A NOTE ON THE DERIVATION OF THE TIME-DEPENDENT
MAGNETIC HARTREE EQUATION
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ABSTRACT. The mean-field dynamics of bosons in the presence of a (time-
dependent) magnetic field is rigorously studied. It is shown that the mag-
netic Hartree equation describes the dynamics of an initially factorized
bosonic state in the mean-field limit. Explicit estimates of the convergence
rate are given. It is also remarked how to extend the analysis to arbitrary
smooth Riemannian manifolds.

1. INTRODUCTION

1.1. Heuristic discussion. The magnetic Hartree equation appears naturally
in several physical systems. For example, in three dimensions, the Maxwell-
Schrodinger equation in the Coulomb gauge (VA = 0) is given by

i) = —Aah + Ay
Mg = —[yl?
OA + V(atAo) = \YEVAlﬁ,

where Ay = V4, and V4 = (V + iA). Eliminating (formally) Ay using the
second equation, one gets

i0) = — At +wx [Py

OA = (1 — VAV)SYV 47,
- 1
- Arlz]]”
equation. Another physical situation where the magnetic Hartree equation
appears is the mean-field limit of bosons in the presence of magnetic potentials,
which will be addressed in details in this letter.

There has been a lot of development in the study of the mean-field dynamics
of many-body bosonic systems, in the absence of magnetic potentials. Early
results using coherent states were given in [19] for bounded pair interaction,
and extended in [15, 16] to more singular potentials. This approach is consid-
erably extended in [21] to the case where the initial condition corresponds to a
factorized state. The analysis of [21] has been simplified and generalized to the
case of rotating bosons in [2]. Another approach based on the reduced density
matrix was developed in [22] and was extended to more general potentials and
to the derivation of the Gross-Pitaevskii equation (and quintic NLS) in [11],
[6], [7], [12], [20], [10]. Furthermore, a new approach was developed in [13]
that treats the quantum many-body dynamics as a deformation of the classical
Hamiltonian dynamics, see also [14, 4, 5].
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where w(z) The first equation in this system is the magnetic Hartree



The main ingredients of our analysis is the coherent state approach that was
introduced in [19] and used in [16, 21, 2]. We note that the analysis below is
simpler than the one in [21], in particular, some terms in the difference between
the true and the Hartree evolution are estimated using the stationary phase
method rather than direct series expansions.

1.2. The model and statement of the main result. We consider a quan-
tum system of N bosons (N € N) in the presence of a (generally time-dependent
and unbounded) magnetic vector potential A. The Hilbert space of the system
is L%(R3Y), the symmetrized (bosonic) space of L? functions. The dynamics of
the system is generated by the (N-body) quantum Hamiltonian

N
(1) HN(t) :Z—AAj(t) +% Z w(xi—xj),
7=1

1<i<j<N

where € R3 is a point is configuration space, and w is the (rescaled) pair
interaction. The rescaling is such that the kinetic energy term and the pair
interaction scale similarly in the large N limit. We assume that there exists a
positive constant K such that pair interaction satisfies the operator inequality

(2) ()] < KVI—A,
where A = V2. 1 We also assume that
(3) A(t,ﬂj‘) = AO(:I:) +A1(t7x)a

with Ag(z) = %Bo Az, the vector potential corresponding to a constant magnetic
field By, and A; € C1(R, WH*°(R3)). Note that A € L2 (R3), which, together
with the above assumption w, implies the self-adjointness of Hpy, with fized
dense domain?

Dy = {¢ € H*(R*Y), (1+|z])*p € L*(R*)}.

In the Schrodinger picture, the dynamics of the N-body system is given by
(4) 10N = Hy(t)Uny.
Given an initial condition Wy at time ¢y = 0, the solution of (4) at time ¢ is

Uy = Sn(t,0)¥n,
where the unitary propagator Sy satisfies

10ySN(t,s) = Hy(t)Sn(t, s)

5) Sn(s,s) =1.

