PURE SPINORS ON LIE GROUPS
A. ALEKSEEV, H. BURSZTYN, AND E. MEINRENKEN

Abstract. For any manifold M, the directsum TM = TM T M carries a natural inner
product given by the pairing of vectors and covectors. Dier ential forms on M may be
viewed as spinors for the corresponding Cli ord bundle, and in particular there is a notion

of pure spinor. In this paper, we study pure spinors and Dirac structures in the case when
M = G is a Lie group with a bi-invariant pseudo-Riemannian metric , e.g. G semi-simple.
The applications of our theory include the construction of d istinguished volume forms on
conjugacy classes inG, and a new approach to the theory of quasi-Hamiltonian G-spaces.

Dedicated to Jean-Michel Bismut on the occasion of his 60thitthday.

0. Introduction

For any manifold M, the directsumTM = TM T M carries a non-degenerate symmet-
ric bilinear form, extending the pairing between vectors ard covectors. There is a natural
Cliord action %of the sections (TM) on the space (M) = ( T M) of dierential
forms, where vector elds act by contraction and 1-forms by eterior multiplication. That
is,"T M is viewed as a spinor module over the Cli ord bundle CITM ). Aform 2 ( M)
is called apure spinor if the solutionsw 2 ( TM) of %4w) = 0 span a Lagrangian sub-
bundle E  TM. Given a closed 3-form 2 3(M), a pure spinor is called integrable
(relative to ) [9, 30] if there exists a sectionw 2 ( TM) with

d+ ) =%w):
In this case, there is a generalized foliation oM with tangent distribution the projection
of E to TM. The subbundle E de nes a Dirac structure [19, 50] onM, and the triple
(M;E; ) is called aDirac manifold.

The present paper is devoted to the study of Dirac structuresand pure spinors on Lie
groups G. We assume that the Lie algebrag carries a non-degenerate invariant symmetric
bilinear form B, and take 2 3(G) as the corresponding Cartan 3-form. Letg denote the
Lie algebra g with the opposite bilinear form B. We will describe a trivialization

TG=G (g O

under which any Lagrangian Lie subalgebras g g de nes a Dirac structure on G. There
is also a similar identi cation of spinor bundles

R:G Cl(g)!™ T G;

taking the standard Cli ord action of g g on CIl(g), where the rst summand acts by left
(Cli ord) multiplication and the second summand by right mu ltiplication, to the Cli ord
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action % This isomorphism takes the Cli ord di erential d¢ on CI(g), given as Cli ord

commutator by a cubic element [4, 39], to the the dierential d+ on ( G). As a result,
pure spinorsx 2 CI(g) for the Cli ord action of CI( g Q) on Cl(g) de ne pure spinors =

R(x) 2 ( G), and the integrability condition for  is equivalent to a similar condition for
X. The simplest examplex = 1 de nes the Cartan-Dirac structure Eg [13, 50], introduced
by Alekseev, Severa and Strobl in the 1990's. In this case, the resultingdliation of G is
just the foliation by conjugacy classes. We will study this Dirac structure in detail, and

examine in particular its behavior under group multiplication and under the exponential
map. When G is a complex semi-simple Lie group, it carries another inteesting Dirac
structure, which we call the Gauss-Dirac structure. The corresponding foliation of G has a
dense open leaf which is the “big cell' from the Gauss decomgition of G.

The main application of our study of pure spinors is to the theory of g-Hamiltonian
actions [2, 3]. The original de nition of a g-Hamiltonian G-space in [3] involves a&5-manifold
M together with an invariant 2-form ! and a G-equivariant map : M ! G satisfying
appropriate axioms. As observed in [13, 14], this de nition is equivalent to saying that
the "G-valued moment map' is a suitable morphism of Dirac manifol ds (in analogy with
classical moment maps, which are morphismM ! g of Poisson manifolds). In this paper,
we will carry this observation further, and develop all the basic results of g-Hamiltonian
geometry from this perspective. A conceptual advantage ofhiis alternate viewpoint is that,
while the arguments in [3] required G to be compact, the Dirac geometry approach needs
no such assumption, and in fact works in the complex (holomaphic) category as well. This
is relevant for applications: For instance, the symplecticform on a representation variety
Hom( 1() ;G)=G (for a closed surface) can be obtained by g-Hamiltonian reduction,
and there are many interesting examples for noncompacG. (For instance, the caseG =
PSL(2; R) gives the symplectic form on Teichmaller space.) Complexg-Hamiltonian spaces
appear e.g. in the work of Boalch [12] and Van den Bergh [23].

The organization of the paper is as follows. Sections 1 and 2oatain a review of Dirac
geometry, rst on vector spaces and then on manifolds. The ma new results in these
sections concern the geometry of Lagrangian splittingsTM = E  F of the bundle TM..
If ; 2 ( M) are pure spinors de ning E; F, then, as shown in [16, 18], the top degree
part of ~ ~ (where > denotes the standard anti-involution of the exterior algelra) is
nonvanishing, and hence de nes a volume form on M. Furthermore, there is a bivector
eld 2 X2(M) naturally associated with the splitting, which satis es

>no=e ()

We will discuss the properties of and in detail, including their behavior under Dirac
morphisms.

In Section 3 we specialize to the casM = G, where G carries a bi-invariant pseudo-
Riemannian metric, and our main results concern the isomorpism TG =G (g @) and
its properties. Under this identi cation, the Cartan-Dira c structure Eg TG corresponds
to the diagonal g g @, and hence it has a natural Lagrangian complementrg TG
de ned by the anti-diagonal. We will show that the exponential map gives rise to a Dirac
morphism (g; Eq;0) ! (G;Eg; ) (where Eg is the graph of the linear Poisson structure on
g = g ), but this morphism does not relate the obvious complementsq = Tgand Fg. The
discrepancy is given by a “twist', which is a solution of theclassical dynamical Yang-Baxter
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equation For G complex semi-simple, we will construct another Lagrangiancomplement
of Eg, denoted by B, which (unlike Fg) is itself a Dirac structure. The bivector eld
corresponding to the splitting Eg s is then a Poisson structure onG, which appeared
earlier in the work of Semenov-Tian-Shansky [49].

In Section 4, we construct an isomorphism* T G = G CI(g) of spinor modules, valid un-
der a mild topological assumption onG (which is automatic if G is simply connected). This
allows us to represent the Lagrangian subbundle§€g, Fg and B by explicit pure spinors

6. o,and Bg, and to derive the di erential equations controlling their integrability. We
show in particular that the Cartan-Dirac spinor satis es
(d+ ) g =0:

Section 5 investigates the foundational properties of g-Hmiltonian G-spaces from the
Dirac geometry perspective. Our results on the Cartan-Dira structure give a direct con-
struction of the fusion product of g-Hamiltonian spaces. Onthe other hand, we use the
bilinear pairing of spinors to show that, for a g-Hamiltonian space M;!; ), the top degree
part of € ¢ 2 ( M) denes avolume form . This volume form was discussed in [8]
when G is compact, but the discussion here applies equally well to en-compact or com-
plex Lie groups. Since conjugacy classes i@ are examples of g-HamiltonianG-spaces, we
conclude that for any simply connected Lie groupG with bi-invariant pseudo-Riemannian
metric (e.g. G semi-simple), any conjugacy class inG carries a distinguished invariant
volume form. If G is complex semi-simple, one obtains the same volume formy, if one
replaces ¢ with the Gauss-Dirac spinor be. However, the form €' bG satis es a nicer
di erential equation, which allows us to compute the volume of M, and more generally the
measure | mj, by Berline-Vergne localization [11]. We also explain in ths Section how
to view the more general g-Hamiltonian g-Poisson spaces [2h our framework.

Lastly, in Section 6, we revisit the theory of K -valued moment maps in the sense of Lu
[42] and its connections with P-valued moment maps [3, Sec. 10] from the Dirac geometric
standpoint.
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Notation.  Our conventions for Lie group actions are as follows: LetG be a Lie group
(not necessarily connected), andy its Lie algebra. A G-action on a manifold M is a group
homomorphismA: G! Di ( M) for which the actionmap G M ! M; (g;m) 7! A (g)(m)
is smooth. Similarly, a g-action on M is a Lie algebra homomorphismA: g! X(M) for
whichthemapg M ! TM; (;m) 7' A( )m is smooth. Given aG-action A, one obtains
a g-action by the formula A( )(f) = & __A(exp( t)) f, for f 2 C (M) (here vector

@tt:o
elds are viewed as derivations of the algebra of smooth funions).
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1. Linear Dirac geometry

The theory of Dirac manifolds was initiated by Courant and Weinstein in [19, 20]. We
brie y review this theory, developing and expanding the approach via pure spinors advo-
cated by Gualtieri [30] (see also Hitchin [33] and Alekseewu [9]). All vector spaces in this
section are over the ground eldK = R or C. We begin with some background material on
Cli ord algebras and spinors (see e.g. [18] or [45].)

1.1. Cliord algebras. SupposeV is a vector space with a non-degenerate symmetric
bilinear form B. We will sometimes refer to such a bilinear formB as aninner product on
V. The Cliord algebra over V is the associative unital algebra generated by the elements
of V, with relations

wo+ v& = B(v; V9 1:

It carries a compatible Z,-grading and Z- ltration, such that the generators v 2 V are odd
and have ltration degree 1. We will denote by x 7! x> the canonical anti-automorphism
of exterior and Cli ord algebras, equal to the identity on V. For any x 2 CI(V), we denote
by 1€(x); r(x) the operators of graded left and right multiplication on CI (V):

1€(x)x%= xx& rC(x)x0=( 1)XixIx%:

Thus I€(x) r®(x) is the operator of graded commutator i; ]c;.
The quantization map g: ~ V ! CI(V) is the isomorphism of vector spaces de ned by
glvi™® "™ v)= vy v, for pairwise orthogonal elementsv; 2 V. Let

str: CI(V) ! det(V) = APP(V)

be the super-trace, given by g ?, followed by taking the top degree part. It has the property
str([x;x9¢)) = 0.

A Cli ord module is a vector spaceStogether with an algebra homomorphism% CI(V) !
End(S). If Sis a Cli ord module, one has a dual Cli ord module given by the dual space
S with Cliord action %(x) = %x~) .

Recall that Pin(V) is the subgroup of CI(V) generated by allv 2 V whose square
in the Cliord algebra is vv = 1. Itis a double cover of the orthogonal group OV),
where g 2 Pin(V) takes v 2 V to ( 1)%gvg 1, using Cli ord multiplication. The norm
homomorphism for the Pin group is the group homomorphism

(1) N: Pin(V)!f 1;+1g; N(@=9gg= L

Let f ; g be the graded Poisson bracket oV, given on generators byfvq;vog =
B(vi;V2). Then 22V is a Lie algebra under the Poisson bracket, isomorphic too(V) in
such a way that" 2 ~2V corresponds to the linear mapv 7! f ";vg. The Lie algebra
pin(V) = o(V) is realized as the Lie subalgebray(*?(V)) CI(V).

A subspaceE V is calledisotropic if E E? and Lagrangian if E = E?. The set
of Lagrangian subspaces is non-empty if and only if the biliear form is split. If K = C,
this just means that dimV is even, while forK = R this requires that the bilinear form
has signature fi;n). From now on, we will reserve the letter W for a vector space with
split bilinear form h; i. We denote by Lag\WW) the Grassmann manifold of Lagrangian
subspaces oV . It carries a transitive action of the orthogonal group O(W).
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Remark 1.1 SupposeK = R, and identify W = R?" with the standard bilinear form of
signature (n;n). The group O(W) = O(n;n) has maximal compact subgroup Of) O(n).
Already the subgroup O(n) f 1g acts transitively on Lag(W), and in fact the action is free.
It follows that Lag( W) is di eomorphic to O( n). Further details may be found in [47].

1.2. Pure spinors. An irreducible module S over the Cliord algebra CI( W) is called a
spinor module Any E 2 Lag(W) de nes a spinor moduleS = CI( W)=CI(W)E. The choice
of a Lagrangian complementF to E identies S= “"E , where the generators inE =~ W
act by contraction and the generators inF W act by exterior multiplication. (Here F is
identi ed with E , using the pairing de ned by h; i.) The dual spinor module isS = "E,
with generators in E acting by exterior multiplication and those in F by contraction.

For any non-zero element 2 S of a spinor module, its null space

N =fw2Wj%w) =0g
is easily seen to be isotropic. The element 2 S is a pure spinor [16] provided N is
Lagrangian. One can show that any Lagrangian subspac& 2 Lag(W) arises in this way:
infact, SEF = f 2 §%E) = 0gis a one-dimensional subspace, with non-zero elements
given by the pure spinors de ning E. Any spinor module S admits a Z,-grading (unique

up to parity inversion) compatible with the Cli ord action.  Pure spinors always have a
de nite parity, either even or odd.

