of the same symbol. The lemma confirms that
satisfaction of a formula depends only upon the values of its free variables.

LEMMA 2. Let 2 be a model for L and ¢ a formula of L, all of whose free and
bound variables occur among vo, . ..,vp. Let xo,...,xq and yo,...,Yyr (¢, 7 > p) be

two sequences such that x; and y; are equal for all i such that v; occurs free in .
Then

A= plxo, ... x4 ff A = ¢lyo, .-, yr]

PROOF. Let 2 and £ be as above. We prove the lemma by induction on the
complexity of .

(1) If o(vg,...,vp) is the formula (¢; = t2), then we use Lemma 1 to get:
A ': (tl == tg)[l‘o, e ,$q] iff tl[l'o, e ,SCq] = tQ[Io, N 71‘(1}
lﬂ. tl[y(h oo 7yr] = t2[y07 oo 7yr]
iff A ‘: (tl = tg)[y(), e 7yr]-

(2) If o(vo,...,vp) is the formula (R(t; ... t,)) where R is an n-placed relation
symbol with interpretation S, then again by Lemma 1, we get:

AE (R(t1...tn))[xo, -y xg) M S(t1]xos - s 2]y tulTo, - -+, 24])
ift S(t1[yo, - Urly - talyos -, yr])

(3) If p is (—0), the inductive hypothesis gives that the lemma is true for 6.
» A = o[z, ..., zq] iff not A = Oz, ..., x4
iff not A = Oyo, ..., yr]
iff 2 = olyo, - - yrl.
(4) If ¢ is (8 A ), then using the inductive hypothesis on 6 and ¢ we get
A = plzo, ..., x4 iff both A = [xo, ..., z4] and A = Plzo, . .. z4]
iff both 2 = O[yo, - .., y-] and A = Plyo, - - - yr]
i A = olyo, ..., yr].
(5) If p is (6 V¢) then
A = plzo, ..., x4 iff either A = Oz, ..., z4] or A = Y[z, ..., z4]
iff either 2 = Oyo, ..., y] or A = Y[y, ..., yr]
iff A = elyo, - yr]-
(6) If p is (6 — ) then
A= plzo, ..., xq) iff A = Oxo, ..., z4] implies A = Y[zo, ..., x4]
iff A = O[yo, ..., y,] implies A = Ylyo, - .., yr]
iff 2 = olyo, - -y
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(7) If v is (0 <> 1) then
A = plzo, ..., x4 iff we have A = [xo, ..., zq] if A = Yo, ..., 2]
iff we have 2 |= 0[yo, . . ., y.] iff A = Vlyo, ..., yr]
iff 2 = olyo, -+ ur-
(8) If p is (Vuv;)0, then
A = plxo, ...,z iff for every z € A, A = O[zo, ..., Ti—1, 2, Tit1, - - -, Tq)
iff for every z € A, A = O[yo, -« s Yie1s 2, Yit1s - - Yr)
iff A = olyo, - -+ yrl-

The inductive hypothesis uses the sequences o, ..., Ti—1,2,Tit1,...,Tq
and Yo, .-y Yi—1, 2, Yit1, - - -, Yr With the formula 6.
(9) If ¢ is (Jv;)0, then
A = ¢lzo, ..., x4 iff for some z € A, A = 0[zg,...,Ti—1, 2, Tit1, ..., %4
iff for some z € A, A E=Oyo, .-, Yi—1, 2, Yit1,- - -, Yr)

iff A = olyo, - -, yrl-

The inductive hypothesis uses the sequences xg,...,ZTi—1, 2, Tit1,...,%q
and Yo, ..., Yi—1, 2, Yit+1,- - - , Y with the formula 6.

O
DEFINITION 9. A sentence is a formula with no free variables.

If ¢ is a sentence, we can write 2 |= ¢ without any mention of a sequence from
A since by the previous lemma, it doesn’t matter which sequence from A we use.
In this case we say:
o 2 satisfies ¢
e or 2 is a model of ¢
e or ¢ holds in 2
e or is true in A
If ¢ is a sentence of £, we write = ¢ to mean that 2 |= ¢ for every model 2
for £. Intuitively then, = ¢ means that ¢ is true under any relevant interpretation
(model for £). Alternatively, no relevant example (model for £) is a counterexample
to ¢ — so ¢ is true.

LEMMA 3. Let p(vo,...,vq) be a formula of the language L. There is another
formula ' (vo, ...,vq) of L such that

(1) ¢ has exactly the same free and bound occurrences of variables as .
(2) ¢’ can possibly contain —, A and 3 but no other connective or quantifier.

3) | (Vvo) ... (Vog) (¢ < ¢')

EXERCISE 3. Prove the above lemma by induction on the complexity of ¢. As
a reward, note that this lemma can be used to shorten future proofs by induction
on complexity of formulas.

DEFINITION 10. A formula ¢ is said to be in prenex normal form whenever
(1) there are no quantifiers occurring in ¢, or
(2) ¢ is (Jv;)1p where ¢ is in prenex normal form and v; does not occur bound
in 1, or
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(3) ¢ is (Vv;)1p where v is in prenex normal form and v; does not occur bound

in .
REMARK. If ¢ is in prenex normal form, then no variable occurring in ¢ occurs
both free and bound and no bound variable occurring in ¢ is bound by more

than one quantifier. In the written order, all of the quantifiers precede all of the
connectives.

LEMMA 4. Let ¢(vo, ..., vp) be any formula of a language L. There is a formula
©* of L which has the following properties:

(1) ¢* is in prenex normal form
(2) ¢ and ¢* have the same free occurrences of variables, and

(3) (Vo) ... (Vop)(p ¢ ¢7)
EXERCISE 4. Prove this lemma by induction on the complexity of .

There is a notion of rank on prenex formulas — the number of alternations of
quantifiers. The usual formulas of elementary mathematics have prenex rank 0, i.e.
no alternations of quantifiers. For example:

(Va)(Vy)(2zy < 2° +3°).

However, the € — § definition of a limit of a function has prenex rank 2 and is much
more difficult for students to comprehend at first sight:

(Ve)(F) (V) (0 < e A0 < |z —a| < 0) = |F(z) — L| < €).

A formula of prenex rank 4 would make any mathematician look twice.



CHAPTER 1

Notation and Examples

Although the formal notation for formulas is precise, it can become cumbersome
and difficult to read. Confident that the reader would be able, if necessary, to put
formulas into their formal form, we will relax our formal behaviour. In particular,
we will write formulas any way we want using appropriate symbols for variables,
constant symbols, function and relation symbols. We will omit parentheses or add
them for clarity. We will use binary function and relation symbols between the
arguments rather than in front as is the usual case for “plus”, “times” and “less
than”.

Whenever a language £ has only finitely many relation, function and constant
symbols we often write, for example:

L= {<,R0,+,F1,C(),Cl}

omitting explicit mention of the logical symbols (including the infinitely many vari-
ables) which are always in £. Correspondingly we may denote a model 2 for £
as:

A = <A3 <a 807 +7 G17 ap, a1>
where the interpretations of the symbols in the language £ are given by Z(<) = <,
IZ(Ro) = So, Z(+) = + , Z(F1) = G1, Z(cp) = ag and Z(c1) = as.

ExaMmPLE 3. R = (R,<,+,-,0,1) and Q = (Q,<,+,-,0,1), where R is the
reals and Q the rationals, are models for the language £ = {<,+,-,0,1}. Here < is
a binary relation symbol, 4+ and - are binary function symbols, 0 and 1 are constant
symbols whereas <, +, -, 0, 1 are the well known relations, arithmetic functions
and constants.

Similarly, € = (C,+,,0,1), where C is the complex numbers, is a model for
the language £ = {+,-,0,1}. Note the exceptions to the boldface convention for
these popular sets.

EXAMPLE 4. Here £ = {<,+,-,0,1}, where < is a binary relation symbol, +
and - are binary function symbols and 0 and 1 are constant symbols. The following
formulas are sentences.

(1) (Vo) (z < x)

(2) (Vo) (Vy)~(z <y Ay <w)

3) (Vo)(Vy)(V2)(z <yAhy<z—x<2)
(4) (Vz)(Vy)(z <yVy <zVz=y)

(5) Vo)(Vy)(z <y — F2)(z < zAz<y))
(6) (V2)(Jy)(z < y)

(7) (Vo)(3y)(y < )

(8) (Vo) (Vy)(V2)(z + (v + 2) = (x +y) + 2)
(9) (Vz)(z+0=2x)

11
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(10) (Va)(Jy)(z +y = 0)

(11) (vo)(Vy)(z +y =y + )

(12) (Va)(Vy)(V2)(z - (y - 2) = (- y) - 2)

(13) (V)(z-1==x)

(14) (Vo) (z =0V (Fy)(y - = = 1))

(15) (Va)(Vy)(z-y =y - )

(16) (Vz)(Vy)(Ve)(z - (y+2) = (- y) + (y - 2))

(17) 0#1

(18) (Vz)(Vy)(Vz)(x <y —ax+2z<y+2z)

(19) (Vz)(Vy)(Vz)(x <yANO<z—=z-2<y-2)

(20) for each n > 1 we have the formula

(Vo) (V1) - (Vo) 3y) (n - Y™ + @1 -y - a1y + 20 =0V, =0)
k
where, as usual, y* abbreviates -y - - - - - M

The latter formulas express that each polynomial of degree n has a root. The
following formulas express the intermediate value property for polynomials of degree
n: if the polynomial changes sign from w to z, then it is zero at some y between w
and z.

(21) for each n > 1 we have

(Vzo) . .. (Vo) (Yw) (V2) (2 - 0™ + Ty - w" "+ o+ 21 - w + 30)-
(Tp - 2"+ Xpq - 2" a2+ 2) <0
= (@) ((w<yAy<z)V(z<yAy<w))
AN@n Y + Ty a1y + 20 = 0))]
The most fundamental concept is that of a sentence o being true when inter-

preted in a model 2(. We write this as 2 = o, and we extend this concept in the
following definitions.

DEFINITION 11. If ¥ is a set of sentences, 2 is said to be a model of ¥, written
2 = X, whenever A |= o for each 0 € ¥. ¥ is said to be satisfiable iff there is some
2 such that 2 = 3.

DEFINITION 12. A theory T is a set of sentences. If T is a theory and o is a
sentence, we write 7 = o whenever we have that for all 2 if A = T then 2 | o.
We say that o is a consequence of 7. A theory is said to be closed whenever it
contains all of its consequences.

DEFINITION 13. If 2 is a model for the language L, the theory of 2, denoted
by Th¥, is defined to be the set of all sentences of £ which are true in 2,

{oof L:A}E0c}.
This is one way that a theory can arise. Another way is through axioms.

DEFINITION 14. ¥ C T is said to be a set of azioms for T whenever ¥ |= o for
every o in T; in this case we write ¥ = T.

REMARK. We will generally assume our theories are closed and we will often
describe theories by specifying a set of axioms . The theory will then be all
consequences o of X.
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ExampPLE 5. We will consider the following theories and their axioms.

(1) The theory of Linear Orderings (LOR) is a theory in the language {<}
which has as axioms sentences 1-4 from Example 4.

(2) The theory of Dense Linear Orders (DLO) is a theory in the language {<}
which has as axioms all the axioms of LOR, and sentences 5, 6 and 7 of
Example 4.

(3) The theory of Fields (FLD) is a theory in the language {0, 1, +, -} which
has as axioms sentences 8-17 from Example 4.

(4) The theory of Ordered Fields (ORF) is a theory in the language given
by {<,0,1,+, -} which has as axioms all the axioms of FLD, LOR and
sentences 18 and 19 from Example 4.

(5) The theory of Algebraically Closed Fields (ACF) is a theory in the lan-
guage {0,1,4, -} which has as axioms all the axioms of FLD and all sen-
tences from 20 of Example 4, i.e. infinitely many sentences, one for each
n > 1.

(6) The theory of Real Closed Ordered Fields (RCF) is a theory in the lan-
guage {<,0,1,+,-} which has as axioms all the axioms of ORF, and all
sentences from 21 of Example 4, i.e. infinitely many sentences, one for
each n > 1.

EXERCISE 5. Show that :
(1) Q= DLO
(2) R E RCF using the Intermediate Value theorem
(3) € = ACF using the Fundamental Theorem of Algebra

where 9, R and € are as in Example 3.

REMARK. The theory of Real Closed Ordered Fields is sometimes axiomatised
differently. All the axioms of ORF are retained, but the sentences from 21 of
Example 4, which amount to an Intermediate Value Property, are replaced by the
sentences from 20 for odd n and the sentence

(V) (0 < z — (Fy)y* = z)
which states that every positive element has a square root. A significant amount of

algebra would then be used to verify the Intermediate Value Property from these
axioms.



CHAPTER 2

Compactness and Elementary Submodels

THEOREM 1. The Compactness Theorem (Malcev)
A set of sentences is satisfiable iff every finite subset is satisfiable.

PROOF. There are several proofs. We only point out here that it is an easy
consequence of the following theorem which appears in all elementary logic texts:

PROPOSITION. The Completeness Theorem (Godel, Malcev)
A set of sentences is consistent if and only if it is satisfiable.

Although we do not here formally define “consistent”, it does mean what you
think it does. In particular, a set of sentences is consistent if and only if each finite

subset is consistent.
O

REMARK. The Compactness Theorem is the only one for which we do not give
a complete proof. For the reader who has not previously seen the Completeness
Theorem, there are other proofs of the Compactness Theorem which may be more
easily absorbed: set theoretic (using ultraproducts), topological (using compact
spaces, hence the name) or Boolean algebraic. However these topics are too far
afield to enter into the proofs here. We will use the Compactness Theorem as a
starting point — in fact, all that follows can be seen as its corollaries.

EXERCISE 6. Suppose T is a theory for the language £ and o is a sentence of £
such that 7 = o. Prove that there is some finite 7/ C T such that 77 = 0. Recall
that 7 |= o iff T U {—0} is not satisfiable.

DEFINITION 15. If £, and £’ are two languages such that £ C £’ we say that
L' is an expansion of £ and L is a reduction of L’. Of course when we say that
L C L' we also mean that the constant, function and relation symbols of £ remain
(respectively) constant, function and relation symbols of the same type in L'

DEFINITION 16. Given a model 2 for the language £, we can expand it to a
model 2" of L', where £’ is an expansion of £, by giving appropriate interpretations
to the symbols in £\ L. We say that 2’ is an exzpansion of 2 to £’ and that 2 is
a reduct of A’ to L. We also use the notation '|L for the reduct of A’ to L.

THEOREM 2. If a theory T has arbitrarily large finite models, then it has an
infinite model.

PRrROOF. Consider new constant symbols ¢; for ¢ € N, the usual natural num-
bers, and expand from £, the language of T, to £’ = LU {¢; : i € N}.
Let

E:TU{_‘Ci:CjZZ.#j,’L',jGN}.

14
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We first show that every finite subset of ¥ has a model by interpreting the
finitely many relevant constant symbols as different elements in an expansion of
some finite model of 7. Then we use compactness to get a model 2’ of X.

The model that we require is for the language £, so we take 2l to be the reduct
of A" to L.