In what follows, we normalize the initial condition, ||y ||z2 = 1. The density
matrix associated with Wy ; is

Ine=[¥ne)(Pnel,

11t follows from Kato’s inequality that the Coulomb interaction w(z) = :I:ﬁ satisfies this

assumption in R3.
2See [3].
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which is an orthogonal projection (in L?) onto the state Wy ;. It is a positive
trace-class operator on L?(R3Y) with trace 1 and kernel

Pne(xn; X)) = U (xn) U v (X))
Here, X,, = (21, ,2m;) € R3, and ~ denotes complex conjugation. The k"

marginal density, FS\];)N is defined by taking the partial trace of I'y; with respect
to the last N — k entries. Its kernel is given by

k
ng,)t(xk;xk) = /dXN—kFN,t(Xkny—kSX;g:XN—k)a k=1,---,N.

Note that Fg\l,c)t is a positive trace-class operator in L2(R3¥) with trace 1. In the
mean-field limit, we expect that for an initial condition

Uno(xn) Hﬁb zj), @l =1,

the marginal density matrix

L |60 (|

as N — oo, in trace-norm topology, where ¢; satisfies the magnetic Hartree
equation

(6) 1Ot = —Dawy bt + WK St *dr, di—o = ¢.
We introduce the Banach space
S ={ue H(R’), (1+z])ue L*(R%)}
with norm
ulls = llull g + llull 2.

We show in Subsect. 2.1 that (6) is locally well-posed in . Proving global
well-posedness is a little bit more delicate, since the usual energy conservation
argument fails if A is time-dependent. We discuss different situations where

global well-posedness holds in Subsect. 2.1.
The following is the main result of this letter.

Theorem 1. Consider ¥y, the solution of the N-body Schrodinger equation
(4) with initial condition

N
Uno(xn) = H ey, [l =1

Suppose that the pair interaction satisfies (2) and that the magnetic potential
satisfies (3). Then there exists a maximal time T < oo, and positive constants
C and « such that

7r[r), — lool| < . te(0.7)

N’t = \/N’ 9 9

where the constants C' and o depend only on K and supco g ||¢t|s. Here, ¢t
satisfies the magnetic Hartree equation (6) with initial condition ¢—o = ¢, and
T is the maximal time for which (6) is well-posed in X.
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Remark 1. The dependence of the constants C' and o on ||¢¢||s; can be replaced
by ||¢||ls if T = oo, i.e., if (6) is globally well-posed.
Remark 2. An analysis similar to the proof of Theorem 1 can be used to prove

that

eamt

VN’

This implies that for a bounded operator A™) on L?(R3™),
(U, (AT @ 1IN Wy ) — (677, AW gm)

Tr([T8) — [¢) (e *™]) < Com

m < 00.

as N — oo.

Remark 3. The main result can be extended to the case where there s a random
external potential or random pair interaction, see [1].

Remark 4. The analysis below applies “in toto” to the mean-field dynamics
of bosons on a smooth Riemannian manifold (M, g) whose Laplace-Beltrami
operator Arp is bounded from below. Using the GNS construction (see [8]),
the Fock space representation holds in M (as opposed to R?), and the result of
Theorem 1 holds with A4 replaced by App (with suitable boundary conditions,
if applicable). This result is relevant to the mean-field dynamics of bosons in
strongly anisotropic confining traps, where the effective dynamics of the N -body
system is restricted to a submanifold of R3. Another physical setting where the
effective dynamics is on manifold rather than R3 is dynamics in the presence
of a periodic background potential, say that of a crystal. In this case, M =T",
the n-dimensional torus.

The organization of this letter is as follows. In Sect. 2, we discuss the well-
posedness of the magnetic Hartree equation, and recall basic results about the
Fock space representation and coherent states. In Sect. 3, we prove Theorem
1.

2. MATHEMATICAL PRELIMINARY

2.1. Well-posedness of the magnetic Hartree equation. To set the stage,
we discuss the well-posedness of (6). We have the following lemma.