Example 1.2. Let V be a vector space with inner productB. We denote by V the same
vector space with the opposite bilinear form B. Then W =V V is a vector space with
split bilinear form. The space S= CI( V) is a spinor module over CIW) =CI( V) CI(V),
with Cli ord action given on generators by %v  v9 = 1(v) rC (9. The element 12
CI(V) is a pure spinor, with corresponding Lagrangian subspacehte diagonal vV vV V.

1.3. The bilinear pairing of spinors. For any two spinor modules $;; S, over CI(W),
the space Hongw)(S1;Sz) of intertwining operators is one-dimensional. Given a spnor
module S, let
Ks=Hom CI(W)(S ,S)
be the canonical line. There is a bilinear pairing [16]
S S! Ks; (e )s
de ned by the isomorphismS S=S S Homgyw)(S ;S) followed by the duality pairing
S S ! K. The pairing satis es
() (%x7); )s=(;%(x) )s; x2 CI(W);
and is characterized by this property up to a scalar. (2) imples the following invariance
property under the action of the group Pin(V), involving the norm homomorphism (1),
(9:9 )s=N(@)(; )si 92Pin(V):

Theorem 1.3 (E. Cartan [16]). Let S be a spinor modules oveCI(W), and let ; 2 Sbe
pure spinors. Then the corresponding Lagrangian subspacds ;N are transverse if and
onlyif (; )s60.

A simple proof of this result is given in Chevalley's book [18111.2.4], see also [45, Section
3.5].



7

Example 1.4. SupposeV is a space with inner productB, and take S= CI( V) as a spinor
module over CI(V V) (cf. Example 1.2). Then Kg = det(V), with bilinear pairing on
spinors given as

(3) (% x9civy = str(x”x9 2 det(V):

Using the isomorphismqg: * (V) ! CI(V) toidentify S= " (V), the bilinear pairing becomes
(4) (V;Y9n vy = (y” ~ Y9Il 2 det(V):

1.4. Contravariant spinors. For any vector spaceV, the direct sumV =V V carries
a split bilinear form given by the pairing betweenV and V :

(5) hwi; Woi = h 1;voi + h 2ivai; wi=v 2 Ve

Every vector spaceW with split bilinear form is of this form, by choosing a pair of transverse
Lagrangian subspace¥; V° and using the bilinear form to identify V9= V . ThenS= AV ,
with Cli ord action given on generators w = v 2V by

%w)= ()+ (V)

(where ( )= ), is a natural choice of spinor module for CIVV). The restriction of %
to "V CI(V) is given by exterior multiplication, while the restrictio n to "V CI(V)
is given by contraction . The line Kg = Hom ci(v)(S;9) is canonically isomorphic to
det(V )= APV | and the bilinear pairing on spinors is simply

G vy =( 7~ )Pl 2 det(v );

similar to Example 1.4. Theorem 1.3 shows that if ; are pure spinors for transverse
Lagrangian subspaces, the pairing ( )~y ) de nes a volume formon V.

Remarks 1.5, We mention the following two facts for later reference.
(&) We have the identity

(DI A AW )= (TN ) wEy 2V

which re nes property (2) of the bilinear pairing.

(b) One can also consider thecovariant spinor module ~ (V), obtained by reversing the
roles of V. and V . Suppose 2 det(V) is non-zero, and let?: ~ (V ) ' (V)
be the corresponding star operator, dened by? = () . Let be the dual
generator dened by ?(( )>) =1 . Then ?is an isomorphism of Cl{/)-modules.
Furthermore, using ; to trivialize det( V);det(V ), the isomorphism intertwines
the bilinear pairings:

(0 vy =(25? Iavyy 5 28N (V)
Any 2-form | 272V denes a pure spinor = e ', with N the graph of! :
Gr, = fv jv2Vv; = (Wag

lwe are using the convention that : ~ (V) ! End(*V ) is the extension of the map v 7! (v) as an
algebra homomorphism Note that some authors use the extension as an algebra antihomomorphism.
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Note that, in accordance with Theorem 1.3, G \ V = fOgifand only if ! is non-degenerate,
if and only if (€ )I°P! is non-zero. The most general pure spinor 2~V can be written
in the form

(6) :e!Q/\;

where! g 27 2Q is a 2-form on a subspac&® V and 2 det(Ann(Q))nf0Og is a volume
form on V=Q. To write (6), we have chosen an extension of g to a 2-form on V. (Clearly,
does not depend on this choice.) The corresponding Lagrangim subspace is

N =fv Jjv2Q; jo= (M!oo

Thetriple (Q;! g; )is uniquely determined by , see e.g. [18, I11.1.9]. A simple consequence
is that any pure spinor has de nite parity, thatis, is either even or odd depending on the
parity of dim(V=Q). For any E 2 Lag(V) we de ne subspaces keft) ran(E) V by

ker(E)= E\ V; ran(E)=prv(E);

where pr, : V!V is the projection alongV . For any pure spinor , written in the form
(6), we have ranE ) = Q and ker(E ) = ker(! g). In particular, [Pl is non-zero if and
only if ker(E ) = 0. Similarly, ran( E ) = V if and only if [ is non-zero, if and only if

|

= e * for a global 2-form! .

1.5. Action of the orthogonal group. Recall the identi cation ~?(W) = o(W) (see
Section 1.1). For any Lagrangian subspaceE W, the space”?(E) is embedded as
an Abelian subalgebra ofo(W). The inclusion map exponentiates to an injective group
homomorphism,

(7) AFE)L O(W); "TIAY AV )=V (0 (W))

with image the orthogonal transformations xing E pointwise. The subgroup”?(E) acts
freely and transitively on the subset of Lag\W) of Lagrangian subspaces transverse to
E, which therefore becomes an ane space. Observe thatA” has a distinguished lift
& =exp(") 2 Pin(W) (exponential in the subalgebra”(E) CI(W)).

For any spinor module S over CI(W), the induced representation of the group Pin(W)
CI(W) preserves the set of pure spinors, and the map 7! N is equivariant. That is, if

& 2 Pin(W) lifts A 2 O(W), then

N = A(N ):

%A)

Consider again the caséV = V. Then 2-forms! 222V and bivectors 2~ ?(V) de ne
orthogonal transformations

Al(v )=v (+ ) A (v )=(ve )
Their lifts act in the spin representation as follows:

(8) UL ') =e' ; WA ) =e ()
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1.6. Morphisms. It is easy to see that the group of orthogonal transformatiors of V
preserving the “polarization’

9) 0! V! VI VI 0

(i.e., taking the subspaceV to itself) is the semi-direct product 22V o GL(V) O(V),
where! 272V actsasA ' and GL(V) acts in the natural way on V and by the conjugate
transpose onV .

More generally, for vector spaced/ and V% we de ne the set of morphisms from V to V°
[34] to be

Hom(V:V% ~ 2y :

with the following composition law:

(10) (') (22'2)=(C 12 2012+ L)
Given w = v 2Vandwl=v0 92 VO we write
woayw® o, V0= () 0= + &

In particular, taking V%= V and =id we have w (4. ) wPif and only wo= A ' (w).
The graph of a morphism( ;! ) is the subspace

(11) (ny=fwiw)2Vve Viw gy wh

Wehave ( i) (.10 = (111) ( 23 uUndercomposition of relations. The morphisms
( ;') are ‘isometric’, in the sense that

(12) Wiy WY we (W) howgwai = hwdwdi
Equivalently, (. is Lagrangian in VO V. We write

ker( ;!')=fw2Vjw (., 0g;

ran( ;!)=fwl2Vviow2Vv:iw (4wl
Thus ker( ;!')=f(v; !)jv2ker() gwhileran( ;!)=ran() v9 .

De nition 1.6. Let( ;!): V! V%be a morphism, andE 2 Lag(V). We de ne the forward
image E°2 Lag(V9 to be the Lagrangian subspace

E%= () E=fwl2Voiow2E:w ( )wh:
Similarly, for F°2 Lag(V9 the backward imageis de ned as the Lagrangian subspace
Fi=F% (,y=fw2Vjow2F%w (,,wh
The proof that forward and backward images of Lagrangian suBpaces are Lagrangian is
parallel to the similar statement in the symplectic category of Guillemin-Sternberg [31] (see
also Weinstein [53]). It is simple to check that the compositon E°= ( 1) E istransverse

if and only if ker( ;! )\ E = f0g. Similarly, the composition F = F© ( 1) Is transverse
if and only if ran( ;! )+ F%= VO (equivalently, if and only if ran() +ran( F9 = V9.
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Remark 1.7. As in the symplectic category [31, 53], one could consider miphisms given
by arbitrary Lagrangian relations, i.e. Lagrangian subspaces VO V (see e.g. [15]).
The graphs (11) of morphisms ( ;! ) are exactly those Lagrangian relations preserving the
“polarization' (9), in the sense that V = (V9 (where the composition is transverse),
see [34].

The ( ;! )-relation may also be interpreted in terms of the spinor repesentations of
CI(V) and CI(V9:

Lemma 1.8. Suppose( ;!): V! VC%is a morphism, andw 2 V; w®2 V% Then
(13) wonw® o %wEe Y=€ () Y %20 (V9
Proof. This follows from ( ( )+ )(¢€ =€ (( + )+ ) OSforv 2V.

Lemma 1.9. Suppose( ;!): V! VCis a morphism, and ©is a pure spinor de ning
a Lagrangian subspaceF®. Then = ¢ Ois non-zero if and only if the composition
F=FO ( 1) is transverse, and in that case it is a pure spinor de ningF .

Proof. Supposew 2 F,ie. w ( 4y wowith w®2 F®= N o. Then w 2 N by Equation
(13). ThusF N . For 60, this is an equality since F is Lagrangian.

Example 1.10. SupposeE;F V are Lagrangian, with de ning pure spinors ; . Let E~
be the image ofE under the map v 7'v (). Then ~ is a pure spinor de ning
E~. Consider the diagonal inclusion diag:V ! V V, so that diag ( ~ y= 7

is just the wedge product. The wedge product is non-zero if ad only if the compaosition
E>~F :=(E”> F) 4iag is transverse. This is the case, for instance, iE and F are
transverse (since the top degree part of > A is non-zero in this case). Explicitly,

E>~F =fv jov. 12 E; v 22F: = , O

Note that ran(E”> ~ F) =ran( E)\ ran(F), with 2-form the di erence of the restrictions of
the 2-forms on ran(E) and ran(F). Note also that (A ' (E))”> ~ (A '(F))= E> "~ F for
alll 2172y .

This \wedge product" operation of Lagrangian subspaces wasoticed independently by
Gualtieri, see [29].

1.7. Dirac spaces. A Dirac spaceis a pair (V;E), whereV is a vector space ance  V is
a Lagrangian subspace. As remarked in Section 1.£ determines a subspac€ =ran(E) =
pry (E) V together with a 2-form ! g 2 2Q ,

(14) lo(viv=h;vd=h S

for arbitrary lifts v ;v® 02 E of v;v02 Q. The kernel of ! o is the subspace
ker(E) = E\ V. Conversely, any subspace& equipped with a 2-form ! o determines a
Lagrangian subspaceE = fv 2Vjv2Q; jo="!0(v;)g The gauge transformation
A ' bya2form! 272V preservesQ, while ! o changes by the pull-back of! to Q.
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De nition 1.11 Let(V;E)and (V% E9 be Dirac spaces. ADirac morphism ( ;!): (V;E) !
(VG E9 is a morphism ( ;!) with E®= (., E. Itis called a strong Dirac morphism?
if this composition is transverse, i.e.,

ker( ;')\ E = fOg:

Clearly, the composition of strong Dirac morphisms is againa strong Dirac morphism.
Note that the de nition of a Dirac morphism ( ;!): (V;E) ! (V%E9 amounts to the
existence of a linear mapa: E°! E, assigning to eachw®2 ECan element of E to which
itis ( ;!)-related:

(15) aw9) (.yw® 8wl2E®
The map b is completely determined by its V-component
a=pry h:E°l Vv;
sinceb(v® 9=v (% 1)wherev=a(v® 9. Hence( ;!)is a Dirac morphism if

and only if there exists a mapa: E®! V, such that the corresponding maph takes values
in E.

Lemma 1.12. For a strong Dirac morphism ( ;! ): (V;E)! (V%E9, the maph satisfying
(15) is unique. Its range is given by

(16) ran(e) = E\ ker( ;!)”:

Proof. The map h associated to a Dirac morphism is unique up to addition of elments
in E\ ker( ;!). Hence, it is unique precisely if the Dirac morphism is strang. Its range
consists of allw 2 E which are ( ;! )-related to some element ofw®2 E® By (12), the
subspacefw 2 Vjow®2 V% w () wlhis orthogonal to ker( ;! ). Hence, by a dimension
count it coincides with ker( ;! )?. On the other hand, if w 2 E lies in this subspace, it is
automatic that w2 E°sinceE®= () E.