O

DEFINITION 17. Two models 2 and 2’ for £ are said to be isomorphic whenever
there is a bijection f : A — A’ such that

(1) for each n-placed relation symbol R of £ and corresponding interpretations
S of A and S’ of A" we have
S(x1, ... @) Mt S'(f(z1),..., f(zy)) for all xq,...,2, in A

(2) for each n-placed function symbol F' of £ and corresponding interpreta-
tions G of 2 and G’ of A’ we have

F(G(z1,. . y20)) =G (f(x1),. .., f(xy)) for all z1,...,2, in A
(3) for each constant symbol ¢ of £ and corresponding constant elements a of
A and a’ of A" we have f(a) =d'.

We write 20 = 2. This is an equivalence relation.

EXAMPLE 6. Number theory is Th(N,+,-,<,0,1), the set of all sentences of
L ={+,-,<,0,1} which are true in (N,+,-,<,0,1), the standard model which we
all learned in school. Any model not isomorphic to the standard model of number
theory is said to be a non-standard model of number theory.

THEOREM 3. (T. Skolem)
There exist non-standard models of number theory.

ProoOF. Add a new constant symbol ¢ to £. Consider

——
Th(N,+,-,<,0,1)U{l+1+---+1<c:neN}

and use the Compactness Theorem. The interpretation of the constant symbol ¢
will not be a natural number. [l

DEFINITION 18. Two models 2 and 2’ for £ are said to be elementarily equiv-
alent whenever we have that for each sentence o of £

AE=oiff A Eo
We write 20 = 2. This is another equivalence relation.

EXERCISE 7. Suppose f : 20 — 21’ is an isomorphism and ¢ is a formula such
that 2 = ¢lao, . . ., ax] for some ay, ..., a; from A; prove A’ = ¢[f(ag), ..., f(ar)].
Use this to show that 2 = " implies 2 = 2'.
DEFINITION 19. A model 2 is called a submodel of 2, and we write 2’ C 2
whenever ¢ # A’ C A and
(1) each n-placed relation S’ of 2’ is the restriction to A’ of the corresponding
relation S of 2, i.e. 8" =SN (A"
(2) each m-placed function G’ of 2 is the restriction to A’ of the correspond-
ing function G of 2, i. e. G’ = G[(A")™
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(3) each constant of 2" is the corresponding constant of 2.

DEFINITION 20. Let 21 and 98 be two models for £. We say 2l is an elementary
submodel of B and B is an elementary extension of A and we write 2 < B whenever
(1) ACBand
(2) for all formulas ¢(vo,...,v) of £ and all ag,...,ar € A

A E olag, ..., ax] it B = plag, ..., arl.
EXERCISE 8. Prove that:
e if AC B and B C € then A C €,

o if A <PB and B < € then A < €,
o if A < B then A C B and A = B.

ExaMPLE 7. Let N be the usual natural numbers with < as the usual ordering.
Let B = (N,<) and 2 = (N \ {0}, <) be models for the language with one binary
relation symbol <. Then 24 C B and 2 = B; in fact A = B. But we do not have
2A < B; 1 satisfies the formula describing the least element of the ordering in 2
but not so in B. So we see that being an elementary submodel is a very strong
condition indeed. Nevertheless, later in the chapter we will obtain many examples
of elementary submodels.

DEFINITION 21. A chain of models for a language L is an increasing sequence
of models
Ao CA, C---CA, T+ neEN.
The union of the chain is defined to be the model % = U{2,, : n € N} where
the universe of 2 is A = U{A,, : n € N} and:

(1) each relation S on 2 is the union of the corresponding relations S, of 2,,;
S =U{S, : n € N}, i.e. the relation extending each .S,

(2) each function G on 2 is the union of the corresponding functions G, of
An; G = U{G,, : n € N}, i.e. the function extending each G,

(3) all the models 2,, and 2 have the same constant elements.

Note that each 2, C 2.

REMARK. To be sure, what is defined here is a chain of models indexed by the
natural numbers N. More generally, a chain of models could be indexed by any
ordinal. However we will not need the concept of an ordinal at this point.

ExAMPLE 8. For each n € N| let
A, ={-n-n+1,-n+2...,0,1,2,3,...} CZ.
Let 2, = (A, <). Each 2,, = o, but we don’t have 2y = U{2, : n € N}.
DEFINITION 22. An elementary chain is a chain of models {2, : n € N} such
that for each m < n we have 2,,, < 2,,.

THEOREM 4. (Tarski’s Elementary Chain Theorem)
Let {,, : n € N} be an elementary chain. For all n € N we have

A, < U{A, : n € N}
PROOF. Denote the union of the chain by 2. We have 2, C 2 for each k£ € N.
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CrAM. If t is a term of the language £ and ag,...,a, are in Ay, then the
value of the term tlag, ..., ap] in A is equal to the value in Ay.

PRrOOF OF CLAIM. We prove this by induction on the complexity of the term.

(1) If ¢ is the variable v; then both values are just a;.
(2) If t is the constant symbol ¢ then the values are equal because ¢ has the
same interpretation in 2 and in .

(3) If t is F(ty...t,) where F is a function symbol and ¢y, ...,%,, are terms
such that each value t;[ag, . .., ap] is the same in both 2 and 2, then the
value

F(ti...twm)]ao, .., ap)
in 2 is
G(t1]ag,---,ap],- - tmlao, .-, ap))
where G is the interpretation of F' in 2 and the value of
F(ty...tm)[ao,---,ap)
in Ay is
Gi(tilao, ..., apl, ..., tmlao, ..., ap))

where G is the interpretation of F' in ;. But G}, is the restriction of G
to Ay so these values are equal.

In order to show that each 2l < 21 it will suffice to prove the following statement
for each formula ¢(v,...,v,) of L.

“For all k € N and all ag,...,a, in Ay:
A = plao, - - -, ap] iff Ay = plag, ..., ap).”

CLAIM. The statement is true whenever ¢ is t1 = to where t1 and to are terms.

Proor or CLAIM. Fix k € N and ag,...,ap in Ayg.
A ): (tl :tg)[ao,...,ap] iﬂ:"tl[ao,...,ap] :tg[ao,...,ap] in A
iff t1]ao, - -, ap] = talao, ..., ap] in Ay

iff Q[k ': (tl = t2)[a0, ce 7(1[,].

CLAIM. The statement is true whenever ¢ is R(ty ...t,) where R is a relation
symbol and ty,...,t, are terms.

Proor or CramM. Fixk € Nand ao, ..., ap in Ay. Let S be the interpretation
of R in 2 and Sy be the interpretation in 2A; Sy is the restriction of S to Ay.

A= R(tr...th)]ao, .. ap] iff Stifag,...,ap),. ., tulao, ... ap))
iff Si(tilao,...,ap), ..., tulao,...,ap))
iff Ay, = R(t1...ty)[ao, - ., ap]

CLAIM. If the statement is true when ¢ is 6, then the statement is true when
w is 0.
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Proor or CLAIM. Fix k € N and ag,...,ap, in Ayg.
2A = (—0)]ao, . .., ap] iff not A = Olag, ..., ap)
iff not Ay |: O[ao, ceey ap]

iff Ay = (—6)]ao, - - -, ap).

CLAIM. If the statement is true when ¢ is 61 and when ¢ is 05 then the state-
ment is true when @ is 01 N 0s.

Proor or CLAIM. Fix k € N and ag,...,a, in Ag.
A = (01 A bs)[ao, ..., ap] iff A= 01]ag, ..., ap] and A = Os]ao, . . ., ap)
iff A = b1]ao, .., ap] and Ay = Oafao, ..., ap)
iff Ay = (01 A 02)[ao, - - -, ap).

CLAIM. If the statement is true when ¢ is 0 then the statement is true when ¢
s Jv;0.

Proor or CramM. Fix k € N and ao,...,ap, in Ay. Note that
A=U{A;:jeN}
A = FJviblao, . . ., ap) iff A= Fv0ao, ..., a4
where ¢ is the maximum of ¢ and p (by Lemma 2),
iff A = blao, ... ,ai—1,a,a:41, . ..,a4] for some a € A,
iff A ': 0[@07 ey A1, Ay Ay 1y - - ,(lq]
for some a € A, for some [ > k
iff Ql[ ': H[ao, ey A1, Ay A1y - e ey aq]
since the statement is true for 6,
iff ; = Jviblao, . . ., ag]
iff Ay = Fv;blao, - - -, aq) since A, < A,
iff Ay, = Fviblao, ..., ap] (by Lemma 2).

By induction on the complexity of ¢, we have proven the statement for all
formulas ¢ which do not contain the connectives V, — and < or the quantifier V.
To verify the statement for all ¢ we use Lemma 3. Let ¢ be any formula of £. By
Lemma 3 there is a formula 1 which does not use V, —, > nor V such that

= (F00) .. (Y0, (0 5 ).
Now fix k£ € N and ay, ...,a, in Ay. We have
A= (p <> ¥)ag, ..., ap) and Ay = (¢ < ¢¥)]ao, - - -, ap).
A = plao, ..., ap] iff A= Ylag, ..., ap)
iff Ay = Ylag, ..., ap)

iff Ay = olao, ..., ap]
which completes the proof of the theorem.
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LEMMA 5. (The Tarski-Vaught Condition)
Let A and B be models for L with A CB. The following are equivalent:

(1) A=<B
2) for any formula ¥ (vg,...,v,) and any i < q and any ag,...,a, from A:
q q
if there is some b € B such that

% ': Q/J[ao, e ,ai,l,b, Ait1y--- ,aq}
then we have some a € A such that
B ': ’(/)[ao, ey Ai—1,Q, 415 - - ,aq].

PROOF. Only the implication (2) = (1) requires a lot of proof. We will prove
that for each formula ¢(vg,...,v,) and all ag, ..., a, from A we will have:

A = plao, - - ., ap] iff B = ¢lag, ..., ap]
by induction on the complexity of ¢ using only the negation symbol —, the connec-
tive A and the quantifier 3 (recall Lemma 3).

(1) The cases of formulas of the form t; = t5 and R(¢;...t,) come immedi-
ately from the fact that 2 C 5.
(2) For negation: suppose ¢ is =) and we have it for ¢, then

A = plag, - - ., ap] iff not A = ¢Ylao, ..., ap]

iff not B = Ylao, . .., ap] iff B = ¢lao, ..., ap).

(3) The A case proceeds similarly.

(4) For the 3 case we consider ¢ as Ju;ip. If A |= Jv;¢)[ao, . .., ap), then the
inductive hypothesis for ¥ and the fact that A C B ensure that
B = Jv;lag, - - -, ap]. It remains to show that if B = ¢lao, ..., ap] then

A = plao, - - -, ap).

Assume B = Jv¢[ag, ..., ap]. By Lemma 2, B = Jv¢ag, ..., aq
where q is the maximum of 7 and p. By the definition of satisfaction,
there is some b € B such that

B = Ylag, ..., ai-1,b,ai41,. .., 04
By (2), there is some a € A such that

B = Ylag, ..., Gi—1,0,Cit1,- - -, 0q)-
By the inductive hypothesis on v, for that same a € A,

A = Yag, ..., 0i-1,a, Git1,- - ., Gq)-
By the definition of satisfaction,

A = Jvilao, - - -, aq)-
Finally, by Lemma 2, A = ¢lag, . . ., ap).
O

Recall that |B| is used to represent the cardinality, or size, of the set B. Note
that since any language £ contains infinitely many variables, |£]| is always infinite,
but may be countable or uncountable depending on the number of other symbols.
We often denote an arbitrary infinite cardinal by the lower case Greek letter k.
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THEOREM 5. (Léwenheim-Skolem Theorem)
Let B be a model for £ and let k be any cardinal such that |L] < k < |B|. Then B
has an elementary submodel A of cardinality k.

Furthermore if X C B and |X| < k, then we can also have X C A.

PRrROOF. Without loss of generosity assume |X| = k. We recursively define sets
X,, forn € N such that X = X C X; C--- C X,, C --- and such that for each
formula ¢(vg, ..., vp) of £ and each ¢ < p and each ay, ..., a, from X,, such that

B = Jvplao, - - -, ap)

we have z € X,,+1 such that

B ': QO[CL(),...,Cli_l,ﬂf,ai_i,_l,...,ap].

Since |£] < k and each formula of £ is a finite string of symbols from L, there are
at most k many formulas of £. So there are at most « elements of B that need
to be added to each X, and so, without loss of generosity each |X,| = k. Let
A =U{X,, : n € N}; then |A| = k. Since A is closed under functions from B and
contains all constants from B, A gives rise to a submodel 2 C 8.

The Tarski-Vaught Condition is used to show that 2 < 3. (]

An interesting consequence of this theorem is that the ordered field of real
numbers R has a countable elementary submodel containing 7 and e.

DEFINITION 23. A theory 7 for a language £ is said to be complete whenever
for each sentence o of £ either T = o or T E —o.

LEMMA 6. A theory T for L is complete iff any two models of T are elemen-
tarily equivalent.

PROOF. (=) easy. (<) easy. O

DEFINITION 24. A theory 7 is said to be categorical in cardinality x whenever
any two models of 7 of cardinality x are isomorphic. We also say that 7T is k-
categorical.

The most interesting cardinalities in the context of categorical theories are N,
the cardinality of countably infinite sets, and Xy, the first uncountable cardinal.

EXERCISE 9. Show that DLO is Wy-categorical. There are two well-known
proofs. One uses a back-and-forth construction of an isomorphism. The other
constructs, by recursion, an isomorphism from the set of dyadic rational numbers
between 0 and 1:

n
om :m is a positive integer and n is an integer 0 < n < 2™},
onto a countable dense linear order without endpoints.

Now use the following theorem to show that DLO is complete.

THEOREM 6. (The Los-Vaught Test)
Suppose that a theory T has only infinite models for a language L and that T is
k-categorical for some cardinal k > |L|. Then T is complete.
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Proor. We will show that any two models of T are elementarily equivalent.
Let 24 of cardinality A1, and B of cardinality As, be two models of T

If A\ > Kk use the Lowenheim-Skolem Theorem to get 2’ such that |A'| = &
and 2" < 2.

If A1 < k use the Compactness Theorem on the set of sentences

ThA U {cq # cp : a # B}

where {c, : @ € K} is a set of new constant symbols of size k, to obtain a model €
for this expanded language such that |C| > k. The reduct ¢’ to the language £ has
the property that € = Th2l and hence 2 = ¢’. Now use the Lowenheim-Skolem
Theorem to get A’ such that |A’| =k and A" < €',

Either way, we can get 2’ such that |A’| = k and 2’ = 2. Similarly, we can
get B’ such that |B’| = k and B’ = B. Since T is k -categorical, 2’ = B’. Hence
A =B. O

Recall that the characteristic of a field is the prime number p such that
P

——
1+1+---+1=0

provided that such a p exists, and, if no such p exists the field has characteristic 0.
All of our best-loved fields: Q, R and C have characteristic 0. On the other hand,
fields of characteristic p include the finite field of size p (the prime Galois field).

THEOREM 7. The theory of algebraically closed fields of characteristic 0 is
complete.

PrOOF. We use the Lo$-Vaught Test and the following Lemma. O

LEMMA 7. Any two algebraically closed fields of characteristic 0 and cardinality
Ny are isomorphic.

