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1. (10 marks) Let  C  be the curve defined by the parametric equations  x = 5 + t 2  and  y = 8t 3 – t 4 . 

 Find the values of  t  for which the curve  C  is concave upward. 

Solution: 
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The curve  C  is concave upward only when  0 < t < 3 . 

 

2. (15 marks) Find the length of the loop of the curve  x = 3t – t 3 ,  y = 3t 2 . 

Solution: (Notice that this is one of the recommended exercises. Section 10.2, #48). 

First we find the values of  t  at the point where the curve intersects itself.  

Suppose that ( x ( a ) , y ( a ) ) = ( x ( b ) , y ( b ) ) , with  a ≠ b . 

Then, from  y ( a ) = y ( b )  we obtain  3 a 2 = 3 b 2  , and  b = – a  with  a ≠ 0 (because  a ≠ b). 

Now, from  x ( a ) = x ( b )  and  b = – a  we obtain  3a – a 3 = – 3a + a 3 , and  a = ± 3  (because  a ≠ 0 ). 

That is, the values of  t  at the start and the end of the loop are  t = – 3   and  t = 3  , respectively. 

The length of the loop is 
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3. (15 marks) Find the area of the region that lies inside  r = 1 + sinθ   but outside  r = 2 – sinθ  . 

Solution: 

A rough sketch of the graphs of the polar curves shows that they 

intersect only at two points. From  1 + sinθ = 2 – sinθ  we obtain 

sinθ = 1 / 2 , and  θ = π / 6  or  θ = 5π / 6 . 

Then, the area  A  inside  r = 1 + sinθ   but outside  r = 2 – sinθ  

can be calculated as 
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4. Let  A ( 1 , 2 , 3 ) ,  B ( 2 , 2 , 2 )  and  C ( 0 , 4 , 5 ) . 

 a) (5 marks) Find the angle between the vectors  AB   and  AC  . 

Solution: 

Let  v =   and  w =  , and let  θ   denote the angle between the vectors  AB AC AB  and   . AC

Then  cosθ ⋅
=

v w
v w

 , where  v = ( 1 , 0 , – 1 )  and  w = ( – 1 , 2 , 2 ) . 

Now, 
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  and  θ  = 3π / 4 . 

 b) (5 marks) Find the area of the triangle  ABC . 

Solution: 

Let  S  denote the area of the triangle  ABC , then  1
2

S = ×v w  . 

Now,  ,  ( 2, 1,2)× = −v w 3× =v w   and  S = 3 / 2 .        
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5. Let  P ( 4 , 2 , 3 ) , Q ( 5 , 3 , 1 ) , R ( 3 , – 5 , 5 )  and let  L  be the line that passes through the points  P  and  Q .     

 a) (5 marks) Find parametric equations for the line that passes through the point  R  and is parallel to the line  L . 

Solution: 

A vector director of the line  L  is  v = ( 5 , 3 , 1 ) – ( 4 , 2 , 3 ) = ( 1 , 1 , – 2 ) . 

Therefore, parametric equations for the line that passes through the point  R  and is parallel to the line  L  are: 

x = 3 + t ,  y = – 5 + t  and  z = 5 – 2 t .    

b) (5 marks) Find an equation of the plane that passes through the midpoint of the segment  QR  and is  

perpendicular to the line  L . 

Solution: 

The coordinates of the midpoint of the segment  QR  are  ( 4 , – 1 , 3) . 

The vector  v = ( 1 , 1 , – 2 )  is a vector normal to our plane. Therefore, an equation of the plane that passes 

through the midpoint of the segment  QR  and is  perpendicular to the line  L  is  x + y – 2 z = – 3 . 

 c) (5 marks) Find the coordinates of the point of the line  L  which is closest to the point  R . 

Solution: 

Parametric equations for the line  L  are:  x = 4 + t ,  y = 2 + t  and  z = 3 – 2 t . 

An equation of the plane that passes through  R  and is  perpendicular to the line  L  is:  x + y – 2 z = – 12 . 

The point of the line  L  which is closest to  R  is just the intersection point of the line  L  and the plane 

x + y – 2 z = – 12 . At this intersection point,  ( 4 + t ) + ( 2 + t ) – 2 ( 3 – 2 t ) = – 12 . 