Example 1.13 Let E V be a Lagrangian subspace, and let o be the corresponding
2-formon Q =ran(E). Let o: Q! V be the inclusion. Then (go;! g): (Q@;Q) ! (V;E)
is a strong Dirac morphism. Equivalently ( ¢;0): (Q;Gri,) ! (V;E) is a strong Dirac
morphism. Here a(v )= o(v).

Example 1.14 Suppose 272V and °2722vC Then ( ;0): (V;Gr ) ! (V%Gr o) isa
Dirac morphism if and only if ()= © It is automatically strong (since ker(Gr ) = 0),
with av® 9= I¢ 9,

Proposition 1.15.  Suppose( :!): (V;E) ! (V%EY is a Dirac morphism, and that F°
is a Lagrangian subspace transverse t&€% Let be a pure spinor dening E, and °a
pure spinor de ning F% Then := ¢ Ois non-zero, and is a pure spinor de ning the
backward imageF = F©° ( :1y- Moreover, the following are equivalent:

(@ ( ;!) is a strong Dirac morphism,

(b) the backward imageF is transverse toE,

(c) The pairing (; )r(v ) 2 det(V ) is non-zero, that is, it is a volume form onV.

2In the particular case when ! = 0, Dirac morphisms are also called forward Dirac maps [14, 15], and
strong Dirac morphisms are called Dirac realizations [13].
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Proof. By (6), we may write %= e '<° O where! o is a 2-form on Q°= ran(F9, and
02 AP (yran(F9Y) . Identifying (V&ran(F9) with the annihilator of ran( F9, this
gives

60, %6 0
., ker( )\ ann(ran(F%) =0
f wl2F30 (4ywlh=fog:

(Indeed, 0 ( ., wClif and only if =0  Cwith 0= f0g. Moreoverw®2 F%=(F9?
if and only if °2 ann(ran(F9).) But the conditon 0 (., w’implies that w°2 E° Since
E% FO=0it follows that fw®2 F§0 ( ., w4 = f0g, hence 60. Lemma 1.9 shows
that it is a pure spinor de ning the backward image F.

(@), (b). By denition, E\ F consists of allw 2 E such thatw . w? for some
w2 FO SinceE®= (., E, this elementw?also lies inE® and hencew®= 0. Thus,

E\F=E\ ker( ;!);

which is zero precisely if the Dirac morphism ( ;! ) is strong. (b), (c) is immediate from
Theorem 1.3.

1.8. Lagrangian splittings. SupposeW is a vector space with split bilinear form. By a
Lagrangian splitting of W we mean a direct sum decomposition’V = E F into transverse
Lagrangian subspaces.

Lemma 1.16. Let W be a vector space with split bilinear formh; i. There is a 1-1

correspondence between projection operatorp 2 End(W) with the property p+ pt =1, and

Lagrangian splittingsW = E F. (Here p' is the transpose with respect to the inner product
on W.)

Proof. A Lagrangian splitting of W into transverse Lagrangian subspaces is equivalent to
a projection operator whose kernel and range are isotropic.For any projection operator
p = p?, the range ran(p) is isotropic if and only if p'p = 0, while ker(p) = ran(1  p) is
isotropic if and only if (1 p)'(1 p) = 0. If both the kernel and the range of p are isotropic,
then

1 (p+p)=( p'@ p pp=0:
Conversely, if p is a projection operator with p+ pt = 1, then p'p=(1 p)p =0, and
similarly (1  p)!(1 p)=0.

Again, we specialize to the cas&V = V. SupposeV = E F is a Lagrangian splitting,
with associated projection operator p. The property p + pt = 1 implies that there is a
bivector 2”2V de ned by

17) IC)y= prv(p( ): 2V

thatis, (; )= hp(); i=h;p()i; ; 2V.Iffegis a basis ofE and ff'igis
the dual basis of F, then

(18) = 3pry(e)” pry(f'):

The graph of the bivector was encountered in Example 1.10 above:
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Proposition 1.17. The graph of the bivector is given by

(19) Gr =E>"F:
In particular, ran( 1) = ran(E)\ ran(F), and the symplectic 2-form onran( !) is the
di erence of the restrictions of the 2-forms on ran(E);ran(F). If ; are pure spinors
de ning E;F, then

Z A :e()(>/\ )[tOP]:
Proof. Since both sides of (19) are Lagrangian subspaces, it su ce® prove the inclusion
Let v 2 E” M F. Hence, there exist 1; >with = > Landyv 12E,v 22F.
Thus v 1= p( ), which implies that 1( )= pryp( ) = v. The description of
ran 1 =ran(Gr ) is immediate from (19), see the discussion in Example 1.10The formula

for >~ follows since both sides are pure spinors de ning the Lagragian subspace Gr,
with the same top degree part.

Proposition 1.18. SupposeV = E F is a Lagrangian splitting, de ning a bivector . If
"272E,sothatF- = A "F is a new Lagrangian complement tcE, the bivector - for the
splitting E  F- is given by

» = +pry(");
wherepr,, : * E ! V is the algebra homomorphism extending the projection t¥.
Proof. Let ; be pure spinors dening E, F. Then F- is de ned by the pure spinor
« = %e ") . Using Remark 1.5(a), we obtain
>N L= >/\%e ) = e (rv (™) > A :

The claim now follows from (1.17).

Proposition 1.19. Let ( ;!): (V;E) ! (V%E9 be a strong Dirac morphism. Suppose
FO2 Lag(V9 is transverse to EC and F is its backward image under( ;!). Then the
bivectors for the Lagrangian splittingsV = E F and V°= E® FCare -related:

()= ¢
Proof. To prove ( )= © we have to show that ( ;0): (V;Gr )! (V®Gr o) is a Dirac
morphism:
(09 (E>"F)=(EY ~F°

Since both sides are Lagrangian, it su ces to prove the inclision . If v0 22 (E9)> A F©
then °= 9 9 wherev® 922 EC%andv® 92 FO Since (;!) is a strong Dirac
morphism for E; E© there is a unique elementv ;2 E such that V0= (v); ( 9=

1+ . Let o= (9 '.Thenv ,2Fsincev > (.4y,Vv 5 Hence
v (9=v (2 1)2E>"F,provingthat v0 02 (. (E>"F).

We next explain how a splitting V°= E® F%may be “pulled back' under a linear map
V I VO given a bivector 2 "2V and a linear mapa: E®! V satisfying suitable
compatibility relations.

Theorem 1.20. Suppose that: V! VPis a linear map and! 2”2V a 2-form. Given
a Lagrangian splitting V°= E® F© with associated projectionp®2 End(V9, there is a 1-1
correspondence between
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() Lagrangian subspace€ V such that( ;!): (V;E)! (V%E9 is a strong Dirac
morphism, and

(i) Bivectors 2”2V together with linear mapsa: E°! V, satisfying a=pryo o
and

] - 0 :
(20) = a pyo -

Under this correspondence, is the bivector de ned by the splittingV = E  F, where F
is the backward image of © and a is the linear map de ned by the strong Dirac morphism
( ;1) (see(15)).

Proof. \(i) ) (ii)". By Proposition 1.15, we know that the backward image F of FCis
transverse to E. Let p and p® be the projections de ned by the Lagrangian splittings
V=E FandV°=E® FC%and ; Cthe corresponding bivectors. As in (15), the strong
Dirac morphism ( ;!) denes a Imear map b: E®! E, taking w® 2 E°to the unique

elementw 2 E such thatw () w% We claim that for all w2 V; w°2 V©

(21) woayw?) pw) = B(piw):

Indeed, let wy = p(w) 2E,sothatw,=w w;2F. There is a (unique) elementwg 2 FO
with wp () w3, so letw) = w® w3. Sincew, ( .y w3, it follows that wy () wi.
Hencew? 2 E° by de nition of EC It follows that p(w) = wy = B(WY) = b(po(w(b) as
claimed. In particular, since  © (., %for °2 V0 (21) implies that

IC 9= pryeC = pry@EY M= apl Y; °2(H

wherea=pr, &
\(i) ( (ii)". Our aim is to construct the projection p with kernel F := FO ( 1) and
range E. We de ne p by the following equations, forv;vy;vo 2V and ; 1; 22V

hp(v1); vai = FpX ( va)); ( V)i

m( 1)1 = ( 1, 2)’
p(v); i=h: (vi+ (' );
thp( );vi=h;vi ha; (v)i (V5 )

wherea : V | (E9 = FCis the dual map to a. The linear map p de ned in this way has
the property p+ p! = 1. We claim that this linear map satis es (21), where h: E®! V is
de ned as follows,

aw)=awd) ( pryg W) awo!):

Forw=v ; w%= (v) 0, (21)is easily checked using the de nition ofp. Hence it

su ces to consider the casew = & wo= Owith 22 (V9 . Forall v2 V, using the
de nition of p and a=pryojgo, i.e., a = (p(btj(vo) , we have:
(. Yvi=h%(v)ih@E) S(vi 5 9

% (vi+ (%)
ra(pd 9;vi=h pryg pY Yvi 1 @pX 9);v)
RS (vi+! (I v
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which showshp( 9;vi = Ha(pY 9);vi. Similarly, for 2V we have, by (20),

(9 i=h 1O 9=l 9 i
This proves (21). Equation (21) applies in particular to all elementsw 2 F, since these
are by de nition ( ;! )-related to elementsw®2 F% We hence see thatp(w) = 0 for all
w 2 F. This proves that F ker(p). Taking orthogonals, ran(p')  F. In particular,
the range of p! is isotropic, i.e. ppt = 0, and hencep p?>= p(l p) = pp' = 0. Thus
p is a projection. As before, we see that kep = ran(1  p) is isotropic as well, hence
F =ker(p) since F is maximal isotropic. It remains to show that the Lagrangian subspace
E :=ran(p) satises ( .,y E E® Supposew ( ., wPfor somew 2 E. By (21), we
also havew = p(w) ( 4y pAW9. Thus 0 ( 4y W% pAw9) = (pY*(w9. Observe that
ran() ( a(EY) =ran( EY. Hence ker( ) ann(ran(E9). Since E®\ F%=0, it follows
that

(22) ker( )\ ann(ran(F%) =0:
Using Equation (22), the relation 0 .y (pP3*(w9 2 F%implies that (p)'(w9 = 0, i.e.
wl2 EC

The proof shows thatpjy = b p® , whereas h:= pjy :V | E is given by
(23) h()=C 1) prvg @ () CTON):

It follows that E =ran( k) + ran( h). Projecting to V, it follows in particular that
(24) ran(E) = ran( a) +ran( 1):

2. Pure spinors on manifolds

A pure spinor on a manifold is simply a di erential form whose restriction to any point is
a pure spinor on the tangent space. The following discussiois carried out in the category
of real manifolds and C! vector bundles, but works equally well for complex manifolds
with holomorphic vector bundles.

2.1. Dirac structures.  For any manifold M, we denote byTM = TM T M the direct
sum of the tangent and cotangent bundles, with berwise inne product h; i. The berwise
Cli ord action de nes a bundle map

(25) % CI(TM)! End(*"T M):

The same symbol will denote the action of sections of CI{M ) on sections of*T M, i.e.
di erential forms. The bilinear pairing will be denoted by

(26) (;)AaTM:A"TM ~TM! de(T M);
and the same notation will be used for sections. Thus ( Qa1 y = ( >~ 9lorl for
di erential forms ; %2 (AT M)= ( M). An almost Dirac structure on M is a smooth

Lagrangian subbundleE  TM. The pair (M;E) is called an almost Dirac manifold. A
pure spinor de ning E is a nonvanishing di erential form 2 ( M) such that j, is a pure
spinor de ning En,, for all m. Equivalently, is a nonvanishing section of the line bundle
(*T M)E. Thus E is globally represented by a pure spinor if and only if the lire bundle
(*T M)E is orientable. (Otherwise, one may still use pure spinors talescribeE locally.)
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Let 2 3(M) be a closed 3-form. A direct computation shows that the spirr repre-
sentation de nes a bilinear bracket[; ] : (TM) (TM)! ( TM) by the condition:
(27) Wlx1;x2] ) =[d+ ;%x1)]; %x2)] ; 2 (M); xi2 (TM);
where the brackets on the right-hand side are graded commutars of operators on (M).
The bracket [; ] is the -twisted Courant bracket [36, 50]. 2 (For more on the de nition
of [; ] as a “derived bracket', see e.g. [9, 37, 48].) The operator ofi M) de ned by

[%x1); [%X2); [%x3);d + ]I
is multiplication by a function
(28) ( X1;X2;X3) = h [xa;x2] ; x1i2 Ct (M):
Given an almost Dirac structure E~ TM, let E denote the restriction of the trilinear
form (Xx1;X2;x3) 7! ( X1;X2;X3) to the sections of E. In contrast to , the trilinear form

E is tensorial and skew-symmetric The resulting element

E 2 ( /\3E )
is called the -twisted Courant tensor of E.