PROOF. Let 2 be such a field containing the rationals Q = (Q,+,-,0,1) as a
prime subfield. In a manner completely analogous to finding a basis for a vector
space, we can find a transcendence basis for 2, that is, an indexed subset
{aq : @ € I} C A such that 2 is the algebraic closure of the subfield 2" generated
by {as : @ € I} but no ag is in the algebraic closure of the subfield generated by
the rest: {aq : @ € I and o # S}.

Since the subfield generated by a countable subset would be countable and the
algebraic closure of a countable subfield would also be countable, we must have
that the transcendence base is uncountable. Since |A| = Ry, the least uncountable
cardinal, we must have in fact that |I| = N;.

Now let B be any other algebraically closed field of characteristic 0 and size
N;. As above, obtain a transcendence basis {bg : § € J} with |J| = R; and its
generated subfield B’. Since |I| = |J|, there is a bijection ¢ : I — J which we can
use to build an isomorphism from 2 to B.

Since B has characteristic 0, a standard theorem of algebra gives that the
rationals are isomorphically embedded into 28. Let this embedding be:

f:Q<—B.

We extend f as follows: for each a € I, let f(an) = b
scendence basis of 2 into the transcendence basis of B.

g(a), Which maps the tran-
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We now extend f to map 2 onto B’ as follows: Each element of 2" is given by

p(aayy---,0a,,)
q(aoys- s 00,,)
where p and ¢ are polynomials with rational coefficients and the a’s come, of course,
from the transcendence basis.
Let f map such an element to

b

Pg(an)s -+ bglam))

Q(bg(al)v BRI bg(am))
where p and ¢ are polynomials whose coefficients are the images under f of the
rational coefficients of p and gq.

The final extension of f to all of 2l and *B comes from the uniqueness of algebraic
closures.

O

REMARK. Lemma 7 is also true when 0 is replaced by any fixed characteristic
and N; by any uncountable cardinal.

THEOREM 8. Let H be a set of sentences in the language of field theory which
are true in algebraically closed fields of arbitrarily high characteristic. Then H holds
in some algebraically closed field of characteristic 0.

PROOF. A field is a model in the language {+,,0,1} of the axioms of field
theory. Let ACF be the set of axioms for the theory of algebraically closed fields;
see Example 5. For each n > 2, let 7, denote the sentence

——
(I4+1+--+1)=0

Let ¥ =ACFUHU{r, :n>2}
Let X' be any finite subset of ¥ and let m be the largest natural number such
that 7,,, € ¥’ or let m = 1 by default.
Let 2 be an algebraically closed field of characteristic p > m such that 2 = H;
then in fact 2 = X'.
So by compactness there is 8 such that B = 3. B is the required field.
O

COROLLARY 1. Let C denote, as usual, the complex numbers. Every one-to-one
polynomial map f: C"™ — C™ is onto.

PRrROOF. A polynomial map is a function of the form

flxr,. o xm) = 011, Tm), o, P (X1, e o Tn))

where each p; is a polynomial in the variables x1, ..., z,.

We call max { degree of p; : i < m} the degree of f.

Let £ be the language of field theory and let 8,, , be the sentence of £ which
expresses that “each polynomial map of m variables of degree < n which is one-to-
one is also onto”.

We wish to show that there are algebraically closed fields of arbitrarily high
characteristic which satisty H = {0, ,, : m,n € N}. We will then apply Theorem
8, Theorem 7, Lemma 6 and Exercise 5 and be finished.
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Let p be any prime and let F}, be the prime Galois field of size p. The algebraic
closure F}, is the countable union of a chain of finite fields
Fp=A4CA CAC - CA, CA1 C---
obtained by recursively adding roots of polynomials.
We finish the proof by showing that each (F),,+,-,0,1) satisfies .
Given any polynomial map f : (Fpm) — (Fpm) which is one-to-one, we show

that f is also onto. Given any elements b1, ..., by, € F}, there is some Ay, containing
bi,...,by as well as all the coefficients of f.
Since f is one-to-one, f[ A" : A* — A}’ is a one-to-one polynomial map.
Hence, since A" is finite, f [ A}" is onto and so there are ay,...,a,;, € A such

that f(ai,...,am) = (b1,...,bm). Therefore f is onto.
Thus, for each prime number p and each m,n € N, 60,,, holds in a field of
characteristic p, i.e. (F,,+,-,0,1) satisfies .
U

The above corollary is the famous Ax-Grothendieck Theorem. It is a significant
problem to replace “one-to-one” with “locally one-to-one”.



CHAPTER 3

Diagrams and Embeddings

Let 2 = (A,Z) be a model for a language £. Expand L to the language
LA =LU{e, : a € A} by adding new constant symbols to £. We can expand 2
to a model Ap = (A,Z’) for Lo by choosing 7’ extending Z such that Z'(c,) = a
for each a € A.

More generally, if f: X — A, we can expand £ to Lx = LU {¢c, : © € X}
and expand A = (A, Z) to (A,Z’) where Z’ extends Z with each 7'(c,) = f(x). We
denote the resulting model as (2, f(x))zex or Ax = (A, z),cx if f is the identity
function.

DEFINITION 25. Let 21 be a model for L.

(1) The elementary diagram of A is Th(Aa), the set of all sentences of La
which hold in A4 .

(2) The diagram of 2, denoted by Ag, is the set of all those sentences in
Th(2Aa) without quantifiers.

REMARK. There is a notion of atomic formula, which is a formula of the form
(t1 = ta) or (R(ty...t,)) where t1,...,t, are terms. Sometimes Ag is defined to
be the set of all atomic formulas and negations of atomic formulas which occur in
Th(2Aa). However this is not substantially different from Definition 25, since the
reader can quickly show that for any model B, B | Ay in one sense iff B = Agy
in the other sense.

EXERCISE 10. Let 21 and 8 be models for £ with X C A C B. Prove:
(i) ACBiff Ax CBx iff Ba = Ay
(ii) A< B iff Ax < By iff Ba = Th(Aa).
Hint: A = plaq, ..., ap) iff Aa = ¢* where ¢* is the sentence of L formed by
replacing each free occurrence of v; with c,,.

DEFINITION 26. 2 is said to be isomorphically embedded into B whenever
(1) there is a model € such that A= € and € C ‘B
or

(2) there is a model © such that A C © and © = B.
EXERCISE 11. Prove that, in fact, (1) and (2) are equivalent conditions.

DEFINITION 27. 2 is said to be elementarily embedded into B whenever
(1) there is a model € such that A= € and € < ‘B
or

(2) there is a model © such that A < © and © = B.
EXERCISE 12. Again, prove that, in fact, (1) and (2) are equivalent.

24
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The next result is extremely useful; the first part is called the Diagram Lemma
and the second part is called the Elementary Diagram Lemma.

THEOREM 9. Let 2l and B be models for L.

(1) A is isomorphically embedded into B if and only if B can be expanded to
a model of Ny.

(2) A is elementarily embedded into B if and only if B can be expanded to a
model of Th(Aa).

PrOOF. We sketch the proof of (1).
(=) If f is the isomorphism as in 1 of Definition 26 above, then

(B, f(a))aca F Do

(<) If (B,by)aeca = Dy, then C = {b, : a € A} generates € C B with € = 2.
]

EXERCISE 13. Give a complete proof of (2).

EXERCISE 14. Show that if 2( is a model for the language £ and € is a model
for the language L4 such that € = Ay then there is a model B such that A C B
and B = C.

EXERCISE 15. The Lowenheim-Skolem Theorem is sometimes called the Down-
ward Lowenheim-Skolem Theorem. It’s partner is the Upward Lowenheim-Skolem
Theorem: if 2 is an infinite model for £ and & is any cardinal such that |£] < k
and |A| < k, then 2 has an elementary extension of cardinality . Prove it.

We now apply these notions to graph theory and to calculus. The natural
language for graph theory has one binary relation symbol which we call E (to
suggest the word “edge”). Graph Theory has the following two axioms:

o (Vo) (Vy)E(z,y) < E(y, =)

o (Vz)-E(zx,z).
A graph is, of course, a model of graph theory.
COROLLARY 2. FEwvery planar graph can be four coloured.

Proor. We will have to use the famous result of Appel and Haken that every
finite planar graph can be four coloured. Model Theory will take us from the
finite to the infinite. We recall that a planar graph is one that can be embedded,
or drawn, in the usual Euclidean plane and to be four coloured means that each
vertex of the graph can be assigned one of four colours in such a way that no edge
has the same colour for both endpoints.

Let 2 be an infinite planar graph. Introduce four new unary relation symbols:
R,G,B,Y (for red, green, blue and yellow). We wish to prove that there is some
expansion 2" of 2 such that 2" | o where o is the sentence in the expanded
language:

(V2)[R(z) V G(z) V B(z) VY ()]
A (Vx)[R(z) = =(G(z) VB(z) VY ()] A ...
A (Vo) (Vy)~(R(z) A R(y) A E(z,y)) A -

which will ensure that the interpretations of R, G, B and Y will four colour the
graph.
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Let ¥ = Ay U{o}. Any finite subset of ¥ has a model, based upon the
appropriate finite subset of 2. By the compactness theorem, we get B = X. Since
B |= o, the interpretations of R, G, B and Y four colour it. By the diagram lemma
20 is isomorphically embedded in the reduct of B, and this isomorphism delivers

the four-colouring of 2.
O

A graph with the property that every pair of vertices is connected with an edge
is called complete. At the other extreme, a graph with no edges is called discrete.
A very important theorem in finite combinatorics says that most graphs contain an
example of one or the other as a subgraph. A subgraph of a graph is, of course, a
submodel of a model of graph theory.

COROLLARY 3. (Ramsey’s Theorem)
For each n € N there is an r € N such that if & is any graph with r vertices, then
either & contains a complete subgraph with n vertices or a discrete subgraph with
n vertices.

ProOF. We follow F. Ramsey who began by proving an infinite version of the
theorem (also called Ramsey’s Theorem).

CLAIM. FEach infinite graph & contains either an infinite complete subgraph or
an infinite discrete subgraph.

PRrROOF OF CLAIM. By force of logical necessity, there are two possiblities:

(1) there is an infinite X C G such that for all x € X there is a finite F,, C X
such that E(z,y) for all y € X \ F,

(2) for all infinite X C G there is a € X and an infinite Y C X such that
—E(x,y) forally € Y.

If (1) occurs, we recursively pick 1 € X, o € X\ Fy,, x5 € X\ (Fy, UF,,), etc,
to obtain an infinite complete subgraph. If (2) occurs we pick zp € G and Yy C G
with the property and then recursively choose z1 € Yy and Y; C Yy, 25 € Y7 and
Y> C Y7 and so on, to obtain an infinite discrete subgraph.

We now use Model Theory to go from the infinite to the finite. Let o be
the sentence, of the language of graph theory, asserting that there is no complete
subgraph of size n.

(Vzy ... Vo) [nE(z1,22) V oE(z1, 23) V- -V 2E(p_1, Tn)].
Let 7 be the sentence asserting that there is no discrete subgraph of size n.
(Va1 ... Vo) [E(z1,22) V E(x1,23) V- - V E(zh_1, 24)]-

Let 7 be the set consisting of o, 7 and the axioms of graph theory.
If there is no r as Ramsey’s Theorem states, then 7 has arbitrarily large finite
models. By Theorem 2, T has an infinite model, contradicting the claim.
O

Ramsey’s Theorem says that for each n there is some r. The proof does not,
however, let us know exactly which r corresponds to any given n. There has been
considerable efforts made to find a more constructive proof. In particular we would
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like to know, for each n, the smallest value of r which would satisfy Ramsey’s
Theorem, called the Ramsey Number of n.

The Ramsey number of 3 is 6; the Ramsey number of 4 is 18; the Ramsey
number of 5 is ...unknown; but it’s somewhere between 40 and 50. Even less is
known about the Ramsey numbers for higher values of n. Determining the Ramsey
numbers may be the most mysterious problem in all of mathematics.

The following theorem of A. Robinson finally solved the centuries old problem
of infinitesimals in the foundations of calculus.

THEOREM 10. (The Leibniz Principle)
There is an ordered field *R called the hyperreals, containing the reals R and a

number larger than any real number such that any statement about the reals which
holds in R also holds in *R.

PROOF. Let R be (R,+,-,<,0,1). We will make the statement of the theorem
precise by proving that there is some model §), in the same language £ as R and
with the universe called *R , such that 98 < $ and there is b € *R such that a < b
for each a € R.

For each real number a, we introduce a new constant symbol ¢,. In addition,
another new constant symbol d is introduced. Let ¥ be the set of sentences in the
expanded language given by:

ThRg U {c, < d:a is a real}

We can obtain a model € = X by the compactness theorem. Let € be the reduct
of € to L. By the elementary diagram lemma R is elementarily embedded in €',
and so there is a model $) for £ such that ¢’ = § and R < §. Take b to be the
interpretation of d in $).

O

REMARK. The element b € *R gives rise to an infinitesimal 1/b € *R. An
element x € *R is said to be infinitesimal whenever —1/n < x < 1/n for each
n € N. 0 is infinitesimal. Two elements xz,y € R are said to be infinitely close,
written & &~ y whenever x —y is infinitesimal, so that x is infinitesimal iff x ~ 0. An
element z € *R is said to be finite whenever —r < x < r for some positive r € R.
Else it is infinite.

Each finite € *R is infinitely close to some real number, called the standard
part of z, written st(zx).

This idea is extremely useful in understanding calculus. To differentiate f, for
cach Ax € *R generate Ay = f(z + Ax) — f(z). Then f'(z) = st (£%) whenever
this exists and is the same for each infinitesimal Az # 0.

This legitimises the intuition of the founders of the differential calculus and al-
lows us to use that intuition to move from the (finitely) small to the infinitely small.
Proofs of the usual theorems of calculus are now much easier. More importantly,
refinements of these ideas, now called non-standard analysis, form a powerful tool
for applying calculus, just as its founders envisaged.

The following theorem is considered one of the most fundamental results of
mathematical logic. We give a detailed proof.

THEOREM 11. (Robinson Consistency Theorem)
Let Ly and Lo be two languages with £ = L1 NLy. Suppose T1 and Ty are satisfiable
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theories in L1 and Lo respectively. Then T1UTs is satisfiable iff there is no sentence
o of L such that Ty =0 and Tz = —o.

PROOF. The direction = is easy and motivates the whole theorem.
We begin the proof in the < direction. Our goal is to show that 7; U 73 is
satisfiable. The following claim is a first step.

CLAM. Ty U{ sentences o of L : T3 |= o} is satisfiable.

PrOOF OF CLAIM. Using the compactness theorem and considering conjunc-
tions, it suffices to show that if 77 = 01 and Tz |E 02 with o3 a sentence of L, then
{01, 02} is satisfiable. But this is true, since otherwise we would have o1 |= -3 and
hence 77 |E —o9 and so -0 would be a sentence of £ contradicting our hypothesis.
This proves the claim.

