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1. The answer is the regular polygons. We show this in two steps: first, that all of the sides

should be the same length, and then that all of the angles should be equal.

Step 1: We will show that any two consecutive sides should be equal in length to maximize

the area. Say we have a polygon, and some pair of consecutive sides AB and BC are not

equal in length. By moving the point B along an ellipse whose foci are A and C, we can

increase the area of this segment of the polygon by moving B to the highest point in the

ellipse, or when AB = BC. This shows that every pair of adjacent sides should be equal in

length.

Since every pair of adjacent sides should be equal in length, all the sides should be equal in

length.

Step 2: Assume we have two consecutive angles ∠ABC and ∠BCD which are not equal,

and we are trying to maximize the area. Then the area of quadrilateral ABCD is given by√
(s− a)(s− b)(s− c)(s− d)− abcd cos

1

2
(∠DAB + ∠BCD)

Thus, we can maximize this area by shifting these segments so that ∠DAB + ∠BCD = π.

Then ABCD can be inscribed in a circle. We know from the previous step that AB =

BC = CD. This implies that the arcs AB = BC = CD in the circle, so ∠BAC =

∠CAD = ∠CDB = ∠BDA. But then we have ∠BAD = ∠CDA, so we must also have

∠ABC = ∠BCD. This implies that any two consecutive angles in the polygon should be

equal in order to maximize the area.

These two steps combined imply that the polygon which maximized the area given a perime-

ter are the regular polygons.

2. The answer is F (x) = x+ 1. Plugging in x = y = 0 we have F (0)F (0)− F (0) = 0, so either

F (0) = 0 or F (0) = 1. Assume for the sake of contradiction that F (0) = 0. Then for any x,

we have

F (0)F (x)− F (0) = 0 = x

which is a contradiction, so we must have F (0) = 1. In this case, we get

F (0)F (x)− F (0) = F (x)− 1 = x

So F (x) = x+ 1.

3. For each part, we find a recursive expression to represent the given functions.
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(a) First, note that R1 = 1, R2 = 0, and R3 = 0, because placing any one rook in either a

2× 2 board or a 3× 3 board requires us to place at least four rooks, which is impossible. We

also have R4 = 2, because placing the rook in the first row and in the second column gives

one way, while placing the rook in the first row and in the third column gives one other way.

In general, if we place one rook in the first row, then it necessitates exactly 3 more rooks

to be placed in certain positions in the board. At that point, we can fill in the remaining

squares in Rn−4 ways.

Thus, if n = 4k is divisible by 4, then the number of places we can place the first rook in the

first row is 4k − 2, because it cannot be placed in either corner. This gives

R4k = (4k − 2)R4(k−1)

If n = 4k + 1, then the board can be filled in exactly Rn−1 ways because there must be a

rook in the exact center of the board, and the remaining squares form an (n− 1)× (n− 1)

board. If n = 4k + 2 or n = 4k + 3, then it is impossible to fill the board.

(b) First, we have the base cases of S1 = 1 and S2 = 2. Then, if n is even we can place the

rook in the first row anywhere, and we will then have to fill a (n− 2)× (n− 2) board. Thus

for n even we have

Sn = nSn−2

For n odd, we must place a rook in the exact center of the board because otherwise we would

have an even number of rooks in total. Once this is done, the board can be filled in exactly

Sn−1 ways.

(c) We first get the base cases of T1 = 1, T2 = 2, T3 = 2 and T4 = 6. Then we have, for n

even, if the first rook is placed in one of the corner squares of the first row, then the rest can

be filled in Tn−2 ways. There are two ways for this to happen. Otherwise, if the first rook is

placed elsewhere in the first row, then the rest can be filled in Tn−4 ways. There are (n− 2)

ways for this to happen. Thus, for n even we have

Tn = 2Tn−2 + (n− 2)Tn−4

If n is odd, then we must fill in the center, because otherwise we would have to have an even

number of rooks, and then the rest can be filled in exactly Tn−1 ways.

4. (a) We are counting the derangements of n elements. To do so, first consider the possible

values of σ(1) = k. There are n − 1 possible values of k. If σ(k) = 1 then the remaining
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numbers can be deranged in gn−2 ways. Otherwise, the numbers other than 1 can be deranged

in gn−1 ways if we associate the value of k with 1. Thus there are (n− 1)(gn−1 + gn−2) ways

in total.

(b) We can compute fn as follows: There are n choices for the value of the fixed point.

Then the rest of the values must be deranged, which can be done in exactly gn−1 ways. So

fn = ngn−1.

Now we proceed by induction. The base case is true, as g1 = 0 and f1 = 1. Now assume

|fn−1 + gn−1| = 1. Then we have

|fn − gn| = |ngn−1 − (n− 1)(gn−1 + gn−2)|

= |gn−1 − ngn−2|

= |gn−1 − fn−1|

= 1

by the induction hypothesis. This is what we wanted to show, so we’re done.

5. Let T ⊂ S be the set of intervals that are properly contained in the union of some other

set of intervals. Then R = S \ T has a complete ordering based on the lower bound of the

intervals. Let r1, r2, . . . rn be the intervals in R in this ordering.

We know that the intervals in R cover [0, 1] by construction. We also know that the odd

indexed intervals in R are pairwise disjoint, as are the even intervals in R. Since the total

length of the intervals in R is at least 1, the total length of either the odd indexed intervals

or the even indexed intervals must be at least 1
2
.

6. We wish to show that
1

a+ b
<

1

b+ c
+

1

c+ a

and likewise for the other two cyclic inequalities. We can put everything over a common

denominator to get

(b+ c)(c+ a)

(a+ b)(b+ c)(c+ a)
<

(a+ b)(c+ a)

(a+ b)(b+ c)(c+ a)
+

(a+ b)(b+ c)

(a+ b)(b+ c)(c+ a)

Expanding and multiplying through by this common denominator, we get

bc+ c2 + ab+ ac < ac+ bc+ a2 + ba+ ab+ b2 + ca+ cb

or

c2 < a2 + b2 + ab+ c(a+ b)
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but we know that c(a + b) > c2 by the triangle inequality, so this inequality holds, so we’re

done. All the steps are reversible and analogous to the other two cyclic permutations.

7. We can parametrize a line as

γ(t) = (a+ a′t, b+ b′t, c+ c′t)

We are given that c + c′t = ab + (ab′ + a′b)t + a′b′t2. We thus either have a′ = 0 or b′ = 0.

In the first case, we get lines of the form

γ(t) = (a, b+ b′t, a(b+ b′t))

and in the second case, we get lines of the form

γ(t) = (a+ a′t, b, b(a+ a′t))

8. Assume for the sake of contradiction that it is possible to fill in the circles. Then we must

have that each positive difference 1, 2, . . . , 14 must occur exactly once.

Consider the diagram to be a graph with the circles as vertices. Since every vertex has even

degree, there is a cycle traversing each edge exactly once. Let this path be v1, . . . v10. Let

t1, . . . t10 be the labels in the circles corresponding to these vertices. Then as we traverse the

path, consider the sum (t1− t2)+(t2− t3)+ · · ·+(t10− t1). On one hand, this sum telescopes,

so it must have a value of 0. On the other hand, the parity of the terms in this sum are the

same as the parity of the positive differences between adjacent circles. But the sum of these

differences is 1 + 2 + · · · + 14 = 105, which is odd. This is a contradiction because 0 is not

odd, so we’re done.
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