De nition 2.1 A Dirac structure on a manifold M is an almost Dirac structure E together
with a closed 3-form such that its -twisted Courant tensor vanishes: & =0. The triple
(M;E; ) is called aDirac manifold.

For E an almost Dirac structure one can always choose a complemeary almost Dirac
structure F suchthat E F = TM. (This is parallel to a well-known fact from symplectic
geometry [21, Proposition 8.2], with a similar proof.) As a \ector bundle, F = E with
pairing induced by the inner product on TM . We have:

Proposition 2.2. Let E be an almost Dirac structure onM, and F be a complementary
almost Dirac structure. SupposeE is represented by a pure spinor 2 ( M). Then there
is a unique section & 2 ( E ) (depending on ) such that

(d+ ) =% F+ F):

Here we view E and E as sections of*F  CI(TM).

Proof. Choose a Lagrangian subbundlé- complementary to E. Since
("E)YL (M); x 7! %x)

is an isomorphism, there is a unique odd element 2 ( ~F) ( TM)suchthat(d+ ) =
%x) . To see that x has lItration degree 3, let x1;X2; X3 be three sections ofE. Since
%x;) =0, it follows that

ARIX1; [X2; X3 XTMD) = [[[ %X1); [%X2); [%X3); UxX)]]] = YX1X2X3)%X)
= %xaXoxa)(d+ ) = [[%x1); [%x2); [%x3);d+ 11 =  F(X1iX2iX3);

proving that the Cli ord commutator [ X1;[X2;[X3;X]]] = (X1) (X2) (X3)x (contraction of
x 2 ( ~(E )) with sections of E) is a scalar. This implies that x has Itration degree 3,
and that the degree 3 part ofx is E.

3This de nition agrees with the non-skew symmetric version o f the Courant bracket [40, 50], called the
Dorfman bracket in [30]; the -term in the bracket, however, di ers from the one in [50] by a sign.
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We hence see that an almost Dirac structureE  TM s integrable if and only if
d+ ) 2%TM);

for any pure spinor 2 ( M) (locally) representing E. The characterization of the inte-
grability condition B =0 in terms of pure spinors was observed by Gualtieri [30], se also
[9].

Examples of Dirac structures (for a given ) include graphs of 2-forms! 2 ( M) with
d! = , as well as graphs of bivector elds 2 X?(M) de ning -twisted Poisson structures
[36, 50] in the sense that%[ . Jsen+ !( )=0. One may also considercomplex Dirac struc-
tures on M, given by complex Lagrangian subbundleEE  TM € satisfying & = 0. The
de ning pure spinors are complex-valued di erential forms on M, given as nonvanishing
sections of ¢ T M©)E. If E is a Dirac structure, then its image E¢ under the complex
conjugation mapping is a Dirac structure de ned by the complex conjugate spinor €. E is
called ageneralized complex structurg[33, 30] if E\ E€=0.

SupposeE  TM is a Dirac structure. The vanishing of the Courant tensor implies that
E is aLie algebroid, with anchor given by the natural projection on TM, and Lie bracket
[; Je on ( E) given by the restriction of the Courant bracket [ ; ] . From the theory of Lie
algebroids, it follows that the generalized distribution ran(E) is integrable (in the sense of
Sussmann) [25]. The generalized foliation having rari) as its tangent distribution is called
the Dirac foliation . For any leaf Q M of the Dirac foliation, the collection of 2-forms on
TmQ (de ned as in (14)) de nes a smooth 2-form! o 2 ?(Q) with

whereig: Q! M is the inclusion (for a proof, see e.g. [45, Proposition 6.10 If E is the
graph of a Poisson bivector (with = 0), this is the usual symplectic foliation.
2.2. Dirac morphisms. Suppose : M ! MZC%is a smooth map, and! 2 2(M) is a

2-form. As in the linear case, we view the pair ( ;! ) as a ‘'morphism’, with composition
rule (10). Given sectionsx 2 ( TM) and x°2 ( TM 9, we will write

X (1)X°, 8 M2MiXm () mitm) X{ my’
In terms of the spinor representation, this is equivalent tothe condition
e (%9 9=%)Ee (Y %2 (MY
Using the de nition (27) of the Courant bracket as a derived bracket, one obtains:

Lemma 2.3 (Stienon-Xu). [52, Lemma 2.2]Let M; M ° be manifolds with closed 3-forms
. 0 . M ! M%a smooth map, and! 2 ?(M) a 2-form such that %= + d!. Then

Xi (yXhi=1;2) Ixuxal () XEx9] e

That is, the morphism ( ;! ): M ! M Cintertwines both the inner product and the ( -
resp. Ztwisted) Courant brackets on TM and TM ©.

De nition 2.4. (@) Suppose M;E) and (M %E9 are almost Dirac manifolds. A mor-
phism( ;!): M | MDPis called a(strong) almost Dlrac morphism ( ;! ): (M;E) !
(M:E9 |f @) mi'm): (TmMEm) ! (T m)I\/I E( m)) is a linear (strong) Dirac
morphism for all m 2 M.
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(b) Suppose M:E; ) and (M®E® 9 are Dirac manifolds. A (strong) almost Dirac
morphism ( ;! ): M I M?9is called a(strong) Dirac morphism ( ;!): (M;E; )!
(MCEC 9if +d1 = O

For ! =0, strong Dirac morphisms coincide with the Dirac realizations of [13].

Example 2.5. If (M;E; ) is a Dirac manifold, then so is M;A ' (E); +d!), for any
2-form ! , and (idy ;! ) is a Dirac morphism between the two. The Dirac structures and
A ' (E) are isomorphic as Lie algebroids; in particular, they de ne the same Dirac foliation.
However, the 2-forms on the leaves of this foliation changebthe pull-back of ! .

Example 2.6. Any manifold M can be trivially viewed as a Dirac manifoldM = ( M; T M; 0).
A strong Dirac morphism from M to pt is then the same thing as a symplectic 2-form on
M. More generally, strong Dirac morphismsM ! N are (special types of) symplectic
brations.

Example2.7. If (M;E; )is aDirac manifold,andQ M is a leaf of the associated foliation
of M, then the inclusion map de nes a strong Dirac morphism (q;! g): (Q;TQ;0) !
(M;E; ).

From the linear case, it follows that a strong almost Dirac maphism gives rise to a
bundle map

a: E° E:
This is indeed a smooth bundle map: the projectionTM TMO TM O restricts
to a bundle isomorphism \ (E TM9 1 E® and k is the inverse of this bundle
isomorphism followed by the projection to TM . We let
(29) a=priy &  E° ran(E) TM

Proposition 2.8. Suppose( ;!): (M;E; )! (M%E% 9 is a strong Dirac morphism.
Then the induced bundle maga: E°! E is a comorphism of Lie algebroids [43] That
is, it is compatible with the anchor maps in the sense that

d a=pr tmoj EY
and the induced map on sections
b: (E)! (E) (B(xYPm = BEG o))
preserves brackets.

Proof. Compatibility with the anchor is obvious. If x9;x3 are section of E® then (using
Lemma 2.3) bothla( [x?;x9]eo) and [a(  x9);B( xI)]e are sections of which are ( ;! )-
related to [x?;x9]go. Hence their dierence is ( ;! )-related to 0. Since ( ;!) is a strong
Dirac morphism, it follows that the di erence is in fact O.

The second part of Proposition 2.8 shows that (29) de nes a L& algebra homomorphism
a: (E9 ! X(M). That is, the strong Dirac morphism de nes an ‘action' of the Lie
algebroid E° on the manifold M .
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2.3. Bivector elds. From the linear theory, we see that any Lagrangian splitting TM =
E F denes abivector eld on M. Furthermore,

e (D> Horl = > A
for any pure spinors ; dening E;F. Recall that ( >~ )IP! js a volume form onM.

For an arbitrary volume form  on M, and any bivector eld 2 X?(M), one has the
formula [27]

(30) de (V)= 35 lsm+X (e O
Here [; ]sch is the Schouten bracket on multivector elds, and X is the vector eld on M
denedbyd () = (X ) . If isa Poisson bivector eld, then X 2 X(M) is called

the modular vector eld of with respect to the volume form [55]. (See [38] for modular
vector elds for twisted Poisson structures.)

Theorem 2.9. Let be the bivector eld de ned by the Lagrangian splittingTM = E F.
let B2 (~3F)and F 2 (~3E) be the Courant tensor elds ofE;F .

a) The Schouten bracket of with itself is given by the formula
%[; lsh=prem( E)+prom( ©)

whereprry @ * E ! TM is the algebra homomorphism extending the projection
E! TM, and similarly for prry: *F ! TM.

b) Given pure spinors ; 2 ( M) dening E;F,let E2 (F)and F 2 (E) be
the unique sections such that

(d+ ) =% F+ F); (@d+ ) =% F+ F):
Then the vector eld X de ned using the volume form =( >~ )Pl js given by
X =prem( ") prem( )

Proof. We may assume thatE;F are globally de ned by pure spinors ; . Using Remark
1.5(a), we have

d( 7~ )= ) Trd +d )
=( ) Zad+ ) +(d+ ) )N
=( ) A T Ry e Fr By )y
= (prem( T O)Fprom( FOENC TN
On the other hand, >~ =-e () gives, by (30),
d( >~ )= ( 3l Jsn+ X )( 7~ )
Applying the star operator ? for , and using that ?2( > ~ ) is invertible, it follows that

prem( P+ F)+prow( F BY= 3 Jsn+ X :
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As a special case, if bottE; F are Dirac structures (i.e. integrable), then the corresponml-
ing bivector eld satises|[; J]sch =0, i.e., itis aPoisson structure. The symplectic leaves
of are the intersections of the leaves of the Dirac structure€ with those of F. The fact
that transverse Dirac structures (or equivalently Lie bialgebroids) de ne Poisson structures
goes back to Mackenzie-Xu [44].

Proposition 2.10.  Suppose( ;!): (M;E)! (M%E9 is an almost Dirac morphism, and
let F© TMPCbe a Lagrangian subbundle complementary t&° Then there is a smooth
Lagrangian subbundlec  TM complementary to E, with the property that forall m2 M,
Fm is the backward image oF ¢ . under (dy, ;! m). Furthermore:

(m)
(@) The bivector elds ; ©de ned by the splitingsTM = E  F and TM%= EO0 FO
satisfy
o
ie. (d) m m= %m) forall m2 M.
(b) The Courant tensors F 2 (~3E) and F°2 (~3EY are related by

0.
F — h( F )'

using the extension ofa: (  E9Y ! ( E) to the exterior algebras.

(c) The bivector eld satis es
3o dsn=al  F)+prow( )

using the extension ofa: (  E% ! ( TM) to the exterior algebras.

(d)
= a pT Mo TMm
where p®% TM?!  ECis the projection along F°

(e) If Yis a pure spinor dening F% and = ¢€ O the corresponding pure spinor
de ning F, the sections F; F’are related by ¢ = B(  ¢), that is,
F FO.

(D]

Proof. Let °2 ( M9 be a pure spinor (locally) representingF® From the linear case
(Proposition 1.15), it follows that = € Ois non-zero everywhere, and is a pure spinor
representing a Lagrangian subbundled= TM transverse to E. Now (a) follows from the
linear case, see Proposition 1.19. We next verify (b), at anygiven point m 2 M. Let
mP= (' m). Given (Xi)m 2 Fm fori =1;2;3, let (x9mo 2 F2, with

XDm (@) m: ' m) XDmo:
Choose sections; 2 ( F); x22 ( F9 extending the given values atm; m% We have to
show F(x1;x2;X3)jm = F (x%%x9;xQjmo. We calculate:

F(X1iX2;X3) = %xaxaxs) (d+ )(€ 9= %xixoxz)e  d+ Y °

On the other hand,

F%.0.,0.,0 _ FO ,0.,0.,0y O_ I 0,0,,0 0
( (X1 X2,X3)) =€ (X1 X2;X3) =€  %xyxpxz)(d+ (5
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These two expressions coincide aim, proving (b). Theorem 2.9 together with (b) implies
the statement (c). Part (d) follows from Proposition 1.20. Part (e) follows from (b) together
with the de nition of F, F°

Part (b) shows in particular that if Fis a Dirac structure, transverse to EC then its
backward image is again a Dirac structure.

2.4. Dirac cohomology. In this Section, we will discuss certain cohomology groups ss0-
ciated with any pair of transverse Dirac structuresE;F  TM and a given volume form

on M. We assume thatE;F are given by pure spinors; , normalized by the condition
(; )Jatrm= .Let B2 (F); F 2 (E) be sections de ned as in Theorem 2.9, and
denote

= F E2(TM):
Replacing ; with ==f; ~=1f 1 forf a nonvanishing function on M, this section
changes by a closed 1-form:
(31) ~= f 1df:
Indeed, letting let p be the projection from TM to E along F we have ¥ = F

p(f df); ~E= EBE+(1 p)(f df).
We de ne the Dirac cohomology groupsassociated to a triple E; F; ) as the cohomology
of the operators

@=d+ +% ), @=d+ %)
on ( M), restricted to the subspace on which they square to zero:

(32) H (E;F; ):=ker(@)=ker(®)\ im(®) Hker®;®@):

The pure spinors ; dene classes inH. (E;F; ) and H (E;F; ), respectively, since
@ =0and @ = 0. The Dirac cohomology groups are independent of the choe of
de ning spinors ; . Changing the pure spinors by a functionf as above, (31) shows that

the operators @ change by conjugation,® = f@f ‘and®@ = f '@f.