The basic idea of the proof from now on is as follows. In order to construct a
model of T; U T2 we construct models 2 = 77 and B = 73 and an isomorphism
f AL — B|L between the reducts of 2 and B to the language L, witnessing
that A|L = B|L. We then use f to carry over interpretations of symbols in £ \ £
from 2 to B , giving an expansion B* of B to the language L£1 U Lo. Then, since
B*|L 2 A and B*|Ly =B we get B* =T U Ta.

The remainder of the proof will be devoted to constructing such an 2, 8 and
f. A and B will be constructed as unions of elementary chains of 2,,’s and 8,’s
while f will be the union of f, : 2, <= B,,. We begin with n = 0, the first link in
the elementary chain.

CLAIM. There are models 2o = Ty and By |= T2 with an elementary embedding
fo : Qlo‘[, — SB()|£

ProOF oOF CraiM. Using the previous claim, let
Ao = T1 U { sentences o of L: T3 o}

We first wish to show that Th(2(o|L£)a,UTs is satisfiable. Using the compactness
theorem, it suffices to prove that if o € Th(20p|L)a, then T3 U {o} is satisfiable.
For such a o let ¢,y - . ., Cq, be all the constant symbols from L4, \ £ which appear
in 0. Let ¢ be the formula of £ obtained by replacing each constant symbol ¢,, by
a new variable u;. We have

Ao|L = plag, - - ., an]
and so Ao|L = Jug ... Jupp

By the definition of 2y, it cannot happen that 7o E —Jug...Ju,p and so
there is some model D for L5 such that ® = T3 and © | Jug ... Jupep. So there
are elements dy,...,d, of D such that ® = ¢[d,,...,d,]. Expand D to a model
©* for L3 U La,, making sure to interpret each ¢,, as d;. Then ©* = o, and so
D*ETU{c}.

Let B§ = Th(™Ao|L)a,UT2. Let By be the reduct of B to Lo; clearly By = Ta.
Since B|L can be expanded to a model of Th(2y|L)a,, the Elementary Diagram
Lemma gives an elementary embedding

fo : Q[QM: — %0|£

and finishes the proof of the claim.
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The other links in the elementary chain are provided by the following result.

CLAIM. For each n > 0 there are models A, +1 = T1 and B,11 E T2 with an
elementary embedding

fr1 1 A1 [L = B | L
such that

Ap < Ang1, Bp < Bpgi1, fuy1 extends f, and B, C range of fry1.

Ao < A < -0 < A, < Appr <
J/fo \Lfl ‘Lfn ‘Lfn+1
Byg < By < -+ < B, < B, <

The proof of this claim will be discussed shortly. Assuming the claim, let
A=Upen&n, B = U,en Br and [ = J, ey fn- The Elementary Chain Theorem
gives that A = 71 and B | Ta. The proof of the theorem is concluded by simply
verifying that f : A|£ — 9B|L is an isomorphism.

The proof of the claim is long and quite technical; it would not be inappropriate
to omit it on a first reading. The proof, of course, must proceed by induction on
n. The case of a general n is no different from the case n = 0 which we state and
prove in some detail.

CramM. There are models Ay = T1 and B, = Tz with an elementary embedding
f1: 22| L — B1|L such that Ao < Ay, By < By, f1 extends fo and
By C range of fi.

Ag < Ay
‘Lfo ‘l’fl
By < By

ProOOF OF CLAIM. Let Q[SF be the expansion of 2y to the language Ef =L1U
{cq : a € Ay} formed by interpreting each ¢, as a € Ay; Qlar is just another notation
for (2p) A,- The elementary diagram of Q[(J{ is Th (2[3') AL Let *B{, be the expansion

of By|L to the language
L'=LU{cg:a€AgtU{c,:be By}

formed by interpreting each ¢, as fo(a) € Bg and each ¢, as b € By.

We wish to prove that Th (QlaL ) A+ UTh®Bg is satisfiable. By the compactness
0

theorem it suffices to prove that Th () A+ U{o} is satisfiable for each o in ThB.
0

For such a sentence o, let c4y,...,Cq,,;sChys - -+, Cp, be all those constant symbols
occuring in o but not in £. Let o(ug,...,Um,wo, ..., wy) be the formula of £
obtained from o by replacing each constant symbol c¢,, by a new variable u; and
each constant symbol ¢, by a new variable w;. We have B} = o so

Bo|L = p[folao),-- -, folam),bo, - -, by

So Bo|L = Fwo - .. Jwnp[folao), -, folam)]
Since fj is an elementary embedding we have :

o|L = Jwg ... Fwpplag, - - -, am]
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Let @(wo, ..., w,) be the formula of £ obtained by replacing occurrences of
w; in (U, - -+ y Uy W0, - - -, Wn) bY a5 then AT = Jwy . .. Jw,p. So, of course,

+ A~
(A3 )Ag E Jwg ... Jw,d
and this means that there are dy, ..., d, in AT = Ag such that
We can now expand () ,+ to a model D by interpreting each ¢, as d; to obtain
0
D |= o and so Th (A]) .+ U{o} is satisfiable.
0

Let € = Th(2]) ,+ U ThB;. By the clementary diagram lemma 27 is ele-
0

mentarily embedded into €|L£7. So there is a model 27 for £] with AJ < A and
an isomorphism g : Q(f — @\LT. Using g we expand Qlir to a model 2] isomorphic
to €. Let 25 denote A;|L*; we have A} = ThB.

We now wish to prove that Th (A}) . UTh (B ) g+ is satisfiable, where B is
1 0

the common expansion of B, and B to the language
L3 =LyU{ca:a€ At U{cy:beBo}.
By the compactness theorem, it suffices to show that
is satisfiable for each o in Th (2}) Ay Let czy, ..o cq, be all those constant symbols

which occur in o but are not in £*. Let 9 (uy, . .., u,) be the formula of £* obtained
from o by replacing each ¢,, with a new variable u;. Since (A7) A = o we have

Qq ): w[l‘o, N ,xn],
and so
AT = Jug . .. Jupp.

Also 25 = Th%Bj and ThB{ is a complete theory in the language L£*; hence
Jug ... Ju, is in ThBE. Thus

B = Jug ... Jupy

and so

(B0 )y = Fuo- . Funt)
and therefore there are by, ..., b, in B! = By such that

(B0 )y F vlbos -, bnl.
We can now expand (‘B(J{)Bsr to a model § by interpreting each c,, as b;; then
$ E o and Th (%0*)]3; U {o} is satisfiable.

Let & = Th (QlT)A,f U Th (%K)Bg,. By the elementary diagram lemma B is

elementarily embedded into &|£3. So there is a model B} for £ with B < B
and an isomorphism h : B — &|L]. Using h we expand B to a model B
isomorphic to &. Let B} denote B} |L*. Again by the elementary diagram lemma
27 is elementarily embedded into B7. Let this be denoted by

FioUr < B
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Let a € Ag; we will show that fo(a) = fi(a). By definition we have
B = (vo = ca)[fo(a)] and so B = (vo = ca)[fo(a)]. Since B < BT,

B | (v0 = ca)lfo(a)] and so B} = (vo = ca)lfo(a)]. Now A = (ca = v1)[a]
and AF < A so AL | (co = v1)[a] so A} = (cu = v1)[a]. Since f; is elementary,
Bt = (ca = v1)[f1(a)] 50 Bf = (10 = 1) fola), f1(a)] and 50 fo(a) = fi(a).

Thus f; extends fy.

Let b € By; we will prove that b = f1(a) for some a € A;. By definition we
have: B} = (vo = ¢)[b] s0 B = (vo = ¢3)[b]. Since B < B, BT = (vo = ) [B]
so BT = (vo = ¢)[b]. On the other hand, since (Fv1)(v1 = ¢) is always satisfied,
we have: A7 = (Jv1)(v1 = ¢p) so there is a € A such that 25 = (v1 = ¢)[a]. Since
f1 is elementary, B7 = (v1 = ¢)[f1(a)] so BF = (vo = v1)[b, f1(a)] so b= fi(a).

Thus By C range of fi.

We now let 2; be Qlf\ﬁl and let 9B, be %ﬂﬁg. We get 2y < 241 and By < B,
and f1 : ;|L — B1|L remains an elementary embedding.

This completes the proof of the claim and the theorem.

O

EXERCISE 16. The Robinson Consistency Theorem was originally stated as:
Let 71 and 73 be satisfiable theories in languages £, and Lo re-
spectively and let 7 C 71 N75 be a complete theory in the language
L1 N Ly. Then T; U 7s is satisfiable in the language £1 U Lo.

Show that this is essentially equivalent to our version in Theorem 11 by first
proving that this statement follows from Theorem 11 and then also proving that
this statement implies Theorem 11. Of course, for this latter argument you are
looking for a proof much shorter than our proof of Theorem 11; however it will help
to use the first claim of our proof in your own proof.

THEOREM 12. (Craig Interpolation Theorem,)
Let ¢ and 1 be sentences such that ¢ = 1. Then there exists a sentence 6, called
the interpolant, such that ¢ =0 and 0 |= 9 and every relation, function or constant
symbol occuring in 6 also occurs in both ¢ and .

EXERCISE 17. Show that the Craig Interpolation Theorem follows quickly from
the Robinson Consistency Theorem. Also, use the Compactness Theorem to show
that Theorem 11 follows quickly from Theorem 12.



CHAPTER 4

Model Completeness

The quantifier V is said to be the universal quantifier and the quantifier 3 to
be the existential quantifier.

A formula ¢ is said to be quantifier free whenever no quantifiers occur in .

A formula ¢ is said to be universal whenever it is of the form Vzq...Vzi6
where 6 is quantifier free.

A formula ¢ is said to be existential whenever it is of the form 3Jxg...Jzi0
where 0 is quantifier free.

A formula ¢ is said to be wniversal-existensial whenever it is of the form
Vxq...Vaeg3yo . . . Jyrd where 0 is quantifier free.

We extend these notions to theories 7 whenever each axiom o of T has the
property.

REMARK. Note that each quantifier free formula ¢ is trivially equialent to the
existential formula Jv;¢ where v; does not occur in .

EXERCISE 18. Let 2l and B be models for £ with A C B. Verify the following
three statements:
(i) A< B il Ba }: Th(Q[A) iff Aa ': Th(%A).
(ii) A C B iff B = o for each existential o of Th(AA).
(iii) A C B iff A = o for each universal o of Th(B4 ).

DEFINITION 28. A model 2 of a theory 7 is said to be existentially closed if
whenever 2 C B and B |= T, we have A5 |= o for each existential sentence o of
Th(Ba).

REMARK. If 2 is existentially closed and 21" = 2( then 2’ is also existentially
closed.

DEFINITION 29. A theory T is said to be model complete whenever T U Ag
is complete in the language L for each model A of T.

THEOREM 13. (" A. Robinson )
Let T be a theory in the language L. The following are equivalent:

(1) T is model complete,
(2) T is existentially complete, i.e. each model of T is existentially closed.
(3) for each formula (v, ...,vp) of L there is some universal formula

Y(vo,...,vp) such that T = (Yvg ... Vup)(p <> )
(4) for all models A and B of T, A C B implies A < B.

REMARK. Equivalently, in part (3) of this theorem the phrase “universal for-
mula” could be replaced by “existential formula”. We chose the version which
makes the proof smoother.

32



4. MODEL COMPLETENESS 33

PrROOF. (1) = (2):
Let A =7 and B |= T with 2 C B. Clearly Aa = Ay and by Exercise 10 we
Ba E Ag. Now by (1), TUAg is complete and both 2 and 2B 5 are models of this
theory so they are elementarily equivalent. For any sentence o of L£a (existential
or otherwise), if B | o then A | o and (2) follows.

(2) = (3):
Lemma 4 shows that it suffices to prove it for formulas ¢ in prenex normal form.
We do this by induction on the prenex rank of ¢ which is the number of alternations
of quantifiers in ¢. The first step is prenex rank 0. Where only universal quantifiers
are present the result is trivial. The existential formula case is non-trivial; it is the
following claim:

CLAIM. For each existential formula ¢(vo,...,vp) of L there is a universal
formula ¢¥(vo, ..., vp) such that
T = (Voo) ... (Vup)(p <> ¥)
ProoF oF CLAIM. Add new constant symbols cp,...,c, to £ to form

L= LU{co,...,cp}

and to form a sentence ¢* of L* obtained by replacing each free occurrence of v; in
o with the corresponding c¢;; ¢* is an existential sentence. It suffices to prove that
there is a universal sentence vy of £* such that T | ¢* < 7.

Let T' = {universal sentences v of L* such that T = ¢* — v}

We hope to prove that there is some 7 € I' such that 7 = v — ¢*. Note, however,
that any finite conjunction 4 A y2 A -+ A7y, of sentences from I" is equivalent to
a sentence 7 in I' which is simply obtained from 73 A y2 A -+ A 7, by moving all
the quantifiers to the front. Thus it suffices to prove that there are finitely many
sentences 1,72, . . ., Yn from I' such that

TEYARA Ay — "

If no such finite set of sentences existed, then each

TU{v:72, -t U{¢"}

would be satisfiable. By the compactness theorem, 7 UT U {—¢*} would be satis-
fiable. Therefore it just suffices to prove that 7T UT | ¢*.

In order to prove that TUT = ¢*, let 2 be any model of TUT for the language
L*. Let

S =T U{p*}UAg.

be a set of sentences for the language L7 ; we wish to show that X is satisfiable.

By the compactness theorem it suffices to consider 7 U {¢*, 7} where 7 is a
conjunction of finitely many sentences of, and hence in fact a single sentence of,
Ag. Let 6 be the formula obtained from 7 by exchanging each constant symbol
from £} \ £* occurring in 7 for a new variable u,. So

A = Jug, - .- Fua,, O(Uag,s - - -5 Uq,, )-
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But then 2 is not a model of the universal sentence Yuy,, . .. Vuq,, =8(taq; - - -, Ua,, )-
Recalling that 2 =T, we are forced to conclude that this universal sentence is not
in I' and so not a consequence of T U {¢*}. Therefore

T U{p"}U{Tug, - .- g, 0(Uags - - - Ua,, )}

must be satisfiable, and any model of this can be expanded to a model of TU{¢*, 7}
and so X is satisfiable.

Let € = 3. By the Exercise 14, there is a model B for £* such that % C B
and B = ¢ ; in particular: B = 3.

Since 21 C B the interpretation of each of cy,...,c, in B is the same as the
interpretation in 2; let’s denote these by ag,...,a,. Let o denote this sentence:

(Fvo ... Fvp) (@ Avg = Cag ANV = Cay A=+ AUy = Cq,,)

which is equivalent to an existential sentence of L. Since (B|L)a E o we can
apply (2) to A|£ and B|L to get that (A|L)a = 0. By our choice of ag, ..., a, we
get that A = p*.

This means 7 UT |= ¢* and finishes the proof of the claim.

We will now do the general cases for the proof of the induction on prenex rank.
There are two cases, corresponding to the two methods available for increasing the
number of alternations of quantifiers:

(a) the addition of universal quantifiers
(b) the addition of existential quantifiers.