Lemma 1. Consider the magnetic Hartree equation (6). Suppose that (2) and
(3) hold. Then there exists T > 0 such that ¢, € C([0,T); ) N CY([o, T); X*),
where ¥* is the dual of ¥ (in the L? sense). Moreover,

1@¢ll 2 = [|ll 2,
and T = oo, or T' < oo with limy »7 ||¢¢||s = oo.
Proof. Note first that the Hartree nonlinearity is locally Lipschitz in X,

2 2 2 2

(7) Jw [ul"u —wx[o[*v]s S (lulls + l[vls)llv = vlls.
Furthermore, the one particle Hamiltonian —A 4 gives rise to a self-adjoint
operator on L? with fixed dense domain. Its extension to ¥ generates a C°-
group of isometries {S(¢)}+>0 on X. The claim of the lemma follows from a

standard argument for evolution equations with locally Lipschitz nonlinearities
(contraction argument for short time), see [9]. O
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Proving global well-posedness is a little bit more delicate, since the energy
functional

Q £(,6) == (V. Vawd) + (0w [06)

is generally not conserved. In fact, using (6) (and a standard regularization
procedure), we have

t
(9) g(ta ¢t) = E(tg, ¢0) + %/ d5/<8s’A(S/)¢s” VA(S’)¢S’>> te [OvT)'

to

Global well-posedness in the autonomous case is straight forward. Assump-
tion (2) implies

(10) sup / dy w(z — )o@ < | VlZs + e V6|2, Ve,
TE

which implies in the autonomous case that

E(t,0e) S lloell %1+ llgll72)
lel% S (¢, 1) + 101172 + 1972

Together with the blow-up alternative, this implies that T' = oo, irrespective of
the sign of the pair interaction w.

When A is time-dependent, one can also show global well-posedness if the
nonlinearity is defocusing, i.e., w is negative. It follows from (9) and (11) that
in the defocusing case

(11)

t
IV a@@ell2e < C1+Col [ ds (8sA(s)bs, V ais)bs)]

to
t

<C1+Cs | ds || Vads|2e
to

By the Gronwall lemma, ||V ()¢t 2 grows at most exponentially fast in time,
which, together with the blow-up alternative, implies global well-posedness.

2.2. Bosonic Fock space and second quantization. We recall in this sub-
section standard results on the Fock space representation of bosonic systems,
see [8] for a detailed discussion and for proofs. The bosonic Fock space over
L?(R?) is defined as the Hilbert space

F=PL®R)*" =CcePLAR™).

n>0 n>1

For v € F, v = {w(”)}nzo, which is a sequence of n-particle wave functions
™ e L2(R%"). The scalar product on F is given by

(1, 92) =3 (WO, 08 12 gomy
n>0

= ¢§0)¢£O) + Z / dzy . ..dz, dJYL) (x1,... ,xn)¢§n) (X1, Tp).

n>1
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The vacuum vector in F is given by Q = {1,0,0,...}, while the N-particle
wavefunction v is given by {¢(”)}n20 where V) = ¢ and (™ = 0 for all
n # N.

On F, we introduce the creation operator a*(f) and the annihilation operator
a(f), which are defined through their action

(@ (D)™ (@1, ) = jﬁ e i

(a(f)q/))(") (1,...,2n) =Vn+1 /dxf ) (zxy,w).

Note that a*(f) and a(f) are unbounded, densely defined, closed operators, and
they satisfy the canonical commutation relations (CCR)

(12) [a(f),a*(9)] = (f.9)r2@s),  [a®(f),a¥(9)] =0,

where a# is either a or a*. Furthermore,
la(H)wl < [ £llz2 [NV
. ~ 1/2
lo* (£l < Ifllze | (N +1) " ol
The operator valued distributions a’ and a, (z € R?) are defined by
(P = [ do f@)ai alf) = [ do Fw)as,
for every f € L?(R3). The CCR in this case are

[afw ay] 6<$ - y)v [CLZ?E, Zé] 0.

(13)

We define the particle number operator N by

(N)™) = nyp™)
Expressed through the distributions a, and a}, it is given by

N = /dxaiam.

For ¢y € F, the one-particle density f;}” associated with ¢ is the positive
trace-class operator on L?(R?) with kernel

(14) T (2;y) =

(] <d)7 a;a:ﬂw>

(¥, Noo)
and trace 1.

We introduce the second quantized Hamiltonian H ~ acting on F, which is
given by

(Hy)™ = BP ™),

H(n ZAA(t)+NZw —x]

1<j



Equivalently,
Hy(t) = /d:z: V a)azV @) @z + IN /dmdyw T — Y)aya,aya;.