Example 2.11 Let M be a manifold with volume form . Consider transverse Dirac struc-
tures E = Gr, for some closed 2-form! , and F = T M. In this case, one can choose
|

=e’'; = . Weobtan =0, =0, @ =d, and the Dirac cohomology groups
H (TM;T M; ) coincide with the de Rham cohomology ofM .

Example 2.12 Let M be a manifold with volume form and with a Poisson bivector
Llet E = TM;F = Gr . Thechoice =1; =e () gives® = d (X ), where
X is the modular vector eld. The operator @ = L (X ) vanishes on di erential forms
invariant under the ow generated by X . The Dirac cohomology H (TM;Gr ; ) =
H(( M)* :d (X )) resembles the Cartan model of equivariant cohomology forircle
actions.

Let Dbe the Poisson structure de ned by the splitting TM = E F,and X =proy
the modular vector eld. Let

(33) H (M)=H(( M) ;d (X )):
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By Remark 1.5(a) there is a pairing
H.(E;F; ) H (EJF ) H (M)

given on representatives by the formulau v 7! u> A v. The pure spinors ; de ne
cohomology classes [| 2 H+ (g F; );[ 12 H (E;F; ), and [ A 12H (M) If M is
compact, the integration map , : ( M)* | R descendstoH (M). Hence
z Z
> A - > o
M M

shows that the cohomology classes |2 H. (E;F; );[ 12 H (E;F; ) are both nonzero.
There is the following version of functoriality with respect to strong Dirac morphisms for
Dirac cohomology.

Proposition 2.13. Let ( ;!):(M;E; )! (M%E® 9 be a strong Dirac morphism, and
let F© TM%be a Dirac structure transverse toEC with backward imageF. Assume that
E;EC are de ned by pure spinors ; ©such that the corresponding sections E and E®

vanish. Let %and = ¢€ Obe pure spinors de ningF%and F, and let %and be the
resulting volume forms. Then¢ intertwines @ and @, and hence induces a map in
Dirac cohomologye® :H (ECF% 91 H (E;F; )taking[ 9to[ ]

Proof. Since E; E”vanish we have = F and °= F° By Proposition 2.10 (), the
map €  intertwines the Cliord actions of F and F°, while on the other hand this map
also intertwines d + with d+ © Hence it intertwines €@ with .

2.5. Classical dynamical Yang-Baxter equation. The following result describes the
Courant tensor of Lagrangian subbundles de ned by elementsn ( ~2E).

Proposition 2.14  (Liu-Weinstein-Xu [40]). Let TM = E F be a splitting into Lagrangian
subbundles, where botk; F are integrable relative to the closed 3-form, and let us identify
F = E. Givenasection" 2 ( ~2E), deningasection A "2 (O( TM)), letF- = A "(F)
be the Lagrangian subbundle spanned by the sectionss x" for x 2 (F)= ( E ). Then
the Courant tensor - 2 ( ~3E) of F- is given by the formula:

»= e+ g e

Here [; Je is the Lie algebroid bracket ofE, and d=: (~ F ) ! (~ *'F ) is the Lie
algebroid di erential of F.

Remark 2.15 The result in [40] is stated only for = 0. However, since the statement is
local, one may use a gauge transformation by a local primitie of to reduce to this case.

We are interested in the following special case: LeM = g, with its standard linear
Poisson structure ¢ 2 (~?Tg)=C!(g) ~ ?g,andputF = Tg andE =Gr . The
bundle E is spanned by sectionsAg( ) h o; i for 2 g, where Ag( ) is the generating
vector elds for the co-adjoint action, and ho; i2 (g ) is the “constant' 1-form de ned
by . The trivialization E = g g de ned by these sections identi es E with the action
algebroid for the co-adjoint action: The bracket on (E) = C! (g ;g) is de ned by the
Lie bracket on g via the Leibniz rule, and the anchor map is given by the action map
Ag:g! Tg. For" 2 (~2E), the bracket [;"]e is given by the Schouten bracket omg.
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On the other hand we may view" 2 C! (g ;"?g) as a 2-form ong , and then d" =d¢" is
just its exterior di erential. The resulting equation read s

du + %[u; "]Sch -
If « is a multiple of the structure constants tensor, this is a speial case of theclassical
dynamical Yang-Baxter equation (CDYBE) [5, 26]. We will see below how a solution arises
from the Cartan-Dirac structure on G.

For more information on the relation between Dirac structures and the CDYBE, see the
work of Liu-Xu [41] and Bangoura-Kosmann-Schwarzbach [10]

3. Dirac structures on Lie groups

In this Section, we will study Dirac structures over Lie groups G with bi-invariant pseudo-
Riemannian metrics. This will be based on the existence of aanonical isomorphism
TG=G (9 9

preserving scalar products and Courant brackets. In the subequent section, we will describe
a corresponding isomorphism of spinor modules.

3.1. The isomorphism TG = G (g 70). Let G be a Lie group (not necessarily con-
nected), and let g be its Lie algebra. We denote by “; R 2 X(G) the left-, right-invariant
vector elds on G which are equalto 2 g= T.G at the group unit. Let -; R2 1(G) ¢
be the left-, right-Maurer-Cartan forms, i.e. () - = (R) R= | They are related by
& = Adg( g), for all g2 G. The adjoint action of G on itself will be denoted A, (or
simply A, if there is no risk of confusion). The corresponding in nitesimal action is given
by the vector elds
Aad( ) = - R:

Suppose that the Lie algebrag of G carries aninvariant inner product . By this we mean an
Ad-invariant, non-degenerate symmetric bilinear form B, not necessarily positive de nite.
Equivalently, B de nes a bi-invariant pseudo-Riemannian metric on G. Given B, we can
de ne the bi-invariant 3-form 2 3(G),

— 1 L.rL. L

L 128( ![ Ll ])
Since is bi-invariant, it is closed, and so it de nes an -twisted Courant bracket [ ; ] on
G. The conjugation action A4 extends to an action ofD = G G on G, by
(34) A:D! Di(G); A(@a)=lpo ry1;
wherelz(g) = ag and r;(g) = ga. The corresponding in nitesimal action

Ard! X(G); A(; 9= " (OF

lifts to a map
(35) ssd! (TG); s(; 9=s()+ (Y

where

=

s()=" 1B(Y ) (9= (9% IB( R O



24 A. ALEKSEEV, H. BURSZTYN, AND E. MEINRENKEN

Let us equip d with the bilinear form By given by +B on the rst g-summand and B
on the secondg-summand. Thusd = g g is an example of a Lie algebra with invariant
split bilinear form.

Proposition 3.1. The maps:d! ( TG) is D-equivariant, and satis es

(36) be( 1);s( 2)i = Ba( 15 2); [S( 1):s( 2] =S 15 2))
for all 1; -2 d. Furthermore,
(37) ( s( 1) 2);(3)=Ba 1;[ 25 3l

forall ;2 d where : ( TG) 3! C! (G) was de ned in (28).

Proof. The D-equivariance of the maps is clear. Let %be the Cli ord action of TG on
AT G. We have Pgs-( ));d+ ]=L( 1Y) and [%sR( ));d+ ]= L (R),thus

[d+ ;%(s( )= L(A())

for all 2 d. This proves the second Equation in (36), while the rst Equation is obvious.
Finally, (37) follows from (36) and the de nition of . Hence ,

RIS 1);s( 2] ) =[d+ %S 1)]; % 2))] = RS 15 2]):

Put di erently, the map s de nes a D-equivariant isometric isomorphism
(38) TG=G

identifying the -twisted Courant bracket on TG with the unique Courant bracketon G d
which agrees with the Lie bracket ond on constant sections.

3.2. -twisted Dirac structures on G. Using (38), we see that any Lagrangian subspace
s dde nes a Lagrangian subbundle

ES=G s
spanned by the sectionss( ) with 2 s. The Lagrangian subbundleES® is invariant under
the action of the subgroup ofD preservings. Let $23s be de ned as
(39) °(1, 22 3)=Bag n[2s3]l: i2s

By (37), the Courant tensor E° is just S, using the sectionssto identify (ES) = G s .
In particular, we see that s de nes a Dirac structure if and only if sis a Lie subalgebra. To
summarize:

Any Lagrangian subalgebras d de nes an -twisted Dirac structure E*.

The Dirac structure ES is invariant under the action of any Lie subgroup normalizing
s, and in particular under the action of the subgroup S D integrating s. As a Lie
algebroid, ES is just the action algebroid for this S-action. In particular, its leaves are just
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the components of theS-orbits on G. The 2-form on the orbit O = A(S)g of an element
g2 G is the S-invariant form ! o given as follows: for { =( i; 92 s,

Lo(A(1);A( 2)ig= 3B(Y D+ B(R Y 5 ()R
(40) =1B(2 Adg: 3 1+Adgy: 9
= 3(B(Adg 2; 9) B( 3;Adg 1));

using B( 1; 2) = B( $; 9) sinces is Lagrangian. By the general theory from Section 2.1,
these 2-forms satisfy o = 5 , where o: O ! G is the inclusion. The kernel of! o
equals kerE?®), i.e. it is spanned by all A( ) such that the T G-component ofs( ) is zero:

(41) ker(l ojg) = fA (Digi =(; 92s Adg + °=0g:

Remark 3.2 For g a complex semi-simple Lie algebra, a complete classi catio of La-
grangian subalgebras ofd was obtained by Karolinsky [35]. The Poisson geometry of the
variety of Lagrangian subalgebras ofd was studied in detail by Evens{Lu [28].

Remark 3.3 If d=s; s is a splitting into two Lagrangian subalgebras (i.e., {d; s1; Sp) is
a Manin triple), one obtains two transverse Dirac structures ESt;ES2. As discussed after
Theorem 2.9, such a pair of transverse Dirac structures give rise to a Poisson structure
on G, with symplectic leaves the intersections of the orbits ofS;;S,. For g a complex
semi-simple Lie algebra, the Manin triples were classi ed lg Delorme [22]. See Evens{Lu
[28] for a wealth of information regarding Poisson structures obtained from Lagrangian
subalgebras. An example will be worked out in Section 3.6 belv.

Remark 3.4. We may also use this construction to obtain generalized compx (and Kahler)
structures [30] on even-dimensional real Lie groups<, with complexi cation G = KC.
Indeed, lets d= g g be a Lagrangian subalgebra such that

(42) s\ s = f0g;

where s® denotes the complex conjugate oé. Then the associated Dirac structureE® TG
satis es ES\ (E®)¢ = f0g along K. Hence it de nes a generalized complex structure orK .
For a concrete example, suppos& is compact, and letg = n t ns be a triangular
decomposition. (That is, t = t% is the complexi cation of a maximal Abelian subalgebra,
and n;;n are the sums of the positive, negative root spaces). Then

s=(n" 0 | (0 n) d=g g

has the desired property, for any Lagrangian subspacé t twith I\ I°= fOg (i.e., | is

a linear generalized complex structure on the vector spacé ). The generalized complex
structures on Lie groups considered in Gualtieri [30, Exampe 6.39] are examples of this
construction.

3.3. The Cartan-Dirac structure. The simplest example of a Lagrangian subalgebra is
the diagonal s = g | d, with corresponding S the diagonal subgroup G D. The
associated Dirac structureEg is spanned by the sectionse( ) := s(; ):

(43) Ec =spanfe( )j 2gg TG;

R

f)=(" RB(=):
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We call Eg the Cartan-Dirac structure , see [14, 50]. This Dirac structure was introduced
independently by Alekseev, Severa, and Strobl in the mid-1990's. TheG = G-action is
just the action by conjugation on G, hence the Dirac foliation is given by the conjugacy
classesC G. The formula (40) specializes to the 2-form on conjugacy ckeses introduced
in [32]:

L o(Aad( 1);Aad( 2) = 3B((Adg Adg 1) 1; 2);

The kernel atg 2 C is the span of vector eldsA aq( )jg withAdy + = 0. The anti-diagonal
in g g is aG-invariant Lagrangian complement to the diagonal, and hene de nes a G-
invariant Lagrangian subbundle Fg complementary to Eg, spanned byf( )= s( =2; =2):

(44) Fc =spanff( )] 2gg TG;
f(): L_;R;B(L4R;):

The 1=2 factors in the de nition of f( ) are introduced so that he( );f( %i = B(; 9.
Let 2~ 3(g) be the structure constants tensor ofg, normalized as follows:

(45) (3)(2) (1) = zB(1l2 sl

Let e: ~g! ("Eg) be the extension ofe: g! ( Eg) as an algebra homomorphism.
Thus &) is a section of *3(Eg).