For the case (a), suppose ¢(vo, ..., vp) is Vwg . .. Ywm X (Vo, - - -, Up, Wo, - - -, Win)
and y has prenex rank lower than ¢ so that we have by the inductive hypothesis
that there is a quantifier free formula 6(vy, ..., vp, wo, ..., Wn, Zo, ..., Tn) With new
variables xg, ..., x, such that

T E (Vg ... YoVwg ... Ywn,)(x <> Vg ... Vz,0)
Therefore, case (a) is concluded by noticing that this gives us
T E (Vg ... Yu,)(Ywp ... Ywy, X <> Ywg ... Yw, Vg . .. Ya,0).
EXERCISE 19. Check this step using the definition of satisfaction.

For case (b), suppose ¢(vo, ..., vp) is Jwp ... Jwpx(vo, - - ., Up, Wo, - . ., Wy,) and
x has prenex rank less than ¢. Here we will use the inductive hypothesis on —y
which of course also has prenex rank less than . We obtain a quantifier free formula
0(vo, .., Vp, W0, -« ., Wiy, X0, - - - , L) With new variables zo, ..., x, such that

T E (Vug ... YopVwg ... Ywy)(—-x ¢ Vo ... Ve,0)
So T = (Vg ... Vup)(Ywg ... Vwm—x <> Ywg . .. Yw, Vag ... V2,0)
And T = (Vvo ... Vo) (Bwp . .. Jwmx <> Jwo . .. 3wy, 3o . . . Fz,—0)

Now Jwy ... Jw,,Ixg - . . Ix, 0 is an existential formula, so by the claim there is a
universal formula v such that

T E Vug...Vup)(Fwp ... 3wy, 3xg . .. 3z, -0 < ).
Hence T = (Vug ... Vup)(Fwo ... Jwpx <> ¥)

which is the final result that we needed.



4. MODEL COMPLETENESS 35

(3) = (4)
Let A =T and B =T with 2 C B. Let ¢ be a formula of £ and let aq,...,a, be
in A such that B = ¢[ao, . ..,a,). Obtain a universal formula 1 such that

T = (Yoo .. Vo,) (0 < ).

Hence B = v¢ao, ..., ap]. Since A C B by an argument similar to Exercise 18 we
have 2 = Ylag, . .., ap]. So A E ¢lag, ..., ap]. Therefore A < B.
(4) = (1)
Let 20 = T. We will show that 7 U Ay is complete by showing that
T U Ay ': Th(Aa).

Let € = T UAgy. By Exercise 14 there is a model 98 such that 2 C 9B and B = €.
By (4) we have that 2 < 9. By Exercise 10 we get that B4 = Th(2a). Thus
¢ = Th(Aa). O

ExAMPLE 9. We will see later that the theory ACF is model complete. But
ACF is not complete because the characteristic of the algebraically closed field can
vary among models of ACF and the assertion that “I have characteristic p” can
easily be expressed as a sentence of the language of ACF.

EXERCISE 20. Suppose that 7 is a model complete theory in £ and that either

(1) any two models of 7 are isomorphically embedded into a third or
(2) there is a model of 7 which is isomorphically embedded in any other.

Then prove that T is complete.

ExaMPLE 10. Let N be the natural numbers and < the usual ordering. Let
B = (N, <) and A = (N\{0}, <) be models for the language with one binary relation
symbol <. Th®l is, of course, complete, but it is not model complete because it is
not existentially complete. In fact the model 2 is not existentially closed because
B = ThA and A C B and Ba = (Jug)(vo < ¢1) where ¢; is the constant symbol
with interpretation 1. But 2Aa does not satisfy this existential sentence.

THEOREM 14. (Lindstrém’s Test)
Let T be a theory in a countable language L such that

(1) all models of T are infinite,
(2) the union of any chain of models of T is a model of T, and
(3) T is k-categorical for some infinite cardinal k.

Then T is model complete.

Proor. W.L.O.G. we assume that 7 is satisfiable. We use conditions (1) and
(2) to prove the following:

CLAIM. T has ezistentially closed models of each infinite size k.

ProOOF OF CLAIM. By the Lowenheim-Skolem Theorems we get (o = T with
|Ag| = k. We recursively construct a chain of models of T of size k

Ao CA C...CA, CApyg S
with the property that

if B =T and 2,11 € B and o is an existential sentence of Th(B 4, ), then
(nt1)a, F o
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Suppose 2, is already constructed; we will construct ,,+1. Let ¥, be a max-
imally large set of existential sentences of £a_ such that for each finite ¥’ C ¥,
there is a model € for L4, such that

CEXUTUAy,

By compactness 7 U X, U Ag,, has a model ® and without loss of generosity
A, € ©. By the Downward Léwenheim-Skolem Theorem we get & such that
A, CE €=k and € <D.

Let 2,41 = €|L; we will show that 2(,41 has the required properties. Since
E=9,EETUAyg, and so A, C2A,+1 (See Exercise 18).

Let B |= 7 with 2,41 € B and o be an existential sentence of Th(B 4, ); we
will show that (2,41)a, = o. Since ¥, consists of existential sentences and D =
¢ = (An41)a, C Ba, we have (see Exercise 18) that B4, E ¥,. The maximal
property of 2, then forces o to be in 3, because if o ¢ %,, then there must be some
finite 3’ C ¥, for which there is no € such that € =X U{c} UT Uy, ; but Ba,
is such a €! Now since o € ¥, and € =D |= X,, we must have & = (,,41)a, E 0.

Now let 2 be the union of the chain. By hypothesis 2 = T. It is easy to check
that |A| = k. To check that 2 is existentially closed, let B = T with 2 C B and
let o be an existential sentence of Th(B ). Since o can involve only finitely many
constant symbols, o is a sentence of L4, for some n € N. Thus 2,41 C A C B
gives that (A,+1)a, = 0. Since o is existential (see Exercise 18 again) we get that
Aa = 0. This completes the proof of the claim.

We now claim that 7 is model complete using Theorem 13 by showing that
every model 2 of T is existentially closed. There are three cases to consider:
(1) [Al=x
(2) |A| >k
@B) [Al <k
where T is k-categorical.

CASE (1). Let 20* be an existentially closed model of T of size k. Then there
is an isomorphism f : A — 2A*. Hence 2 is existentially closed.

CASE (2). Let o be an existential sentence of Lo and B |= T such that % C B
and B | 0. Let X = {a € A : ¢, occurs in o}. By the Downward Lowenheim-
Skolem Theorem we can find 2’ such that 2" < 2, X C A’ and |A’| = k. Now by
Case (1) 2 is existentially closed and we have A" C B and o in Las so Ay, E 0.
But since o € Th(A,,) and A" < 2A we have A4 = o.

CASE (3). Let o and B be as in case (2). By the Upward Léwenheim-Skolem
Theorem we can find 2’ such that 2 < 2" and || = k. By case (1) 2’ is existen-
tially closed.

CLAM. There is a model B’ such that A C B’ and Ba = B,.

Assuming this claim, we have B’ = T and B/, = o and by the fact that 2 is
existentially closed we have A5, |= 0. Since 2 < 2" we have Aa = o.

The following lemma implies the claim and completes the proof of the theorem.
|

LEMMA 8. Let A, B and " be models for L such that 2 C B and A < A'.
Then there is a model B’ for L such that A" C B’ and B = By.
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PrROOF. Let 2, B, 2" and L be as above.

Let 7 be a sentence from Agy. Let {d; : 0 < j < m} be the constant symbols
from Las \ La appearing in 7. Obtain a quantifier free formula (ug, ..., unm)
of La by exchanging each d; in 7 with a new variable u;. Since Uy, = T we
have Ay = Jug...Jump. Since A < A, Exercise 10 gives us Ax < A, and so
Aa = Jug ... Jupmep.

Also by Exercise 10 we have 2Aa C Ba, so Ba | Jug...June. Hence for
some by, ...,by in B, Ba = @by, ... ,bn]. Expand B to be a model B7% for the
language L£a U {d; : 0 < j < m} by interpreting each d; as b;. Then B% = 7 and
so Th(Ba) U {7} is satisfiable.

This shows that Th(Ba) U X is satisfiable for each finite subset ¥ C Ag/. By
the Compactness Theorem there is a model € = Th(Ba)UAgy-. Using the Diagram
Lemma for the language £ we obtain a model B’ for £ such that 2/, C B/, and
B’y =2 €|La. Hence B’y = Th(Ba) and so B/, = Ba.

(I

EXERCISE 21. Suppose 2l < 2" are models for £. Prove that for each sentence
o of EA, if Ag{/ ': o then Ag{ ': ag.

EXERCISE 22. Prove that if 7 has a universal-existential set of axioms, then
the union of a chain of models of 7 is also a model of T.

REMARK. The converse of this last exercise is also true; it is usually called the
Chang - Lo$ - Suszko Theorem.

THEOREM 15. The following theories are model complete:

(1) dense linear orders without endpoints. (DLO)
(2) algebraically closed fields. (ACF)

Proor. (DLO): This theory has a universal existential set of axioms so that it
is closed under unions of chains. It is Rp-categorical (by Exercise 9) so Lindstréom’s
test applies.

(ACF): We first prove that for any fixed characteristic p, the theory of alge-
braically closed fields of characteristic p is model complete. The proof is similar to
that for DLO, with N;-categoricity (Lemma 7 ).

Let 2 C 9B be algebraically closed fields. They must have the same character-
istic p. Therefore 2A < B.

|

COROLLARY 4. Any true statement about the rationals involving only the usual
ordering is also true about the reals.

PrOOF. Let 2 = (Q,<;) and B = (R, <2) where <3 and <g are the usual
orderings. The precise version of this corollary is: A < 2. This follows from
Theorem 13 and Theorem 15 and the easy facts that 2 = DLO, 8B = DLO and
2A C %B. The reader will appreciate the power of these theorems by trying to prove
2A < B directly, without using them. ([

The model completeness of ACF can be used to prove Hilbert’s Nullstellensatz.
The result below is the heart of the matter.

COROLLARY 5. Let X be a finite system of polynomial equations and inequations
in several variables with coefficients in the field A. If ¥ has a solution in some field
extending A then ¥ has a solution in the algebraic closure of 2.



4. MODEL COMPLETENESS 38

PROOF. Let o be the existential sentence of the language £ which asserts
the fact that there is a solution of ¥. Suppose ¥ has a solution in a field B with
A C B. Then Ba = o. So B/, = o where B’ is the algebraic closure of B. Let A’
be the algebraic closure of [. Since 2 C B, we have 2’ C B’.

By Theorem 15, ACF is model complete, so 2" < B’. Hence 2/, = B/, and
Ay Eo. O

The usual form of the (weak) Nullstellensatz can now be obtained from the
algebraic fact that the ideal Z of the polynomial ring A[z1,...,z,] generated by
Y is proper exactly when Z has a solution in the field A[z1,...,z,]/Z’ for some
maximal ideal Z' containing Z.

REMARK. We cannot apply Lindstrom’s Test to the theory of real closed or-
dered fields (RCF) because RCF is not categorical in any infinite cardinal. This
is because, as demonstrated in Theorem 10, RCF neither implies nor denies the
existence of infinitesimals. Nevertheless, as we shall later prove, RCF is indeed
model complete.

EXERCISE 23. Use Exercise 20 and the fact that RCF is model complete to
show that RCF is complete. Step 0: the integers, step 1: the rationals, step 2: the
real algebraic numbers, step 3: ...



CHAPTER 5

The Seventeenth Problem

We will give a complete proof later that RCF, the theory of real closed ordered
fields, is model complete. However, by assuming this result now, we can give a
solution to the seventeenth problem of the list of twenty-three problems of David
Hilbert’s famous address to the 1900 International Congress of Mathematicians in
Paris.

COROLLARY 6. (E. Artin)
Let q(x1, ... ,x,) be a rational function with real coefficients, which is positive def-
inite. i.e.
q(ay,...,an) >0 forall ai,...,a, € R

Then there are finitely many rational functions with real coefficients

filzr, . xn), ooy fo(T1, ..., 2p) such that
Q(irlv"'vx’n) = Z(fj(‘r177xn))2
j=1

We give a proof of this theorem after a sequence of lemmas. The first lemma
just uses calculus to prove the special case of the theorem in which ¢ is a polynomial
in only one variable. This result probably motivated the original question.

LEMMA 9. A positive definite real polynomial is the sum of squares of real
polynomials.

PROOF. We prove this by induction on the degree of the polynomial. Let
p(z) € R[x] with degree deg(p) > 2 and p(x) > 0 for all real . Let p(a) =
min{p(z) : x € R}, so

p(x) = (z — a)q(x) + p(a) and p'(a) =0
for some polynomial ¢q. But

p'(a) = [(z — a)d(z) + q(@)],_, = a(a)
s0 q(a) = 0 and ¢(z) = r(z)(x — a) for some polynomial r(z). So

p(e) = p(a) + (z — a)*r(z).
For all real  we have
(z —a)?r(x) = p(x) — p(a) > 0.

Since r is continuous, r(z) > 0 for all real z, and deg(r) = deg(p) — 2. So, by
induction r(z) = >, (ri(z))? where each r;(z) € Rlz].

n

So p(x) = pla) + > (x — a)* (ri())°

=1

39
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ie. p(x) = [\/p(a)} ’ + Z [(z — a)ri(z)]?.
O

The following lemma shows why we deal with sums of rational functions rather
than sums of polynomials.

LEMMA 10. z*y? + 22y* — 2%y + 1 is positive definite, but not the sum of
squares of polynomials.

PRrROOF. Let the polynomial be p(x,y). A little calculus shows that the mini-
mum value of p is % and confirms that p is positive definite.
Suppose

1
play) =Y (ai(x,y)’
i=1
where ¢;(z,y) are polynomials, each of which is the sum of terms of the form az™y".
First consider powers of x and the largest exponent m which can occur in any of
the g;. Since no term of p contains 2% or higher powers of =, we see that we must
have m < 2. Considering powers of y similarly gives that each n < 2. So each
q;(x,y) is of the form:

a;iv®y? 4+ by + ciwy® + dix® + eiy? + fixy + giw + hiy + Ky

for some coefficients a;, b;, ¢;, d;, €;, fi, gi, hs and k;. Comparing coefficients of z4y*
in p and the sum of the ¢? gives

so each a; = 0. Comparing the coefficients of z* and y* gives that each d; = 0 = e;.
Now comparing the coefficients of 2 and y? gives that each ¢; = 0 = h;. Now
comparing the coefficients of z2y? gives

l
1= Zfi2
i=1

which is impossible.

|
The next lemma is easy but useful.
LEMMA 11. The reciprocal of a sum of squares is a sum of squares.
ProoOF. For example
1 A? 4+ B? A 77 B 7?
A2+ B2 (A2 + B2)2 = [A2—|—B2} +[A2—|—BZ}
O

The following lemma is an algebraic result of E. Artin and O. Schreier, who
invented the theory of real closed fields.
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LEMMA 12. Let 20 = (A, +,-,<a,0,1) be an ordered field such that each positive
element of A is the sum of squares of elements of A. Let *B be a field containing
the reduct of A to {+,-,0,1} as a subfield and such that zero is not the sum of
non-zero squares in B.

Let b € B\ A be such that b is not the sum of squares of elements of B. Then
there is an ordering <p on B with b <g 0 such that A is an ordered subfield of
(B,+,-,<8,0,1) .