Then,  t = – 2 ,  x = 2 ,  y = 0  and  z = – 1 . 

The coordinates of the point of the line  L  which is closest to the point  R  are  ( 2 , 0 , – 1 ) . 

 

6. (15 marks) Find an equation of the plane that contains the line of intersection of the planes  x – z = 1  and 

 y + 2 z = 3  and is perpendicular to the plane  x + y – 2 z = 1 . 

Solution: (Notice that this is one of the recommended exercises. Section 12.5, #38) 

The vectors  ( 1 , 0 , – 1 )  and  ( 0 , 1 , 2 )  are normal to the planes  x – z = 1  and  y + 2 z = 3 , respectively. 

Therefore, the vector  ( 1 , 0 , – 1 ) × ( 0 , 1 , 2 ) = ( 1 , – 2 , 1 )  is a vector parallel to our plane. 

The vector  ( 1 , 1 , – 2 )  is also parallel to our plane because it is normal to the plane  x + y – 2 z = 1 . 

Then,  ( 1 , – 2 , 1 ) × ( 1 , 1 , – 2 ) = ( 3 , 3 , 3 )  is a vector normal to our plane. 

Now, the point  ( 1 , 3 , 0 )  is a point in our plane because it is one of the points on the line of intersection of the 

planes  x – z = 1  and  y + 2 z = 3 . Finally, an equation for our plane is:  x + y + z = 4 . 
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7. (10 marks) Let  v ( t )  and  a ( t )  respectively denote the velocity and acceleration vectors of a particle that 

moves through space. Suppose that  v ( 1 ) = j + 5 k  and  a ( t ) = 4t i + 2 j – 3t 2 k . 

 Find the velocity and speed of the particle when  t = 2 .  

Solution: 

From  , we obtain  v ( t ) = ( 2 t 2 + C 1 , 2 t + C 2 , – t 3 + C 3 ) . ( ) ( )t t= ∫v a dt

Now,  v ( 1 ) = ( 0 , 1 , 5 )  implies  C 1 = – 2 ,  C 2 = – 1  and  C 3 = 6 . 

Therefore  v ( t ) = ( 2 t 2 – 2 , 2 t – 1 , – t 3 + 6 ) . 

The velocity when  t = 2  is  v ( 2 ) = ( 6 , 3 , – 2 ) = 6 i + 3 j – 2 k  and the speed is  | v ( 2 ) | = 7. 

 

8. (10 marks) Let  C  be the curve of intersection of the cylinder  x 2 – 2 x + y 2 = 3  and the plane  z = y + 1 . 

 Find the radius of the osculating circle of the curve  C  at the point  ( 1 , 2 , 3 ) . 

Solution: 

The first equation can be rewritten as  ( x – 1 ) 2 + y 2 = 4 . This equation suggests the parametrization 

x = 1 + 2 sin t ,  y = 2 cos t  and  z = 1 + 2 cos t  with  0  ≤ t ≤ 2π . 

Making  r ( t ) = ( 1 + 2 sin t ,  2 cos t , 1 + 2 cos t )  we get  r ′ ( t ) = ( 2 cos  t , – 2 sin t , – 2 sin t )  and 

r ′′ ( t ) = ( – 2 sin t , – 2 cos t , – 2 cos t ) . 

Notice now that  ( 1 , 2 , 3 ) = r ( 0 )  and also  r ′ ( 0 ) = ( 2 , 0 , 0 )  and  r ′′ ( 0 ) = ( 0 , – 2 , – 2 ) . 

The radius  ρ  of the osculating circle of the curve  C  at the point  ( 1 , 2 , 3 )  is just the inverse of the curvature of  

C  when  t = 0 . 

Therefore,  ρ = 
3(0)

(0) (0)
′

′ ′′×
r

r r
 , where  r ′ ( 0 ) × r ′′ ( 0 ) = ( 2 , 0 , 0 ) × ( 0 , – 2 , – 2 ) = ( 0 , 4 , – 4 ) . 

Finally,  ρ = 
32 2
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