Lemma 3.5. The Courant tensor of Fg is given by :
Fo= &) :

Proof. This follows from (37) sinceBa( 1;[ 2; 3la) = 3B( 1:[ 2; slg) for i =( =2, i=2).

The element also de nes a trivector eld, Aaq() 2 X3(G). Theorem 2.9 implies that
the bivector eld g 2 X?(G) de ned by the Lagrangian splitting TG = E  F satis es
5[ 6 clseh = Aad() :
To give an explicit formula for g, let vi; Vv be B-dual bases ofg, i.e. B(vi;V}) = { .

Proposition 3.6. The bivector eld ¢ is given by

X
(46) c=3 VAV

i
Proof. By (18), we have

X L 4 (iR
6= 3 _ (i)t ()R V)T +2(V) :

P P R AR i i o
Since ;Vv"- Mvp = Vv AR this simplies to the expression in (46)

The bivector eld g was rst considered in [1, 2].
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3.4. Group multiplication. In this Section, we will examine the behavior of the Cartan-
Dirac structure under group multiplication,

Mult: G G! G; (a;b 7! ab:

For any dierential form 2 ( G), we will denote by "2 ( G G) its pull-back to the
i'th factor, for i = 1;2. We will use similar notation for vector elds on G G, and for
sections of the bundleT(G G). Let &2 (G G) denote the 2-form

(47) &= 1B(HhL R
A direct computation shows that
(48) Mult = 14+ ?24+dg;
hence we have a multiplication morphism
(Mult;&:(G; ) (G )=(G G; '+ I (G; )
Remark 3.7. This is expressed more conceptually in terms of the simpliel modelB,G = GP

of the classifying spaceBG. Let @: GP! GP : 0 i p be the ‘face maps' given as
@(91;:::50) = (015 Cp Gl ,Op); While @ omits the rst entry g;, and @ omits the
last entry gp. Let 3 Po@: (GP 1! (GP). Then commutes with the de-Rham

di erential, turning pq (GP) into a double complex. The total di erential on  9(GP)
isd+( 1) .Then 2 3(G)and &2 2(G?) dene a cocycle of degree 4 (see [54]):
(49) d =0; @ = d&; @&O0:

(If G is compact, simple, and simply connected, andB the basic inner product, this pair
is the Bott-Shulman representative of the generator ofH#(BG) = H3(G).) The second

condition is just the property (48) used above. Using the thrd property, one may verify
that the multiplication morphism is associative, in the sense that

(Mult ;& (Mult;& (idg;0) =(Mult ;& (dg;0) (Mult;& :
We will compare the morphism (Mult; & with the groupoid multiplication of d, viewed

as the pair groupoid over g:. writing =(;9 =09 i=1,;2 the groupoid

multiplication is

— — . 0_— 0. 0_ .
- 2 1, - 2 - 1 2— 1

Proposition 3.8. The isomorphism G d! TG dened by s intertwines the groupoid
multiplication of d with the morphism (Mult ; &, in the sense that

(50) 2 1=, S+ 2 g )
for ; 1; 22d.
Proof. Spelling out the relations (50), we have to show that, for all 2 g,
S muee SO S72(0) vu g STC);
SO+ SYA) v g O
The equivariance properties
Mult( ga;bB = gMult( a;b); Mult( a;bg 1) = Mult( a;bg *;
Mult( ag *;gb = Mult( a;b)

(51)
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of the multiplication map imply the following relations of g enerating vector elds:

R;1 R. L;2 L. L;1 R;2 0:
Mult ’ Mult ) Mult Y-

This proves the “vector eld part' of the relations (51). The 1-form part is equivalent to
the following three identities, which are veri ed by a direct computation:

BCRY )+ ( Fha= gMult B( R );

3B(NZ )+ (YH&= FMult B( Y );

%B( L;1+ R;Z; )+ ( L;1 R;Z)&:O:

Theorem 3.9. The multiplication map Mult: G G ! G extends to a strong Dirac mor-
phism
(Mult;&: (G;Eg; ) (GiEg; )! (GiEe; )
with &2 ?(G G) as de ned above. In terms of the trivialization Eg = G g, the map
h: Mult Eg! Eg Eg associated with the strong Dirac morphism is given by the dgonal
embeddingg! g g. Similarly, the inversion map Inv: G! G; g 7! g ! extends to a
Dirac morphism
(Inv;0): (G;Eg; )! (GEZ; ):

Proof. By Proposition 3.8, the sectionse( ) = s(; ) satisfy

e()+ €() g e )

This shows that (Mult ;& is a Dirac morphism. For any given point (a;b) 2 G G, no
non-trivial linear combination of €'( )ja; €( 9jp is (Mult ; &-related to 0. Hence, the Dirac
morphism (Mult ; & is strong.

We have Inv B( -+ R; )= B(L+ R;yand v R v (Lt R). Hence
e( ) (Inv ;0) e( )>
where g( )” is the image ofe( ) under the map (v; )! (v; ). Sincelnv = , this

shows that (Inv;0): (G;Eg; )! (G;EgZ; ) is a Dirac morphism.

Remark 3.10. More generally, suppose thats d is a Lagrangian subalgebra, de ning a
Dirac structure ES. Sinceg s= s, the same argument as in the proof above shows that
(Mult ; & is a strong Dirac morphism from (G;Eg; ) (G;ES®; )to (G;ES; ).

Let B ¢ T(G G) be the backward image of the Lagrangian subbundlé=g under
(Mult ;&. Since Fg is spanned by the sectionsf( ) = 3(s-() s?()), (51) shows that

Fc  is spanned by the sections
(52) 36720) S 3O+ SR

Since Fg is a complement to Eg, its backward image F; ¢ is a complement to Eé Eé
(see Proposition 1.15). Let us describe the element df2(EL EZ) relating B ¢ to the
standard complementFé Fé. Let vi 2 gand V' 2 g be B-dual bases, and put

(53) = J(v)tr (v)2272%(g o)
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Let
X .
(54) )= 3 | el(vi) " E(v') 2 ("*(EE E§))

be the corresponding section.

Proposition 3.11.  The Lagrangian complementfs ¢ = Fe  (mui ;¢ IS Obtained from
F& F& by the bivectore( ):

Fe c= A &( )(Fé Fé):
Proof. We compute (1())e( )= e(X() )= 36%() = 3($2( )+ V(). Thus
RO+ (e )= 3SH) )+ $2()+ F2())

is the sum of the sections in (52). Similarly, we nd that f2( )+ (f?( ))&( ) is the di erence
of the sections in (52).

The bivector eld on G G corresponding to the splitting (E3 EZ) A ®)(F¢ F2)
of T(G G) is given by (see Proposition 1.18(i)),
(55) e= g+ &+Axu();
where g is the bivector eld for the splitting TG = Eg Fg,andAl3= AL, A 2,:9 g!
X(G G). By Proposition 2.10(c) we have ~ wux . Furthermore, Proposition 2.10(c) and
Lemma 3.5, imply that the Schouten bracket %[e e]sch equals the trivector eld Ag'g‘g(),
where whereA 929 is the diagonal action onG ~ G.
3.5. Exponential map.  We will now discuss the behavior of the Cartan-Dirac structure
under the exponential map,

exp:g! G:

Let g¢ g denote the set of regular points of the exponential map, thatis, all points where

dexp is an isomorphism. We begin with some preliminaries caterning Tg , not using the
inner product on g for the time being. Let Ag be the action of Dg:= g 0 Gong by

Ao(:9) =(Adg4 1)
This action lifts to an action by automorphisms of Tg , preserving the inner product as
well as the (untwisted) Courant bracket. Let dyp = g o g be the Lie algebra ofD g, equipped
with the canonical inner product de ned by the pairing, and let Ag: dp ! X(g ) be the
in nitesimal action. To simplify notation, we denote the co nstant vector eld de ned by
2 g by o= Ag(;0), and write Ag( ) = Ag(0; ). Let o2 I(g) g be the
tautological 1-form, dened by ( o) o= . Consider the Dg-equivariant map

(56) S:do! (Tg); so(; )=Ao(; ) h o i:
Then hso( );so( 9i = Bg,(; 9, showing that sy de nes a Do-equivariant isometric isomor-
phism

Tg =g do:
A direct computation shows that this isomorphism is compatible with the Courant bracket
[; Jo on Tg and the Lie bracket on dp.
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Sinceg dp is a Lagrangian Lie subalgebra, the sectiongy( ) := $(0; ) span a Dirac
structure Eg Tg . SinceEg \ Tg =0, this Dirac structure is of the form Egq =Gr |
for a Poisson bivector eld ¢ satisfying

(57) (ho; 1) g =A0(); 2g

The Poisson structure 4 is just the standard linear Poisson structure ong . Similarly, the
sectionsfo( ) := so( ; 0) span the Lagrangian subspac&y = Tg , which is complementary

to Eq .
Let us now use the invariant inner product B on g to identify g = g. Let
(58) $2 %g); d$ =exp

be the primitive of exp 2 3(g) de ned by the de Rham homotopy operator for the radial
homotopy.

Proposition 3.12. The sectionsey( ) and g ) are (exp;$ )-related:

(59) &() (exp;s) & ):

Similarly, over the subsetg, g, one has

(60) fo( )+ e@(C ) (expis) f( )s
whereC: g, ! End(g) is given by the formula:

(61) Cj = 12coth(z=2) 1=z ,_ ., 204!

Proof. Recall that ¢ denotes the “constant vector eld' Ag(; 0). We extend the notation
()o to g = g-valued functions ong = g: For instance, the vector eld corresponding to
the function 7! ad =ad is(ad )o= Ao().

The vector eld part of the relation (59) says that Ag( ) exp - < = Aaa( ), which
follows by the G-equivariance of exp. The 1-form part of (59) is equivalent b the following
property [3] of $ :

(Ao( )$ = 3exp B( -+ R;) B(o )
Since exp is a local di eomorphism overg,, the sectionf( ) of TG is (exp; $ )-related to a

unique sectionf( ) of Tgjg . Since inner products are preserved under the (exf$ )-relation
(see (12)) we have

heo( 9;%o( )i = he( Y;fo( )i = B( % )= heo( 9ifo( )i

for all °2 g, showing that the Fq-component of §( ) is equal to fo( ). It follows that

€( )= fo( )+ e(C()), whereC isdened by B( ¢C()) = Ho( 9:%( )i. To compute C,
we re-write (60) in the equivalent form (using (59)):

fo( ) (expis) f()  &C())
Again, we write out the vector eld and 1-form parts of this re lation:
o=zexp ( -+ F) A o(C());

(62) ()% =2exp B(- R ) ZexpB(-+ RC()):
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We now verify that C given by (61) satis es these two equations. LetT;U-;UR: g!
End(g) be the functions de ned by
(0)$ =B(o;T ) exp "=U" o exp R=UR
It is known that (for the rst identity, see e.g. [46])

1 e?
z

sinh(z) z
72

H . L; . R: _—
TJ ) UJ !UJ_ 7

z=ad z=ad z=ad

Note that UL and UR are transposes relative to the inner product ong, and that they
are invertible over g,. Their de nitions imply that

exp “=((U") * o exp R=((UR) )
The rst equation in (62) becomes
(UL) 1+(UR) 1

d C
2 a .
which follows from the identity
1 z Z 1 Z 1
= _ + _ — -
1= T e2te@ 1 % %M 3

In a similar fashion, the second equation in (62) follows fron the identity
sinh(z) z_1 e 1 1 e? 1 e’ 1+ 1 e? }coth(z) 1
z2 4z z 2z z 2 2’z

As an immediate consequence of (59), we obtain
Theorem 3.13. The exponential map and the 2-form$ de ne a Dirac morphism
(exp;$): (g:Eq;0)! (GiEg; ):
It is a strong Dirac morphism over the open subset, g.
Let I, be the backward image (de ned overg,) of Fg under (exp;$ ), and let
"2 Ch (9" %0

be the unique map such that the associated orthogonal transfrmation A () 2 (O( Tg\))
takes Fq to €. By (60), this section is given by " = C( ), with C given by (61).

Let [";"]seh 2 C* (0\;”3g) be de ned using the Schouten bracket on”g, and d" 2
C! (gi;"3g) the exterior di erential of ", viewed as a 2-form ong,.