Proor. It suffices to find a set P C B of “positive elements” of B such that

(1) -beP

(2)0¢P
(3) ¢ € P for each c € B\ {0}
(4) P is closed under + and -
(5) for any ¢ € B\ {0} either c € P or —c € P.

Once P has been obtained, we define <g as follows:

cp<peg iff cg —c1 € P.

For each a € A, if 0 <a a then a is a sum of squares and so by (3) and (4) a € P.
Thus <p extends <Aa.

So that all that remains to do is to construct such a P. The first approximation

to P is Po.
l m
Let Py = Zcf —Zd?b: I,m e N,¢; € B,d; € B not all zero
i=1 j=1

We claim that (1), (2), (3) and (4) hold for Py. (1) and (3) are obvious. In
order to verify (2), note that if 377", d2b = Zizl 2, then by the previous lemma
about reciprocals of sums of squares, b would be a sum of squares. Now (4) holds
by definition of Py, noting that cf(fdib) = —(c;d;)?b and
(—d?b)(—dib) = (djdyb)?.

We now construct larger and larger versions of Py to take care of requirement
(5). We do this in the following way. Suppose Py C Py, P; satisfies (1), (2), (3)
and (4), and ¢ ¢ Py U {0}. We define P to be:

{p(—c) : p is a polynomial with coefficients in P; }.

It is easy to see that —c € P», Py C P, and that (1), (3) and (4) hold for Ps.

To show that (2) holds for P, we suppose that p(—c) = 0 and bring forth a
contradiction. Considering even and odd exponents we obtain:

p(a) = q(a?) + ar(a?)
for some polynomials ¢ and r with coefficients in P; and so
0= p(—c) = q(c?) — er(c?).
By (3) and (4) both g(c?) and r(c?) are in Py; in particular r(c?) # 0. But then

=) i) (1)

and since each of the factors on the right hand side is in P; we get a contradiction.
O

Now we need:
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LEMMA 13. FEwvery ordered field can be embedded as a submodel of a real closed
ordered field.

PRrROOF. It suffices to prove that for every ordered field 2 there is an ordered
field B such that 20 C B and for each natural number n > 1, B | o,, where o, is
the sentence in the language of field theory which formally states:

If p is a polynomial of degree at most n and w < y such that
p(w) < 0 < p(y) then there is an =z such that w < = < y and

p(z) = 0.
Consider the statement called ITH(n):
For any ordered field & there is an ordered field § such that € C §
and § | o,.
TH(1) is true since any ordered field € = ;. We will prove below that for each
n, IH(n) implies TH(n + 1).
Given our model 2 = ORF, we will then be able to construct a chain of models:

ACB; CTBC...CB, CBp1 S

such that each B, = ORF U {0,}. Let B be the union of the chain. Since the
theory ORF is preserved under unions of chains (see Exercise 22), B8 = ORF.
Furthermore, the nature of the sentences o,, allows us to conclude that for each n,
B | o, and so B | RCF. All that remains is to prove that for each n, IH(n)
implies TH(n + 1). We first make a claim:

CrLAaM. If € = ORFU{o,} and p is a polynomial of degree at most n+ 1 with
coefficients from E and a < d are in E such that p(a) < 0 < p(d) then there is a
model § such that € C §, § = ORF and there is b € F such that a < b < d and

p(b) = 0.
Let us first see how this claim helps us to prove that IH(n) implies IH(n+1).
Let ¢ = ORF'; we will use the claim to build a model § such that ¢ C § and
175’ }: On+41-
We first construct a chain of models of ORF
CE=¢ C¢ C...C¢,C¢p1 C---

such that for each m and each polynomial p of degree at most n+ 1 with coefficients
from E,, and each pair of a, d of elements of E,, such that p(a) < 0 < p(d) there
isa b€ E,, 11 such that a < b < d and p(b) = 0.

Suppose €&, has been constructed; we construct &,,,; as follows: let ¥, be
the set of all existential sentences of Lg,, of the form

(Fz)(co <z AT < cqgAp(x)=0)

where p is a polynomial of degree at most n + 1 and such that c,, ¢4 and the
coefficients of the polynomial p are constant symbols from Lg, and

(€m)e,, Fp(ca) <OA0 < p(ca)

We claim that
ORF U Aem U,

is satisfiable.
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Using the Compactness Theorem, it suffices to find, for each finite subset
{m1,..., 7%} of ¥,,, a model € such that &,, C € and

¢ E=ORFU{m,..., 7}

By IH(n), obtain a model §; such that &,, C §; and §; = ORF U {0,,}. By the
claim, obtain a model 2 such that F; C F2 and F2 | ORFU{r}. Again by IH(n),
obtain §3 such that §2 C §3 and §F3 = ORFU {0, }. Again by the claim, obtain §4
such that §3 C §4 and §4 = ORFU {7»}. Continue in this manner, getting models
of ORF

¢, C81C... C 8w

with each §a; = 7. Since each 7; is existential, we get that Fax is a model of each
7; (see Exercise 18).

Let ® = ORFU Ag, US,,

and then use the Diagram Lemma to get €, such that &, C &, 11, €41 = ORF
and €, 11 E %,,, thus satisfying the required property concerning polynomials from
E7n~
Let § be the union of the chain. Since ORF is a universal-existential theory,
§ = ORF (see Exercise 22) and § |= 0,41 by construction. So IH(n + 1) is proved.
We now finish the entire proof by proving the claim.

PrOOF OF CLAIM. Suppose that p(z) = ¢(x) - s(z) with the degree of ¢ at
most n. Since € = o, we are guaranteed ¢ € E with a < ¢ < d and ¢(c) = 0. Hence
p(c) =0 and we can let § = €.

So we can assume that p is irreducible over E. Introduce a new element b to E
where the place of b in the ordering is given by:

b<xiff p(y) >0 for all y with <y <d.

Note that b < d since p(d) > 0.

The fact that p is irreducible over E means that we can extend (E,+,-,0,1)
by quotients of polynomials in b of degree < n in the usual way to form a field
(F,+,-,0,1) in which p(b) = 0. We leave the details to the reader, but point out
that the construction cannot force ¢(b) = 0 for any polynomial ¢(z) with coefficients
from E of degree < n. This is because we could take such a g(z) of lowest degree
and divide p(z) by it to get

p(x) = q(x) - s(z) + r(z)

where degree of r is less than the degree of g. This means that r(x) = 0 constantly
and so p could have been factored over E.

Now we must expand (F,+,-,0,1) to an ordered field § while preserving the
order of €. We are aided in this by the fact that if ¢ is a polynomial of degree at
most n with coefficients from E then there are a; and as in E such that a1 < b < as
and ¢ doesn’t change sign between a; and ag; this comes from the fact that € = o,,.

d

PRrROOF OF THE COROLLARY. Using Lemma 11 we see that it suffices to prove
the corollary for a polynomial p(z1,...,z,) such that p(ai,...,a,) > 0 for all
a,...,a, €R.
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Let B = (R(z1,...,2,),+,,0,1) be the field of “rational functions”. Note
that 9B contains the reduct of R to {+,-,0,1} as a subfield, where R is defined as
in Example 3 as the usual real numbers.

By Lemma 12, if p is not the sum of squares in 95, then we can find an ordering
<g on ‘B, extending the ordering on the reals, such that the expansion B’ of B is
an ordered field and p(z1,...,z,) < 0.

We now use Lemma 13 to embed B’ as a submodel of a real closed field I,
B C M.

Let ¢(vy,...,v,) be the quantifier free formula which we informally write as
p(v1,...,v,) < 0 where ¢ involves constant symbols ¢, for the real coefficients r;
of p. Let ¥ be the formula of the language of field theory, obtained from ¢ by
substituting a new variable u; for each c,,. We have

B' = Juy .. Jop[re, ., T
and so M = Jouy ... Jo,h[ry, ..., 7]
Since RCF is model complete and R C B’ C M, Theorem 13 gives R < M and
SO

RE vy ... Jopdre, ..o 1]
i.e. there exist aq,...,a, in R such that p(ay,...,a,) < 0.

Hilbert also asked:

If the coefficients of a positive definite rational function are rational

numbers (i.e. it is an element of Q(x1, ..., z,)) is it in fact the sum

of squares of elements of Q(z1,...,2,)?
The answer is “yes” and the proof is very similar. Let Q = (Q,+..,<,0,1) be
the ordered field of rationals as in Example 3. Lemma 12 holds for 2 = 9 and
B = (Q(x1,...,24),+,-,0,1); by Lemma 11 every positive rational number is the
sum of squares since every positive integer is the sum of squaresn =14+1+---+1.

EXERCISE 24. Finish the answer to Hilbert’s question by making any appro-
priate changes to the proof of the corollary. Hint: create a real closed ordered field
into which %{Q and Rq are each isomorphically embedded. Exercise 16 and Exercise
23 may be useful. You may want to verify that if §,, §, and & are ordered fields
with 9 a submodel of the first two and isomorphic embeddings ®; : §, — & and
Dy : F, = & then &1(q) = P2(q) for all ¢ in Q.



CHAPTER 6

Submodel Completeness

DEFINITION 30. A theory T is said to admit elimination of quantifiers in L
whenever for each formula ¢(vg,...,v,) of £ there is a quantifier free formula
¥(vo, ..., vp) such that:

T E (Vug ... Yup)(@(vo, - - ., vp) <> Y(vg, ..., 0p))

REMARK. There is a fine point with regard to the above definition. If ¢ is
actually a sentence of £ there are no free variables vg,...,v,. S0 T = ¢ <> ¢
for some quantifier free formula with no free variables. But if £ has no constant
symbols, there are mo quantifier free formulas with no free variables. For this
reason we assume that £ has at least one constant symbol, or we restrict to those
formulas ¢ with at least one free variable. This will become relevant in the proof
of Theorem 16 for (2) = (3).

DEFINITION 31. A theory T is said to be submodel complete whenever T U Ag
is complete in L4 for each submodel 2 of a model of 7.

EXERCISE 25. Use Theorem 13 and the following theorem to find four proofs
that every submodel complete theory is model complete.

THEOREM 16. Let T be a theory of a language L. The following are equivalent:
(1) T is submodel complete
(2) If B and € are models of T and A is a submodel of both B and €, then
every existential sentence which holds in B a also holds in €x .
(3) T admits elimination of quantifiers
(4) whenever A C B, ACE, BE=T and € =T there is a model © such that
A C D and both B and €A are elementarily embedded in D A .
ProoOF. (1) = (2)
Let 8 = T and € = 7 with 2 € B and A C €. Then B E T U Ag and
€A E T UAg. So (1) and Lemma 6 give B = €. Thus (2) is in fact proved for
all sentences, not just existential ones.
(2) = ()
We will proceed as we did in the proof of Theorem 13. Lemma 4 shows that it
suffices to prove (3) for formulas in prenex normal form. We do this by induction
on the prenex rank of ¢ using the following claim.

CLAIM. For each existential formula o(vo, ..., vp) of L there is a quantifier free
formula ¥(vo, ..., vp) such that

T E (Vg ...Yup) (¢ < ¥)
ProoF oF CLAIM. Add new constant symbols co, ..., c, to £ to form

L= LU{co,...,cp}

45
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and to form the existential sentence ¢* of L* obtained by replacing each free oc-
currence of v; in ¢ with the corresponding c¢;. It suffices to prove that there is a
quantifier free sentence v of £* such that

TEe <.
Let
I' = { quantifier free sentences v of L™ : T = ¢* — ~}.

It suffices to find some v in ' such that 7 = v — ¢*. Since a finite conjunction of
sentences of I' is also in I', it suffices to find ~1,...,7, in I' such that

TENA Ay = @"
If no such finite subset {v1,...,v,} of T does exist, then each

TU{n, o ompU{-e}

would be satisfiable. So by compactness it suffices to prove that 7T UT | p*.

Let € = 7 UT with intent to prove that € |= ¢*.

Let 2 be the smallest submodel of € in the sense of the language £*. That is,
every element of 2 is the interpretation of a constant symbol from £* or built from
these using the functions of €. Let

A = {4 : § is quantifier free sentence of L* and 2 = §}.

We wish to show that 7 U {¢*} U A is satisfiable. By compactness, it suffices
to consider only 7 U {¢*, 7} where 7 is a single sentence in A. If this set is not
satisfiable then 7 |= ¢* — —7 so that by definition of I" we have =7 € I" and hence
¢ = —7. But this is impossible since 2 C € means that € = A.

Let B’ = T U {¢*} UA. The interpretations of the constant symbols in £*
generate a submodel of A’ C 9B’ isomorphic to 2. So by Exercise 11, there is a
model B for £* such that B = B’ and A C B.

Since A C B and A C < the interpretation of each of cy, ..., c, in A is the same
as the interpretation in B or in €; let’s denote these by ao,...,a,. Let o denote
the sentence

(Fvo ... Fvp) (@ Avg = Cag ANV1L = Cay A=+ AUy = Cq,,)

which is equivalent to an existential sentence of La.

In order to invoke (2) we use the restrictions of 2, 8 and € to the language
L. We have BIL =T, C|L =T, AL C B|L and AL C €|L. Since B’ | ¢* we
have that (B|L)a = 0. So by (2), (€]£)a | o and finally this gives € = ¢* which
completes the proof of the claim.

We now do the general cases for the proof of the induction on prenex rank.
There are two cases, corresponding to the two methods available for increasing the
number of alternations of quantifiers:

(a) the addition of universal quantifiers
(b) the addition of existential quantifiers.

For case (a), suppose ¢(vo, ..., vp) is Ywg . .. Ywm x(vo, . . ., Up, Wo, . . ., W) and
x has prenex rank lower than ¢. Then —x also has prenex rank lower than ¢
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and we can use the inductive hypothesis on =y to obtain a quantifier free formula
01(vo, ..., vp,Wo, ..., wn) such that

T E (Vug ... Yu,)(Vwg . .. Yw, ) (—x <> 61)
So T = (Vug ... Vu,)(Fw ... Jwy,—x ¢ Jwg . .. Jw,,bh)
By the claim there is a quantifier free formula 65 (vo, ..., v,) such that
T E (Yug...Yu,)(Fwg . .. 3wy, b1 < 62)
So T = (Vug ... Vu,)(Fwg ... Jwp,—x > 02)
So T = (Vug ... Vop)(Vwg . .. Y x <> —02)

and so s is the quantifier free formula equivalent to .

For case (b), suppose ¢(vo, . .., vp) is Jwg . .. Jwmx(vo, - . - , Vp, Wo, - . ., Wy,) and
x has prenex rank lower than ¢. We use the inductive hypothesis on x to obtain a
quantifier free formula 6, (vo, ..., vp,,wo, ..., W) such that

T E (Vg ...Yu,)(VYwp . .. Ywy, ) (x <> 61)
So T = (Vug ... Vup)(Fwp ... Jwyx <> Fwg . .. Fwy,b01)
By the claim there is a quantifier free formula 85 (vo, . .., v,) such that
T E Vug...Yu,)(Fwy . .. Jwnby < 62)
So T = (Vvg ... Vu,)(3wp ... 3wy, X < 62)

and so 65 is the quantifier free formula equivalent to . This completes the proof.