Note that when restricted to the N-particle sector, H ~(t) coincides with the
Hamiltonian Hy(t) defined in (1). Furthermore, [H ~(t),N] = 0. In what fol-

lows, we denote the unitary propagator generated by H ~N(t) by S N, which sat-
isfies

i0,8n(t,s) = Hy(t)Sn(t, s), Sn(s,s)=1.
We now introduce the notion of coherent states, which will be useful in the
subsequent analysis. For f € L?(R3), we define the Weyl-operator

W (f) := exp (a®(f) —a(f)).
The coherent state ¢(f) € F with one-particle wave function f is given by

P(f) = W)

We refer the reader to [8] for further discussion about the Fock space represen-
tation and coherent states.

3. PROOF OF THE MAIN RESULT

We first represent the initially factorized state in terms of coherent states.
This representation already appeared in [21]. Since

2 2m —ind AT * n
/ ;l—eemw(e—”\/ﬁ@g: / ﬁeimzewwn;m@ N™2(a*(9)"
0 ™ 0

27 n!
n>0

/27r A6 _NJ2_iNG efinGNn/Z ¢®TL
27 Vn!

n>0"0

NN/2o-N/2 5o
VN ’

we have

2
(15) p=N = aN/ ;lje"N‘)W(e*“’\/N@Q
0

™

with ay = ]\]f\ﬁv\/c Using Stirling’s formula, ay ~ N/ for N > 1.

We now use (15) in (14). We have

. 1 - .~
PS\},)t(x; y) = m (Unt, ayaz U nt)

<¢®N, ay(t)ag (1))
2 dfy / o i 02-00) (7 (01 VN $) 0, 0 (1) aa (1YW (%N $)00),

where we have used the fact t/lr\lat the time evolution commutes with N in the
denominator. Here, a?(t) = Sk (t,0)a” Sn(t,0), the time evolved operator in
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the Heisenberg picture. Adding and subtracting v N¢; to the creation and
annihilation operators (modulo a phase factor), we have

(16)

B0 wi) =2 [ [ et (N a30) - VNG ()
ol e R (=)
et + B | Tu0ote)

where

(1)

) =i [T [ 2 0 )9, (1) - )
W (e~ 102\/>¢)) >

We introduce the unitary propagator
Un(t,s) := W*(VNgy)Sn(t,s)W (VN ),

which first appeared (in a different setting) in [19]. It describes the dynamics
of the fluctuations away from the Hartree evolution. Using

W (f)acW(f) = az + f(z),
W*(f)azW (f) = a; + [(2),
one can verify that ﬁN satisfies the initial value problem

’i@tﬁN(t, 5) = EN(t)ﬁN(ta 5),

18 ~
( ) UN(S7 8) = 17
with
(19)

Ln(t) _/dx Vaw)azV @) @z + /dﬂ? w* | * (x)ajaq + /da? dy w(z —y)oy(y)¢i(x)ayay
- / d dy w(z — y)du(y)de(a)ada’ + = / dz dy w(z — y)B(v) B (2)aya,
+— [ ety wie = yazoiae + = [ do dy vl - )b oy,

2N dz dy w(r — y)aza,a,a;.

Here, ¢, satisfies (6) with initial condition ¢. Note that
(20) W*(VNe)Sn(0,t)(az — VNS (t,0)W (VN@) = Un(0,t)azUn(t,0).
We will need the following estimate.

Lemma 2. There exist positive constants C' and o that depend on supejo o |65
and K only, such that

|NV20y (£, 0) < Ce™,



uniformly in N > 1.

Proof. Step 1. Auziliary dynamics.
We introduce the parity preserving auxiliary dynamics

(21) iatﬁN(t, S) = EN(t)ﬁN(t,S), UN<S, S) = 1,

with
Ly(t) :/dx Vaw)azV @tz + /dl’ w* | (2)ajaq + /dCU dy w(z —y) oy (y)¢e(z)azay
1 1 o
4y [ dody w(e - ot +; [ dody w - 9E@E @

1 ko
+ N dz dy w(z — y)aya,aya,.