Proposition 3.14. The map " satis es the classical dynamical Yang-Baxter equation:
(63) dn + %[";"]Sch —
Proof. Proposition 2.14 and the discussion following it show that d + %[";"]sm equals

the Courant tensor of [ (relative to the complementary subbundle Eg). By Lemma 3.5,
together with Proposition 2.10, o = .
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This solution of the classical dynamical Yang-Baxter equaton was obtained in [5], using
a dierent argument. As a special case of Proposition 1.18, he map " relates the linear
Poisson bivector gong= g with the pull-back exp ¢ 2 X2(g\) of the bivector eld (46)
on G:

exp = g+ Ao("):

3.6. The Gauss-Dirac structure. In this Section we assume thatG = K € is a complex
Lie group, given as the complexi cation of a compact, conneted Lie group K of rank |I.
Thus the Cartan-Dirac structure Eg will be regarded as a holomorphic Dirac structure on
the complex Lie group G. We will show that G carries another interesting Dirac structure
besides the Cartan-Dirac structure. An important feature of this Dirac structure is that
the corresponding Dirac foliation has an open dense leaf.

Take the bilinear form B on g to be the complexi cation of a positive de nite invariant
inner product on k Let Tx be a maximal torus in K, with complexi cation T = TKC. Let

(64) g=n t n

be the triangular decomposition relative to some choice of psitive Weyl chamber, where
n. (resp. n ) is the nilpotent subalgebra given as the sum of positive (rep. negative) root
spaces. For every root , let e be a corresponding root vector, with the normalization

B(e;e)=1and e = & . The unipotent subgroups corresponding ton are denoted
N . Recall that the multiplication map
(65) JrN T N+t G5 (9 790,0+) 7' 9 Qo9+

is a di eomorphism onto its image O G, called the big Gauss cell The big Gauss cell is
open and dense inG, and the inverse mapj 1: 0! N T N is known as the Gauss
decomposition. Considerd= g g as Section 3.1. Then

(66) s=f(++ o) ( 0) 2 dj 2n; o2t +2n.g
is a Lagrangian subalgebra ofd, corresponding to the subgroup
S=f(tgt1H2G Gjg 2N ;t2T; g 2N.g

of D = G G. Sinces is transverse to the diagonalg , the corresponding Lagrangian
subbundle If’G := ES is transverse to the Cartan-Dirac structure Eg:

TG = Eg |bc;1

We shall refer to it as to Gauss-Cartan splitting.

Unlike the complement Fg de ned by the anti-diagonal, Bs is integrable (sinces is a
subalgebra), and it de nes a Dirac manifold (G; Bs; ). We refer to s as the Gauss-Dirac
structure. Its leaves are the orbits ofS as a subgroup ofD,

(67) A(gitg t)(g)=g t ‘gt g

The S-orbit of the group unit is exactly the big Gauss cell. Let! o be the 2-form on O,
andj ! o its pull-back to N T Ni.
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Proposition 3.15. The pull-back of the 2-form! o on the big Gauss celN T Niis
given by:
(68) ilo= 3B('iAdg T):

Here L; R are the Maurer-Cartan-forms on N , and gq is the T-component (i.e. projec-
tion of N T N to the middle factor).

Proof. Let! 2 2(N T N.) denote the 2-form on the right hand side of (68). Since

both ! and! o are S-invariant, it su ces to check that j ! o = ! at the group unit g= e.
At the group unit, the formula (40) for ! o simpli es to
(69) Lo(A(1)iA(2)ie= 3(B( 3 2) B( 2 1)

for 1=( 1,9 2=(2 92s d lts kernel is
ker(!oje) = fA () .0 =( 0 0); 021tg= Te(T)

which coincides with the kernel of %B( L. R)je. Moreover, it is clear that Te(N+) and
Te(N ) are isotropic subspaces for both 2-forms. Hence it is enolgto compare on tangent
vectors A( 1);A( ) for ; of the form 1 =(0; ) with 2n ,and , =( +;0) with
+ 2 ny. (69) gives,

Lo(A(0;  )iA(+;0)je= 3B(+: )
Sincej A( +;0)je =(0;0; +) 2 n4 g= TG andj AO; )je = ( ; 0;0), the right
hand side of (68) gives exactly the same answer.

Since Fg and IbG are both complements to the Cartan-Dirac structure Eg, they are
related by an element in (~2Eg). To compute this element, let p be the anti-diagonal in
d=g g,andletg = gbethe diagg)(nal. Let

(70) r= e "e 27%g
be the classicalr -matrix.

Lemma 3.16. The bivector taking p to s is the imager 2~ 2g of the classicalr-matrix
under the diagonal embedding! g d.

Proof. Let g g carry the bilinear form de ned by the pairing, and consider the isometric
isomorphism

_ ] 1
g g! d=g G e+ BP)
This isomorphism takesg= g 0 to the diagonalg , and g to the anti-diagonal, p. The
graph Gr, g g of the bivector r is spanned by vectors of the form

0 Bl(oy e Ble) e (Bl )
for ¢ 2t and positive roots . The isomorphismg g = d takes these vectors to
0=2 ( 0=2); 0 e ;e 0:
Hence, it de nes an isomorphism Gf = s.
Corollary 3.17.  The orthogonal transformation A &9 2 (O( TG)) takesFg to Bg.

Proof. This follows from Lemma 3.16 and the isomorphismTG = G d.
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The Gauss-Cartan splitting TG = Eg Bg also de nes a bivector eld bg, and Proposition1.18
implies that it is related to the bivector eld ¢ (46) by

be = o+ Aad(r):

Since B is integrable, this bivector eld is in fact a Poisson structure on G { see the
remarks before Proposition 2.10. (On the other hand, unlike g, the Poisson structure is
not invariant under the full adjoint action, but is only T -invariant.)

Proposition 3.18. The Poisson structure bg associated with the Gauss-Cartan splitting
TG = Eg ¢’G is given by the formula:

X

) X
bG — % elL A (eI)R eL A eR + %rL + %rR:
i 0

Here g is a basis oft, with B-dual basis€', and r-; rR are the left-, right-invariant bivec-
tor elds de ned by r. The symplectic leaves of this Poisson structure are the corected
components of the intersections of conjugacy classes @ with the orbits of the action (67).

This Poisson structure was rst de ned by Semenov-Tian-Shansky, see [49].
Proof. The vectors
e (e);0 (e )e 0
form basis ofs that is dual (relative to the bilinear form on d= g Q) to the basis
€: e e e e
of the diagonal. Using the formula (18) for the bivector eld, we obtain

X _ _ el + R X X
1@ @ T T @ (el (¢ F)r( e
i 0

be

0

R e X Ry 1L 4 1,R

5 e ”"(e) e Net+ o+ ort
i 0

Here we have used that the left- and right-invariant bivector elds generated by

X X X X
gne = gne+ e e + e Ne
i i 0 0

coincide.

Remark 3.19 The Lagrangian subalgebras de nes a Manin triple (d=g 0;g ;s), which
induces a Poisson-Lie group structure on the doubld = G G. The Poisson structure
bs is the push-forward image of this Poisson-Lie structure unér the natural projection
D! D=G = G, see e.g. [1, Sec. 3.6].
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4. Pure spinors on Lie groups

In the previous section we identied TG = G d as Courant algebroids. In particular, we
have an identi cation CI( TG) = G  CI(d) of Cli ord algebra bundles. In this section, we
will complement this isomorphism of Cli ord bundles by an isomorphism of spinor modules,

AT G=G  CI(g);

where CI(g) is given the structure of a spinor module over Cl¢). The dierential d+  on
( G) intertwines with a certain di erential d ¢ on CI(g). Hence, given a pure spinorx 2
Cl(g) de ning a Lagrangian subspaces d, one directly obtains a pure spinor 2 ( G)
de ning ES. We will also obtain expressions for (d + ) ° from the properties of x.

4.1. CI(g) as a spinor module over CI(g 7). Recall from Examples 1.2 and 1.4 that
for any vector spaceV with inner product B, the Cli ord algebra CI( V) may be viewed as
a spinor module over CI¥ V). In the special case thatV = g is a Lie algebra, with B
an invariant inner product, there is more structure that we now discuss.

Let :g!”~ 2gbe the map de ned by the condition () (1) =[ 1; 2]g (see Section
1.1), and let 2~ 3g be the structure constants tensor (45). Then

f (1 (29= (15 2lg); f (1); 20=[ 15 2lg
1
fig= 4()x f:9=0
forall 1; »; 2 g. The quantizations of these elements have similar properts: Let

(71) :g! Cl(g); ()=qa( ()):
Then

[ (1); (2 ([ 15 2lg); [ (1) 2la=1 1 2lg;
00 i do= 3 O [0 1600 6 2K:

(One can show (cf. [4]) that the constant [g() ;q()] ¢ is 2i4 times the trace of the Casimir
operator in the adjoint representation.) This last identit y implies that the derivation

(72) d® = 4[g() ;la:Cl(@ ! Cl(g)
squares to 0. We call & the Cli ord di erential  [4, 39].
For the Lie algebrad= g g, with bilinear form B ( B), the corresponding elements
gand 4in~d="g ™ gare given by
d= 1+1 5 g 9= () 1 1 (9 for(; 924d
Note also that q( ¢)°> = 0. Consider the Cliord algebra ClI( g) as a spinor module over
Cl(d), with Cli ord action given on generators =( ; 9 2 d by

%'(; 9=190) (9
Then the Cli ord dierential d ' is implemented as a Cli ord action:
d = 49%'(aq( q)):
The elements 4( ) = q( 4( )) generate ad-action on CI(g), with generators

LYY =190 ) r9CP =%
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Note that
(73) L) =[%'( );d“);
which implies that
[96'( 1);[96"( 2);dT = %'([ 1 2I):

Let s dbe a Lagrangian subspace, and recall the de nition of * given in (39). Given
a Lagrangian complementp to s, let prg: d! s be the projection along p, and de ne a
linear functional 52 s by

(74) hs i=3trace(prs ad ); 2=
If sis a Lagrangian subalgebra (i.e. °=0), we may omit pr in this formula; in this case
S equals % times the modular character of the Lie algebras.

Proposition 4.1. Lets d be a Lagrangian subspace, with de ning pure spinok 2 CI(g).
Choose a Lagrangian complemenp = s to s to view ° as an element of the Cliord
algebraCl(d). Then

dx=9%'( S+ Sx

In particular, s is a Lie subalgebra if and only if the de ning pure spinorx is “integrable’,
in the sense that

d® x 2 o' (d)x:
Proof. The choice of a Lagrangian complement identiesd = s s, with bilinear form
given by the pairing. Using a basise of s and a dual basisf' of s , we have
P o P : :
4 4=5% i Balleiglie)f £/ AR+ S gk Ballg et e n flafk
3 Ba(fhif'Le)grerfl+ g g Ba(flif¥Lf) § e &
ijk

The quantization map takes the last two terms into the left id eal Cl(d)s, and it takes the
second ter)r(n to

1 Bg(le;edif) fk+ %X Bu(lg;ad;f') fifke = 5 mod Cl(d)s:
ik ijk
This gives
49( ¢) = S+ 5 mod CI(d)s;
from which the result is immediate.

Let us now assume that the adjoint action Ad: G ! O(g) lifts to a group homomorphism
(75) :G! Pin(g) Cl(g)

to the double cover Pin(@) ! O(g). If G is connected, this is automatic if 1(G) is torsion
free. Note that (75) is consistent with our previous notation ( )= q( ( )), since [4]

_ d .
O= g @)
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We will write' N(g) = N( (g)) = 1 for the image under the norm homomorphism, and
jgj = j (9)j for the parity of (g). Since (g) lifts Ad g, one has ( 1)9 = det(Ad g). The
de nition of the Pin group implies that conjugation by (g) is the twisted adjoint action,

(76) (@x (g 9= Adg(x):=( 19 Adg(x)

(using the extension of Ady 2 O(g) to an automorphism of the Cliord algebra). This
twisted adjoint action extends to an action of the group D on CI(g),

(77) A9@aA) = (@x ((a) 1)

4.2. The isomorphism ~T G = G CI(g). Let us now x a generator 2 det(g), and
consider the corresponding star operator?: ~ g ! A g, see Remark 1.5(b). The star
operator satis es

(78) Adg ?=( 19?2 Ady.:

We use the trivialization by left-invariant forms to identi fy *T G= G ~ g . Applying ?
pointwise, we obtain an isomorphismq ?: * T,G !  CI(g) for eachg 2 G. Let us de ne
the linear map

(79) R:Cl(g)! (G); RMXig=(a ?) *(x (9):

We denote by 2 det(g ) the dual generator, dened by (( )>) =1,andlet ¢ bethe
left-invariant volume form on G de ned by

Proposition 4.2.  The map (79) has the following properties:
(@) R intertwines the Cli ord actions, in the sense that

R(%'( )x) = %s( ))R(x); 8x2Cl(g); 2d:

Up to a scalar function, R is uniquely characterized by this property.
(b) R intertwines di erentials:

R(d“(x)) = (d+ )R(x); 8x 2 Cl(g):

(c) R satis es has the following D -equivariance property: For anyh = (a;a% 2 D, and
at any given pointg 2 G,

A(h 1y R(x)=( 1)ala+ix)R(AC(h)x):

(d) R relates the bilinear pairings on the Cli ord modules CI(g) and ( G) as follows:
At any given point g 2 G, and for all x;x°2 Cl(g),

(80) (RX);R(XYnt g =( 1YIEMED N(g) (x;xYcyg o

Here the pairing ( ; )ci(g) is viewed as scalar-valued, using the trivialization oflet(g)
de ned by . (Cf. Remark 1.5.)