(3) = (4)

Let A CB, ACE, B T and € = T. Using the Diagram Lemmas it will
suffice to show that Th(®8g)U Th(€c) is satisfiable. Without loss of generosity, we
can ensure that Lg N Lc = La.

By the Robinson Consistency Theorem, it suffices to show that there is no
sentence o of LA such that both:

Th(®g) | o and Th(¢c) E —o

Suppose o is such a sentence and let {cq,, ..., ¢q, } be the set of constant sym-
bols from L4 \ £ appearing in o.

Let ¢(uog, ..., up) be obtained from o by exchanging each ¢,, for a new variable
u;. Let ¥(ug,...,up) be the quantifier free formula from (3):

T ): (VUOa s 7vup)(¢ A ’l/))

Let ¢* be the result of substituting ¢,, for each u; in . 9* is also quantifier
free.

Since By = 0, B = ¢lag,...,ap]. Since B = T, B k= Y[ao,...,ap] and so
Ba E Y*. Since ¢* is quantifier free and A4 C B we have Ax E *; since
Aa C €4 we then get that €4 = ¢*. Hence € = 9ag,...,a,] and then since
€ = T we then get that € = ¢lag, ..., ap,]. But then this means that € = o and
s0 €¢ =0 so o is in Th(€¢) and we are done.

(1) = (1)

Let B = T and 2 C B; we show that T U Ag is complete. Since Ba = T U Ag,
we see that it suffices by Lemma 6 to show that B4 = €’ for each €' =T U Ay.

For each such €', by Exercise 14, there is a model € for £ such that 2 C € and
€A 2. Then € =T so by (4) there is a ® with 2 C © such that both B and
Ca are elementarily embedded into D4 .
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In particular B = DA = €4 so we are done.
O

ExaMPLE 11. (Chang and Keisler)
Let T be the theory in the language £ = {U,V,W, R, S} where U, V and W are
unary relation symbols and R and S are binary relation symbols having axioms
which state that there are infinitely many things, that U UV U W is everything,
that U, V and W are pairwise disjoint, that R is a one-to-one function from U onto
V' and that S is a one-to-one function from U UV onto W.

EXERCISE 26. Show that 7 above is complete and model complete but not
submodel complete.

Hints: For completeness, use the Lo$-Vaught test and for model completeness
use Lindstrom’s test. For submodel completeness use (2) of the theorem with
B =T and A C B wherea € A = {b € B : B = W(v)[b]} along with the
sentence

(Fvo) (U (vg) A S(vo, ca))-

We will prove in the next chapter that each of the following theories admits
elimination of quantifiers:

(1) dense linear orders with no end points (DLO)
(2) algebraically closed fields (ACF)
(3) real closed ordered fields (RCF)

C. H. Langford proved elimination of quantifiers for DLO in 1924. The cases of
ACF and RCF were more difficult and were done by A. Tarski. Thus, by Exercise 25,
we will have model completeness of RCF which was promised at the beginning of
Chapter 5.

EXERCISE 27. Let T be a theory in the language £ which is submodel complete.
Expand £ to £ by only adding new constant symbols. Show that 7 admits
elimination of quantifiers in £*. Use this and the fact that DLO admits elimination
of quantifiers in its own language to show that in the language £ = {<, ¢1, co} where
c1 and ¢y are constant symbols, DLO is submodel complete but not complete.

EXERCISE 28. Suppose 2l is the reduct of a real closed ordered field to the
language of field theory. Show that [y/—1] is algebraically closed. You may use
the Fundamental Theorem of Algebra.

Hint: Show that any polynomial with coefficients from 2l has a quadratic factor.

COROLLARY 7. (The Tarski-Seidenberg Theorem,)

The projection of a semi-algebraic set in R™ to R™ for m < n is also semi-
algebraic. The semi-algebraic sets of R™ are defined to be all those subsets of R™
which can be obtained by repeatedly taking finite unions and intersections of sets of
these two forms

{{z1,...,2p) eR" : p(21,...,2,) =0}
{z1,...,zn) €ER" : q(21,...,2,) <0}

where p and q are polynomials with real coefficients.

PrROOF. We first need a simple result which we state as an exercise.
Let ® = (R,4+,-,<,0,1) be the usual model of the reals. Let T be RCF
considered as a theory in the language Lg.
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EXERCISE 29. A set X C R”™ is semi-algebraic iff there is a quantifier free
formula @(vy,...,v,) of Lg such that

X ={{x1,...,zn) : Br E @l1,..., 2]}

Now, in order to prove the corollary, let X C R™ be semi-algebraic and let ¢
be its associated quantifier free formula. The projection Y of X into R™ is

{z1,...,2m) : for some Tpyi1,. -y Ty {T1y- s Ty Tt 1y -+ -5 Tp) € X}

SoY = {{z1,...,Zm) : Rr E Fvmt1 ... Jonelz1, ..., 2m]}

From the assumption that RCF is submodel complete and Exercise 27 we have
that 7 admits elimination of quantifiers. So there is a quantifier free formula 6 of
Lr such that

TE (Yor...Yum)(Fumtr .. Jopp < 0)

Hence for all z1,...,z.,
Rr E Ivmer - Joppler, .. 2] it Re E Oz, ..., 20

SoY = {{z1,...,xm) : Rr EO[z1,...,2m]}
and by the exercise, Y is semi-algebraic.
O

As an application of quantifier elimination of ACF we have the following result
of A. Tarski.

COROLLARY 8. The truth value of any algebraic statement about the complex
numbers can be determined algebraically in a finite number of steps.

PROOF. Let € be the complex numbers in the language of field theory L; let
o be a sentence of L¢. Then let A be the finite subset {ag,...,a,} C C consisting
of those elements of C (other than 0 or 1) which are mentioned in o. Let ¢ be the
formula of £ formed by exchanging each c,, for a new variable w;. Then

ACF = Ywy ... Ywy(p < )

for some quantifier free ¢). Hence € |= o iff € = ¢[ag, ..., ap] iff € = Yag, ..., ap)
but checking this last statement amounts to evaluating finitely many polynomials
in ag,...,ap. [

Tarski’s original proof actually gave an explicit method for finding the quantifier
free formulas and this led, via the argument above, to an effective decision procedure
for determining the truth of elementary algebraic statements about the complex
numbers.



CHAPTER 7

Model Completions

Closely related to the notions of model completeness and submodel complete-
ness is the idea of a model completion.

DEFINITION 32. Let 7 C T be two theories in a language £. 7* is said to be
a model completion of T whenever T* U Ag is satisfiable and complete in L4 for
each model A of T.

LEMMA 14. Let T be a theory in a language L.

(1) If T* is a model completion of T, then for each A =T there is a B = T*
such that 24 C 8.

(2) If T* is a model completion of T, then T* is model complete.

(3) If T is model complete, then it is a model completion of itself.

(4) If T;* and T5* are both model completions of T, then T E T5° and T5F |E
T

PrOOF. (1) Easy. (2) Easier. (3) Easiest. (4) This needs a proof.

Let 2 |= 75*. It will suffice to prove that A = 7;*.

Let 2y = 2. since 2y = T and 7;* is a model completion of T we obtain, from
(1), a model 24y = 7;* such that 2y C 2. Similarly, since 2, = T and 75 is a
model completion of 7 we obtain 20y = 75F such that 21 C 2As.

Continuing in this manner we obtain a chain:

A CRA CAC...CA, CAyy S0

Let B be the union of the chain, U{2,, : n € N}. For each n € N we have s,, = 75"
By part (2) of this lemma and by part (4) of Theorem 13 we get that for each n,
Aoy, < Agpyo. By the Elementary Chain Theorem 2(y < *B. Similarly 2(; < 8. So
Ao = 24 and hence 2 = 77"

([

REMARK. Part (4) of the above lemma shows that model completions are es-
sentially unique. That is, if model completions 77" and 75* of T are closed theories
in the sense of Definition 12 then 7;* = 75". Since there is no loss in assuming
that model completions are closed theories, we speak of the model completion of a
theory T.

THEOREM 17. Suppose T C T* are theories for a language L. T* is the model
completion of T iff the following two conditions are satisfied.
(1) For each A =T there is a B = T* with A C B.
(2) For each A =T, B =T* and € |= T* such that A C B and A C € we
have a model ® such that Ba is isomorphically embedded into DA and
<D

50
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PROOF. First, assume that 7* is the model completion of 7. Condition (1) is
part (1) of the previous lemma.

Now, let 2, B and € be as in Condition (2). By Exercise 10, Ba = T U Ay
and €5 = T*UAg. Without loss of generosity, we may assume that LENLc = La.

By assumption 7" U Ay is a complete theory in £a. Therefore B = Cp.
By the Robinson Consistency Theorem, the set of sentences ThBg U The¢ is
satisfiable. Let

¢ ': ThBg U The€c

The Elementary Diagram Lemma now gives us a model © such that €4 < D4 and
DA X E|La. By the Diagram lemma B4 is isomorphically embedded into &|La
and hence also into D 4.

Now assume that conditions (1) and (2) hold.

We first show that 7* is model complete using Theorem 13; we show that T*
is existentially complete. Let 2 |= T*; we show that 2 is existentially closed. Let
B = T* such that 2 C 9B and let o be an existential sentence of Lo with B A | o;
our aim is to prove that 2Aa = o.

We invoke condition (2) with € = 2 to get a model © such that 2A < ® and
B A is isomorphically embedded into ® . Referring to Exercise 11 we get a model
€ for Lo with B C € and Do = €. Since o is existential, By Exercise 18 we have
that € |= o; and by Exercise 7, Do = 0. Now 20 < © implies that Aa = DA so
Aa | o and T* is model complete.

We now show that 7* is the model completion of 7. Let 2 = T; condition
(1) gives that 7* U Ag is satisfiable. We show that 7* U Ag is complete in L£a
by showing that for each B = 7T* and € = 7* with 2 C 9B and 2 C € we have
%A = Q:A.

Letting B and € be as above, we invoke condition (2) to obtain a model ®
such that B s is isomorphically embedded into ®a and € < ®. € < D gives that
® | T*. The isomorphic embedding gives us a model € such that %6 C € and
DA X Ep. So €= T*. Using the model completeness of 7* and Theorem 13 we
can infer that 6 < €. We have:

and we are done. O

Let’s compare the definitions of model completion and submodel complete. Let
T* be the model completion of 7. Then 7* will be submodel complete provided
that every submodel of a model of 7™ is a model of 7. Since 7 C 77, it would be
enough to show that every submodel of a model of 7 is again a model of 7. And
this is indeed the case whenever 7 is a universal theory, that is, whenever 7 has
a set of axioms consisting of universal sentences. Unfortunately, this is not always
the case.

Our aim is to show that DLO, ACF and RCF are submodel complete by showing
that these theories are the model completions of LOR, FLD and ORF respectively.
See Example 5 to recall the axioms for these theories. Well, LOR is a universal
theory but FLD and ORF are not. The culprits are the axioms asserting the
existence of inverses:

Vedy(x +y =0) and Vz((x #0) — Jy(y -z = 1))
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In fact, a submodel 2 of a field B is only a commutative semi-ring, not neces-
sarily a subfield. Nevertheless, 2 generates a subfield of B in a unique way. This
motivates the following definition.

DEFINITION 33. A theory T is said to be almost universal whenever 20 C B,
BETand A C € € = T imply there are models ® and € such that © | T,
ACDCBand EET,ACEC Cand Dp X Ey.

ExAMPLE 12. LOR is almost universal since any universal theory 7T is almost
universal — just let © = € = A and note A = T.

ExampLE 13. FLD is almost universal — just let ® and & be the subfields of
B and €, respectively, generated by A. The isomorphism ®a = €4 is the natural
one obtained from the identity map on A.

EXAMPLE 14. ORF is almost universal — again just let ® and & be the ordered
subfields of B and €, respectively, generated by A. The extension of the identity
map on A to the isomorphism Da = € is aided by the fact that the order
placement of the inverse of an element a is completely determined by the order

placement of a.

THEOREM 18. Let T and T* be theories of the language L such that T is almost
universal and T* is the model completion of T. Then T* is submodel complete.

PrOOF. We show that condition (2) of Theorem 16 is satisfied. Let % and €
be models of T* with 2l a submodel of both B and €; we will show that B = €x.

Now 7 C T*s0B = T and € |= 7. Since T is almost universal there are
models ® and € of 7 such that A C D C B, A C € C € and Da = E5. So
Bp ET*"UALAp and Cg ET*U Ag.

Now Bp is a model for the language Lp whereas €g is a model for L. We
wish to obtain a model € for Lp which “looks exactly like” €g. We just let C’
be C and in fact let €'|Lao = Cg|La. The interpretation of a constant symbol
cd € Lp \ La is the interpretation of ¢, € Lg \ La in €g where the isomorphism
DA = Ep takes d to e.

Now © |= T and since 7* is the model completion of T, T*U Agp is complete.
The isomorphism D = €A ensures that € = T*U Ap. So Bp = ¢'. Hence
Bp|La = C|La; that is, Ba = Ca.

|

The way to show that DLO, ACF and RCF admit elimination of quantifiers
is now clear: first use Theorem 16 and Theorem 18. They reduce our task to
showing that DLO, ACF and RCF are the model completions of LOR, FLD and
ORF respectively. To do this we use Theorem 17; we will show that each pair
of theories satisfies both conditions (1) and (2) of Theorem 17. We begin with
condition (1): if A = T then there is a B | T* such that A C B.

The case T = LOR and 7* = DLO is easy; every linear order can be enlarged to
a dense linear order without endpoints by judiciously placing copies of the rationals
into the linear order.

The case T = FLD and 7* = ACF is just the well known fact that every field
has an algebraic closure.

The case T = ORF and 7* = RCF is just Lemma 13.
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So all that remains of the quest to prove elimination of quantifiers for DLO,
ACF and RCF is to verify condition (2) of Theorem 17 in each of these cases. At
this point the reader may already be able to verify this condition for one or more
of the pairs 7 = LOR and 7* = DLO, 7 = FLD and 7* = ACF, or T = ORF
and 7* = RCF. However the remainder of this chapter is devoted to a uniform
method.

DEFINITION 34. Let £ be a language and Y (vg) a set of formulas of £ in the
free variable vg. A model 2 for £ is said to realise X(vo) whenever there is some
a € A such that A = ¢[a] for each ¢(vy) in X(vg).

DEFINITION 35. The set of formulas ¥(vg) in the free variable vy, is said to be
a type of the model 2 whenever
(1) every finite subset of X(vg) is realised by 2
(2) X(vo) is maximal with respect to (1).

REMARK. Every set of formulas X (vg) having property (1) of the definition of
type can be enlarged to also have property (2).

LEMMA 15. Suppose 2 is a model for a language L. Let X C A and let X(vg)
be a type of AUx in the language Lx. Then there is a B such that A < B and Bx
realises 3 (vp).

PROOF. Let T = ThRa U X(c) where ¢ is a new constant symbol and X(c) =
{¢(c) : ¢ € B(vg)} and of course (c) is (vg) with ¢ replacing vg.

By the definition of type, for each finite 77/ C T, there is an expansion A’ of
2A such that 2’ = 7'. The Compactness Theorem and the Elementary Diagram
Lemma will complete the proof.

