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1. (Gravitational attraction of a large ball) Let B be a very large metal ball with the
radius R (imagine the Earth!) that has mass density depending only on the distance from
its center. Let M be the total mass of B. Let a point object P with unit mass is located
at the distance D from the center of B and assume that D is greater than R: in other
words, P is outside the ball B (imagine a satellite in the sky). Note that by Newton’s law
of gravitation, for two point objects P, and P, having mass m; and ms respectively, there
is the gravitational force attracts the two point objects with the magnitude of force equal
to G™52, where d denotes the distance between the two object and G is the gravitational
constant. In the following you are asked to prove that the gravitational force Fof Bon P
has the magnitude

GM

D2

Note that the ball B is large so you cannot consider it as a point even approximately! (This
exercise is one of the fundamental computations in Astrophysics, where the stars or planets
are often considered as point masses in the description of their dynamics. To verify this
result, Isaac Newton had to postpone publishing his Principia.)

(%) : |F| =

(a) (3 marks). It is often convenient to use a potential function of the force F, i.e. a function

¢ such that ' = —Vy. Consider a shell of B, i.e. the sphere S, of radius p ( 0 < p < R),
whose center is the same as the ball B. Suppose this shell S, has an infinitesimal width
dp. On this surface S, the mass density is constant. Let f(p) denote this density (it is the
function of only p). Thus the total mass dM of S, is

dM = f(p) - the surface area of S, - dp.
The infinitesimal gravitational potential dy at P of the gravitational force of the shell S,

can be computed by
1
dp=Gipdp [[ Sas,
Sp

where § denotes the distance of a point on the shell S, to the point P. Show that

G
= —dM.
dy Dd

Hint: You may want to use the law of cosines:
& =a?—2abcosC + b2,

where a,b,c are the side lengths of a triangle with the corresponding (opposite) angles A, B
and C.



(b) (1 mark). Use (a) to compute the potential ¢ at P of the gravitational force of the ball
B. Here one can use the superposition principle of the gravitational potential that ¢ = f dy,
i.e. the potential ¢ of the ball is the sum of the potentials of all the infinitesimal shells.

(c) (1 mark). Use (b) to deduce (x).

2. (Cycloid and line integrals)
Let C' be the cycloid in the plane given by the vector-valued function

r(t) = (t—sint)i+ (1 —cost)j, 0<t<2m.
(a) (1 mark). Find the area of the region enclosed by C' and the z-axis.
(b) (2 marks). Let F(z,y) = (—=y + ye™)i+ (z + ze™)j. Evaluate [, F - dr.

3. (Tubular shape). (For this exercise, you may want to practice with the torus example as
in #60 in p.1081 in the textbook.) Let C' be the cycloid given by the vector-valued function

r(t) = (0,t —sint,1 —cost), 0<t<2rm
in the three-dimensional space R3. Consider the unit disk D in the zy-plane in R3, i.c.
D= {(z,y,0) | * +y* < 1}.

Let this disk move in the space in the following way: the center moves along the cycloid C
for 0 <t < 27, and at each moment the disk is perpendicular to the unit tangent vector of
the cycloid. The trajectory of this moving disk is a solid tubular region 7" around C'. Let S
denote the boundary surface of this solid region except the initial and final disks, i.e. S is
like a twisted tube.

(a) (1 mark). Give parametric equations for S and for 7.

(b) (1 mark). Use (a) to write down a double integral for the surface area of S. But, do
not compute this area.

(c¢) (1 mark). Use (a) to write down a triple integral for the volume of 7. But, do not
compute this volume.

(d) (1 mark). Use (a) to evaluate the surface integral

J[F-as

where F(z,y,z) =< 0,0,z > and the surface S is oriented with outward normal vector.

4. (Line integrals of closed paths)

Let y -
F(x,y) = o +y21+ Py

(a) (2 mark). Let C be the counter-clockwisely oriented curve given by the polar equation

r=2+cosf, 0 <60 < 27. Evaluate fCF - dr. Here, § denotes the line integral along a

closed path.

Hint: One may want to use Green’s theorem.

(b) (1 marks). Let C be the counter-clockwisely oriented curve given by the polar equation

r=2+cos(76), 0 <60 < 107. Evaluate §,F - dr.
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