We claim that the following estimates hold,
(22) (Q,Un(0,t)NUN(t,0)Q) < e
(23) (Q,Un(0,8)N3Un (t,0)9) < et

uniformly in N > 1. To see this,
I8 = (Q, Un (0, ) N Up (t,0)9), m = 1,3.
It follows from (21) that
ar® ~ B o
—N = <Q> UN(Oa t)i[LN(t)a N]UN(t7 O)Q>
(24) dt
= ﬁR/dfc dy w(z — y)du(2) e (y) (2, Un(0,1)[azay, NJUn(t,0)9).

Using the push-through relations

~

(25) azN = (N 4+ 1)ag, a:N = (N —1)a,
we have

| / d dy w(z — y)by(x)dy(y)(Q, Un (0, ) aa, N|Tn (1, 0)9)|
(26) < 2supJw(z — el 2 llell 2 | (N + 1) 20N ()02

1
< 2K gulls 1 éull 21
for some constant C’.Similarly, using (25), we have

ar®
(27) I < CKllrls 1y

Estimates (22) and (23) follow from Gronwall lemma and (26) and (27), respec-
tively.

Step 2. Comparison between auziliary and true dynamics.
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We need to estimate ||(Un (t,0) — ﬁN(t, 0))$2||. We have

(€, (1~ T (0, )0 (£, 0)2)] = | /0 ds (92,0,(U% (5,0)0n (5,0))2)|

oy /0 ds (0, U5 (5,0)(D(s) — In(5)Tn (5,0)))|

- jﬁm / s / dz dy (9, T%(s, 0) (w(x — y)asalazds(y)Dx(s, 0)9)

C
< — sup |os / (N +3)32Ux ()02
7N S oslls [ 1I( )*“UN ()|

Together with (23), this implies that

28 Q, (1 - Un(0,)Un(t,0 < & e
(28) (€2, ( (0,)Un(t,0)))| < i
It follows from (28) and the unitarity of Uy that

~ ~ C
29 Un(t,0) — Un(t,0)9] < —=e**
(29) I(O(0,0) = On(t,0))9 < e

where C' and « are positive constants that depend only on supsc(o 4 [[¢[ls and
K. The claim of the lemma follows directly from (22) and (29).

Proof of Theorem 1. We want to estimate the Hilbert-Schmidt norm of the dif-

ference fg\l,)t(a;; y) — & (y)de(x). Tt follows from (20) that

27
dfy / B2 4iNs=00) (317 (=01 N §)Q, (a5 (1) — € VNG, (1) X
x <am< >— e-wzf Ny (2))W (e VN¢)Q)|
2 . ~
< CLWNHaZUJ(i} (t,00Q[[la= U (¢, 0)|

where [7']% corresponds to Uy with ¢ replaced by e~*¢. Together with Lemma
2, this implies that

20
2m d@ 2m de ) ) o
o [y [0 [T e 0 N0 a30) - VNG )
ol < e
< S g P I EEE el
C
< Ne ot

Estimating fy, which appears in the third and fourth terms of (16), is somewhat
more delicate, but the approach presented here is much simpler than the one
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n [21]. We make use of the fast oscillating phase of the integrand in (17).
Integrating by parts in 6;, we have

2T 46, do 1 d
.2 4Y2 iN6, —if1 (N—1)
) aN/ / G 1) by ¢ i

<<”wﬁ@ u—aMWWMWWf%ﬂ%m>
u d9 d(’Q ¢iNO2eZIN=D0 (0" (7 VN ) — a(e VN G) + VN) x
W(e—wlf ¢) ,(ax()—e—%\/ﬁqbt(w))W(e‘”?\/Ncb)ﬂ%

It follows that

4a%, » BN
Ixllie < 2SI W2 VR (e VNG| IN2T R (09
Ca2,  ~1/0n
< A INVPOR 09,

which, together with Lemma 2, yields the estimate
(31) [ fnllze < Ce.

Eq. (16) together with estimates (30) and (31) imply that the Hilbert-Schmidt
norm of the difference

1T, - mwmm<;%t

which gives the claim of the theorem. O
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