O

LEMMA 16. Suppose 2 is a model for a language L. There is a model B for L
such that A < B and B realises each type of Aa in the language L .

PROOF. Let {3, (vo) : a € I'} enumerate all types of 2Aa in the language La.
For each « € I introduce a new constant symbol ¢, and let

Ba(ca) = {p(ca) : ¢ € Ta(vo)}-
Let ¥ = U{X,(cq) : @ € I}. Let &' C ¥ be any finite subset.
CLAIM. X' U ThQla is satisfiable for the language LA U{cy : o € I}.
PrROOF OF CLAIM. Let Xy, (vg), ..., Xa,, (Vo) be finitely many types such that
¥ C ¥y, (c0) USg,(c1)U---UX, (ca,)-

By Lemma 15 there is a model ; such that 2 < 203 and (2(;)a realises X, (vo).
Using Lemma 15 repeatedly, we can obtain

A<A <Ay < - <A,

such that each (%;)a realises X (vo).

Now A < 2, so (A,)a = ThAa. It is easy to check that since each A; < Ay,
2L, realises each ¥, (vo) and furthermore so does (2,,)a. So we can expand (2,)a
to the language £ U {cqa,,- .-, Ca, } to satisfy X' U ThA4.
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By the claim and the Compactness Theorem, there is a model € =3 U Th24 .

By the Elementary Diagram Lemma, 2 is elementarily embedded into €|L, the

restriction of € to the language £. Therefore there is a model B for £ such that

A < B and Ba = €| La. It is now straightforward to check that B4 realises each
type Yo (vp).

O

DEFINITION 36. A model 2 for £ is said to be k-saturated whenever we have
that for each X C A with | X| < k, Ax realises each type of Ax.

Recall that for any set X we denote by |X| the cardinality of X. The notation
kT is used for the cardinal number just larger than the cardinal x. So a model A
will be xT-saturated whenever we have that for each X C A with |X| < &, Ax
realises each type of 2x. In particular, if B is any set, 2l will be |B|T-saturated
whenever we have that for each X C A with |X| < |B|, 2x realises each type of
Ax.

REMARK. A model 2 is said to be saturated whenever it is |Al|-saturated,
where |A| is the size of the universe of 2. For example, (Q, <) is saturated; to
prove this let X be a finite subset of Q and let X(vg) be a type of (Q,<)x. By
Lemma 15 and the Downward Lowenheim-Skolem Theorem get a countable 28 such
that (Q,<)x < Bx and B realises X(vg). Use the hint for Exercise 9 to show that
(Q,<)x ¥ Bx and then note that this means that X(vg) is realised in (Q, <) x.

LEMMA 17. (R. Vaught)
Suppose € is an infinite model for L and B is an infinite set. There is a |B|*-
saturated model ® such that € < D.

PrOOF. We build an elementary chain
C=C < << < <--- neN

such that for each n € N (€,11)c, realises each type of (€,)c,. This comes
immediately by repeatedly applying Lemma 16. Let © be the union of the chain;
the Elementary Chain Theorem assures us that € < ® and indeed each €, < D.
This means that for each n € N, each type of D¢, is realised in D¢,,.

Let X C D with |X| < |B| and let X(vg) be a type of ®x. If X C C,, for some
n, X(vg) can be enlarged to a type of D¢, which is realised in D¢,. Since X(vg)
involves only constant symbols associated with X, we have that D x realises X(vg).

We have almost proved that ® is |B|*-saturated, but not quite, because there
is no guarantee that if

XCD=U{C, :neN} and |X|<|B|

then X C C,, for some n. There is no problem when X is finite. The problem with
infinite X is that the elementary chain may not be long enough to catch X.

The solution is to upgrade the notion of an elementary chain to include chains
which are indexed by any well ordered sets, not just the natural numbers. We sketch
the appropriate generalisation of the above argument from the case of (N, <) to the
case of an arbitrary well ordered set (I, <) with least element 0.

We construct an elementary chain of models

C=Cy<---<C=<... Bel
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recursively as follows. At stage /3, suppose we have already constructed C,, for each
a € I with a < 8. The union of the chain up to g

E=U{Cy:ae]and a < f}

falls under the scope of an upgraded Elementary Chain Theorem (which is proved
exactly as Theorem 4) and so €, < € for each @ € I with o < . We now use
Lemma 16 to get €5 such that € < €5 and (€g)g realises each type of €g.

As before, let © = U{C€, : a € I} be the union of the entire chain and by the
upgraded Elementary Chain Theorem € < ®. Also as before, ©x realises each
type of ® x for each X C D such that X C C, for some « € I.

We can now complete the proof of the lemma by choosing our well ordered set
(I, <) long enough so that if

XCD=U{C,:a€l} and |X|<|B|

then there is some « € I such that X C C,. Such a well ordered set is well known
to exist — for example, any ordinal with cofinality > |B|.
O

DEFINITION 37. We say that B is a simple extension of 2 whenever

(1) AC B and
(2) there is some b € B such that no smaller submodel of B contains A U {b}.

THEOREM 19. (Blum’s Test)
Suppose T C T* are theories of a language L. Suppose further that:

(1) T is an almost universal theory,

(2) for each A =T there is a B = T* with A C B, and

(3) for each A =T and each simple extension B of A which is a submodel
of a model of T, and for each € |= T* with A C € such that € is |B|T-
saturated, there is an isomorphic embedding f : B — € such that f [ A is
the identity on A.

Then:

(4) T* is the model completion of T,
(5) T* is submodel complete, and
(6) T* admits elimination of quantifiers.

ProoOF. With Theorems 16, 17 and 18, statements (4), (5) and (6) all follow
from (1), (2) and condition (2) of Theorem 17.

We will therefore only need to prove that foreachA =T, B E=T*and € = T*
such that 2l C B and 2 C € we have a model ® such that B is isomorphically
embedded into 5 and € <D,

Let 21, B and € be as above. Using Lemma 17 we obtain a |B|T-saturated
model © such that € < ®. We wish to prove that ‘B 4 is isomorphically embedded
into 4.

Since 2 C D, the following collection £ of functions is nonempty:

{e:for some A C EC B e: €4 — D4 is an isomorphic embedding}

and so has a maximal member f in the sense that no other e € £ extends f. From
f: 84 — D4 and Exercise 11 we get & with § C & and an isomorphism g: & — D
extending f.



7. MODEL COMPLETIONS 56

CLamm. §ET

PRrROOF OF CLAIM. We have both § C 8 and § C &. By condition (1), there
are models $H and Jof 7 with FC H C B and § C J C & such that Hr = Jp. This
gives an isomorphic embedding h: $ < & such that A [F is the identity on F.

The composition go h:  — D is an isomorphic embedding with the property
that for all x € F:

(goh)(z) =g(z) = f(x).
By the maximality of f, f = goh. Hence §F = $ and § = T, finishing the proof of
the claim.

CLAIM. §=*8

PROOF OF CLAIM. If not, pick b € B\ F and form the simple extension § of
$ by b. Since & 2 D, & is also |B|"— saturated so that we can apply condition (3)
to §, § and &. We obtain an isomorphic embedding f': § < & such that f/ | F
is the identity on F. But now go f’ contradicts the maximality of f and completes
the proof of the claim.

Therefore f isomorphically embeds B4 into Da .
O

The following lemma completes the proofs that each of the theories DLO, ACF
and RCF admits elimination of quantifiers.

LEMMA 18. Each of the following three pairs of theories T and T* satisfy
condition (8) of Blum’s Test.

(1) T = LOR, theory of linear orderings. T* = DLO, theory of dense linear
orderings without endpoints.

(2) T = FLD, theory of fields. T* = ACF, theory of algebraically closed fields.

(3) T = ORF, theory of ordered fields. T* = RCF, theory of real closed
ordered fields.

PROOF OF (1). Let & and B be linear orders, with B = A U {b} and A C B.
Let € be a |B|*-saturated dense linear order without endpoints with 2% C €.

We wish to find an isomorphic embedding f : 8 — &€ which is the identity on A.
Consider a type of €4 containing the following formulas:

Cq < Vg for each a € A such that a < b

vy < ¢q for each a € A such that b < a

Since € is a dense linear order without endpoints each finite subset of the type can
be realised in €4 .

Saturation now gives some ¢t € C realising this type. We set f(b) =t and we
are finished.

PRrROOF OF (2). Let A be a field and B a simple extension of 2 witnessed by b
such that 9 is a submodel of a field (a commutative semi-ring).

Let € be a |B|T-saturated algebraically closed field such that 20 C €. We wish
to find an isomorphic embedding f : B — € which is the identity on 2.

There are two cases:

(I) b is algebraic over 2,
(IT) b is transcendental over 2.
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Casi(I). Let p be a polynomial with coefficients from A such that p(b) = 0
but b is not the root of any such polynomial of lower degree. Since € is algebraically
closed there is a t € C such that p(t) = 0. We extend the identity map f on A
to make f(b) = t. We extend f to the rest of B by letting f(r(b)) = r(t) for any
polynomial r with coefficients from A. It is straightforward to show that f is still
a well-defined isomorphic embedding.

CAsE (II). Let us consider a type of €a containing the following set of formu-

las:
{=(p(vo) = 0) : p is a polynomial with coefficients in {c, : a € A}}

Since € is algebraically closed, it is infinite and hence each finite subset is
realised in €. Saturation will now give some t € C such that ¢ realises the type.

We set f(b) = t. Since ¢ is transcendental over 2, the extension of f to all of
B comes easily from the fact that every element of B\ A is the value at b of some
polynomial function with coefficients from A.

O

PROOF OF (3). Let 2 be an ordered field and B be a simple extension of 2 wit-
nessed by b such that 9B is a submodel of an ordered field (an ordered commutative
semi-ring).

Let € be a |B|t-saturated real closed field such that 20 C €. We wish to find
an isomorphic embedding f : % — € which is the identity on .

There are two cases:

(I) b is algebraic over 2.
(IT) b is transcendental over 2.

Cask (I). Since b is algebraic over 2 we have a polynomial p with coefficients
in A such that p(b) = 0. All other elements of the universe of the simple extension
B are of the form ¢(b) where ¢ is a polynomial with coefficients in A. Before
beginning the main part of the proof we need some algebraic facts.

CLAM. Let D be a real closed ordered field and q(x) be a polynomial over ®
of degree n. Then for any e € ® we have:

™ (e

d2) =3 T Oy
m=0 :

where ¢'™ stands for the polynomial which is the m-th derivative of q.

ProOOF OF CLAIM. This is Taylor’s Theorem from Calculus; unfortunately we
cannot use Calculus to prove it because we are in ®, not necessarily the reals R.
However the reader can check that the Binomial Theorem gives the identity for the
special cases of g(x) = 2™ and that these special cases readily give the full result.

CLAIM. Let ® be a real closed ordered field and q(x) a polynomial over © with
e € D and q(e) = 0. If there is an a < e such that q(x) > 0 for all a < z < e then
q'(e) < 0. If there is an a > e such that q(x) > 0 for all e < x < a then ¢'(e) > 0.
Here ¢’ is the first derivative of q.
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PrROOF OF CLAIM. From the previous claim we get

) —q(e "L gt (e
M9 _ )+ a— (Zq m!( )<x‘€>m‘2>

m=2
for any = # e in ©. By choosing z close enough to e we can ensure that the entire
right hand side has the same sign as ¢’(e). A proof by contradiction now follows
readily.

CrAM. Let® be a real closed ordered field and q(x) be a polynomial over ® with
eeD and q(e) =0. If w and z are in D such that w < e < z and q(w) - g(z) >0
then there is a d in D such that w < d < z and ¢'(d) = 0.

Proor or CramM. Without loss of generosity ¢(w) > 0 and ¢(z) > 0. Since ¢
has only finitely many roots, we can pick d; to be the least x such that w <z <e
and g(x) = 0. Since ¢(z) # 0 for all w < z < dj, the Intermediate Value Property
of Real Closed Ordered Fields shows that ¢ cannot change sign here and so g(z) > 0
for all w < & < dy. By the previous claim, ¢’(d1) < 0. A similar argument with
z shows that there is a dy such that e < dy < z and ¢'(d2) > 0. If dy = e = d»
take d = e. If dy < ds the Intermediate Value Property gives a d with the required
properties.

CLAIM. Let ® be a real closed ordered field with an ordered field € C ®. Let
f: & — € be an isomorphic embedding into a real closed ordered field. Let q be a
polynomial with coefficients in E such that {x € D : ¢'(x) =0} CE. Letd € D\E
be such that q(d) = 0 but d is not a root of a polynomial with coefficients from E

which has lower degree. Then f can be extended over the subfield of ® generated
by E U {d}.

PROOF OF CLAIM. Since the finitely many roots of ¢’ from D actually lie in
E, we can get e; and ey in E such that e; < d < ey and ¢/(z) # 0 for all z in D
such that e; < x < e3. Furthermore for all z in E we have g(z) # 0. We can now
apply the previous claim to get that ¢(w) - g(z) < 0 for all w and z in E such that
er<w<d<z<es.
We now move to the real closed ordered field € and the isomorphic embedding
f. For each w and z in E such that e; < w < d < z < ez we have f(w) < f(2)
and ¢(f(w)) - q(f(2)) < 0. By the Intermediate Value property of € we get, for
each such w and z, a y € C such that f(w) <y < f(2) and ¢(y) = 0. Since ¢ has
only finitely many roots there is some ¢ € C such that ¢(t) = 0, f(w) < ¢ for all
e1 <w<dandt< f(z) for all d < z < ea.
We now extend f by letting f(d) =t and f(r(d)) = r(t) for any polynomial
r with coefficients from E. It is straightforward to check that the extension is a
well-defined isomorphic embedding of the simple extension of & by d into €. We
use the fact that ORF is almost universal to extend the isomorphic embedding to
all of the subfield of © generated by E U {d}, since we can rephrase the definition
of almost universal as follows:
Whenever C =T, D E7,¢ C®and f: & — € is an isomorphic
embedding there is a model €” = T such that ¢ C ¢’ C D and
f extends over ¢”.
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It is now time for the main part of the proof of this case. Using Lemma 13,
let © be a real closed ordered field with % C ©. We have a polynomial p with
coefficients from A such that p(b) = 0. By induction on the degree of p, we can show
that there is a sequence of elements dy, ..., d,, = b of elements of ®, a sequence of
subfields of ©:

A=¢ CE C...C¢, 11

with each d; € Ej;; \ E; and corresponding isomorphic embeddings

fj : Gj —C
coming from the previous claim and having the property that fy is the identity and
fij+1 extends f;. In this way we extend the identity map fo : o — € until we

reach fo41 @ €pnp1 — € We then note that since b € &, 11 we have B C &, 14
and we are finished.

CaAsk (II). Let us consider a type of € containing the following formulas:
Cq < g for alla € A witha <b
vg < cq forallae A withb < a
—(p(vg) = 0) for all polynomials p with coefficients in {c, : a € A}
Since each interval of € is infinite, each finite subset of this type is realised by
€a. Saturation now gives ¢ € C which realises this type. We put f(b) = t.

We can now extend f on the rest of B\ A, since each such element is the value
at b of a polynomial function with coefficients from A.

O
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