Notice that the signs in part (c), (d) disappear if G is connected.

Proof. (a) Given 2 g,let ():~g!” gbedenedby () °= 2 2 Then
1) a=a (O)+ 3B () a=a () 3@BIOY:
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Since the star operator exchanges exterior multiplicationand contraction, we have
1 1 I . — + 0 1 1.
>t gt (9= ( 9+ Bl 35 ?t gt
On the other hand,

(F'CG 9% @=(x (%9 (9= %'(;Adg + Yx (9):
This implies that, at g2 G,

ROF(: 9= ( Adg: 9+ Bl g’ R,

which is precisely the Cliord action of s(; 9 since

0
S 9=( Adg.9 BL Mgl

under left-trivializaton TG = G (g g ). This shows that R intertwines the Cli ord
actions of Cl(d) = CI(T4G). By the uniqueness properties of spinor modulesR is uniquely
characterized by this property up to a scalar.

(b) From the global equivariance property in (c), veri ed below, we obtain the in n-
itesimal equivariance: L(A( ))R(x) = R(L®( )x): Since pgs( )):d+ ] = L(A()) and
[96'( );d%]= LC( ), this gives

%( ) (d+ IR(X) R (dx)

L(A( )R(X) R (%'( )d“x)
L(A( )R(x) R (LY )x):

Thatis, themap (d+ ) R R d“:Cl(g)! ( TG) intertwines the Cliord actions,
and hence agrees witlR up to a scalar function. Since its parity is opposite to that of R,
that function is zero.

(c) We have to show that for all a2 G,

(81) lLR(X)= R(x (@); raR(x)=( 1)¥IDR( (a)x):
In terms of the left-trivialization "T G=G ”~ g,
(IaRO)ig = R(X) 55 (aR(X) =Ad, 1(R(X) ):

(Here Ad, . stands for the contragredient action on”™g , not for a pull-back on ( G).) We
compute, using (76) and (78):

Adg s RO) g, =( /72 T g "Ada(x (g3)
= (1 pElxitigitiad 2 1 g 1 @)x (g))
= ( )AXIINR( (a)x) .

The equivariance property with respect to left translations is immediate from the de nition.
(d) Use the generator 2 det(g) and ¢ trivialize both det( g) and det(* T G). By
Remark 1.5(b) and Example 1.4 we have, ag 2 G,

(RX); Rt 6 =(x (0);x° (9)cig):
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This is computed as follows:
str( (@)™ x™x° (@) = ()99 XD sir( () (g)” % x9
= N(g)( 1)9@+xi*ixD) gpr(x> x9
Finally, replace jxj+ jx9 with dim G, using that (x;x9¢g vanishes unlesgxj+ jx4 = dim G
mod 2.
As an immediate consequence of Propositions 4.1 and 4.2, wave

Corollary 4.3. If x 2 CI(g) is a pure spinor de ning a Lagrangian subspaces d, then
the di erential form °:= R(x) 2 ( G) is a pure spinor de ning the Lagrangian subbundle
ES. It satis es the di erential equation

(82) (d+ ) =% °+ %) %
where 52 s is de ned as in (74) (using a complementary Lagrangian subspacp = s
d. Let H D be a subgroup preserving, and de ne the character us: H ! K by
AC(h)x = us(h)x. Then
(83) A(h 1) s=( 21)ale+ix)yspy s
for all h=(a;a% 2 H, and at any given pointg 2 G.
We are mainly interested in pure spinors de ning the Cartan-Dirac structure Eg and

its Lagrangian complement Fg. These are obtained by takingx =1 and x = ¢( ) in the
above:

Proposition 4.4. Let g; ¢ 2 ( G) be the dierential forms

(84) c=R(); &=R(():
Then ; ¢ are pure spinors de ning the Lagrangian subbundle&€s; Fg. They satisfy the
di erential equations,

(85) (d+ ) ¢=0; (d+ ) c= %)) c:
The equivariance properties under the adjoint action ofG read
Aa(@l) o=( DAY 5 Aga?l) o=( 1ydterd 4
We will refer to g as the Cartan-Dirac spinor .

Proof. It is clear that the diagonal g d is de ned by the pure spinor x = 1. Similarly,
the anti-diagonal p d= g g is de ned by the pure spinor g( ) 2 CI(g):
%'(; da( )= a()+( 1) MCq() =o0:
Hence g; ¢ are pure spinors de ning Eg;Fg. The equivariance properties are special
cases of (83), since bothg and p are preserved underG . Here we are usingjlj =
0: jo( )j =dim G mod 2, while uP(a) = ( 1)ia+dm G) by the calculation:
(@a( ) (@) =( 1y CqAda( ))=( 1yd0am Oq( ).

The di erential equation for ¢ follows since ¢'(1) = 0. It remains to check the di erential
equation for g. Since the anti-diagonal satises p;plg g , the element P 2 p is just
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zero. On the other hand, the element P is given by , the image of under the the map
Ag!™ g . Hences( )= ¢), conrming that G satis es (85).

Remarks 4.5. (@) The map R depends on the choice of generator 2 det(g), via the
star operator: Replacing with t changesR to t 'R. Hence, the de nition of
e = R(q( )) is independent of the choice of .
(b) Since (L a( ))ci(g) = . the bilinear pairing between ; ¢ equals the volume form,
up to a sign:

G 6 ar = N(G( 1y9@m G+D

Proposition 4.6.  Over the open subseU of G where1+Ad 4 is invertible, the pure spinor
c is given by the formula:

_ 1=2 1+Ad 4 1 1 Adg L. L .
¢ =det™ =% exp 3B fmgy 7

at any given pointg 2 U. ( The square root depends on the choice of lift : G! Pin(g).)

Note that the exponent in this formula becomes singular whee 1 + Adq fails to be

invertible, but these singularities are compensated by thezeroes of the factor det™ % .
One proof of this formula is given in [45]; here is an outline ban alternative approach.

Sketch of proof. One easily checks that overU, Fg coincides with the graph of the 2-form
lg = IB L:ﬁg L. L . Hence gju = f exp( ! ¢) for some nonvanishing function

f 2 C! (U), with f (e) = 1. Equation (85) reads, after dividing by f exp( ! ),

dlog(f)+ +exp(!F)%e()) exp( !'r) =0:

Taking the form degree 1 parts of both sides of this equation,one obtains the following
condition on f:

dlog(f)+ exp( r)%e()) exp( !F) [1]=01

f is uniquely determined by this Equation with the initial con dition f (€) = 1. It is straight-

fprward (though slightly cumbersome) to verify that f (g) = det 12 % solves this equa-
tion.

If G is connected, one has det(1 + Ad) 6 0 on a dense open subset o6s. However, for
a disconnected groupG it vanishes on the components with det(Ad;) = 1.

Example 4.7. Let G = O(2). Here O(g) = Z, and Pin(g) = Z4. There are two possible
lifts O(g) ! Pin(g). Let 2 (G) be the left-invariant Maurer-Cartan-form (using the
isomorphismg = R de ned by a generator 2 det(g) = g). One ndsthaton SO(2) 0O(2),
c = ,Wwhile g =1. On the non-identity component O(2) nSO(2), the roles are reversed:
G = and g = 1. (The signs depend on the choice of lift.) Observe that g; ¢
given by these formulas have the correct equivariance propges.
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4.3. Group multiplication. In this section, we will examine the composition of the map
R:Cl(g)! ( G) with the pull-back under group multiplication. It will be ¢ onvenient to
work with the element 2 CI(g) ( G), de ned by the property

R(x) =str( x)

where we have extended str: Cif) ! ~ [©Pl(g) = K to the tensor product with ( G). The
properties of R under the Cli ord action translate into

A90)+ %s®()) =0 5 ( r()+ %s () =0 :
Thus is itself a pure spinor for the action of CI(d) CI(TG), de ning a Lagrangian
subbundle ofd TG. The equivariance properties (81) ofR translate into

.= @b ry.= (a)
The rstidentity is immediate, while for the second identit y is obtained by the calculation:
str(xry 1) = r, :R(X)=( 1y3HDR( (a)x)

= l)jaj(ij+jgj) str( (a)x )

=str(x (a):
(Note that | j = jgj at g2 G.) We nally observe that the pull-back of to the group unit
is simply
(86) ie =1 2 Cl(9):

Let % 22Cl(g0 (G G) be the pull-back to the rst, second G-factor, and recall

the 2-form &2 (G G) from (47).
Proposition 4.8. The pull-back of under group multiplication satis es
(87) fMut = 12
using the product in the algebraCl(g) ( G G).
Proof. Using (51), we nd that both sides of (87) are annihilated by the following operators:

190+ %) 1)+ AsHA); AsH() + STE()):
Hence the two sides of (87) are pure spinors, de ning the sameagrangian subbundle of
d T(G G). So the two sides agree up to a scalar function.

The 2-form &is invariant under |51 (left multiplication by aon the rstfactor) and r, 1.,
(right multiplication by a * on the second factor). From the equivariance of , and since
Mult 151 =14 Multand Mult r, 1.,=r, 1 Mult, we obtain the following equivariance
property of e¥Mult

(la1) (EMult )= (a ) (e*Mult ) ;
(ra 1) (¥Mult ) =( é*Mult ) (a):
The product ! 2 has a similar equivariance property. Hence, to verify (87) 1 su ces to

compare the two sides at €;6 2 G G. But by (86), both sides of (87) pull back to 1 at
(e;®.
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We will use Proposition 4.8 to obtain a formula for the pull-back of ¢ = R(q( )), the
pure spinor de ning the Lagrangian subbundleFg  TG. Recall the element 2" 2(g Q)
from (53).

Theorem 4.9. The pull-back of ¢ under group multiplication is given by the formula
e“Mult = %exp( e N( & &)
Note that up to a scalar function, this identity follows from Proposition 3.11.

Proof. The element enters the following formula (cf. [4, Lemma 3.1]) , relatingthe product
Mult ©' in CI(g) with the wedge product Mult” in *(g):

gl Mult® =mMult” exp( "() ql:Cl(g g'” (g):

Since str 1°(q( )) q: ~g! K is simply the augmentation map, we have

e =R )=str(a( ))= a*() @
where the subscript indicates the degree 0 part with respecto * g. Using (87), we calculate:

eMult c=q ( Yy
gl Mult®(? %) 0]
Mult™ exp( “()) al(*' ? 0]
=exp( & )) Mult" g ('t %)
=exp( ) (& &)
Here we used that (“'( )+ %e( ))) =0, hence ( "( ) %e( Mg (!t ?=0.

4.4. Exponential map.  Let us return to our description (Section 3.5) Tg = g dp of
the Courant algebroid overg , wheredp = g 0 g.

Let g be the contravariant spinor module over Cl(dy) (cf. Section 1.4), with Cli ord
action denoted % . Let d” be the exterior algebra di erential. For all w=( ; ) 2 dy one
has

L"(w):=[d";% w)]=d" (ad) :
One easily checks thatL" (w) de nes an action of the Lie algebrady. This action exponen-
tiates to an action of the group Do, given as

A"(;g)y=expd” )" (Adg 1) y;
The function
0:9 ! g; o )=expd” )2"g

is the counterpart to the function : G! CI(g). The Dg-action commutes with the di er-
ential, and it is straightforward to check that the Cli ord a ction is Dg-equivariant:

A"(;9) %(w)y =% (Ad(q)w) A"(:g)y ;
forw2do; (;9)2Do; y279.
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Choose a generator 2 det(g ), and let ?: ~ g!” g be the associated star operator
4. Let X denote the modular vector eld of the Kirillov-Poisson structure ¢, relative
to the translation-invariant volume form ¢ 2 (det( T g )) de ned by the dual generator
2 det(g). (Recall that X =0 if gis unimodular.) De ne a linear map

Ro:"g ! (9);
given at any point 2 g by
Ro(y)=? *(y" o( ))2"g="T g:
Parallel to Proposition 4.2, we have,
Proposition 4.10. (@) The map Rq intertwines the Cli ord actions of dy:
Ro % (W)= %so(w)) Ro; w2 do:
It is uniquely determined by this property, up to a scalar fumtion.
(b) The map Rq intertwines the di erentials, up to contraction by the modular vector
eld:
Ro d=(d (X)) R
(c) Ro has the equivariance property, forallh=( ;a) 2 Dg=g 0 G,
(Ao(h 1) Ro(y) =det(Ad a) Ro(A" (h)y):

(d) R preserves the bilinear pairings on the spinor modulesg ; ( g), in the sense
that

(Ro(y)iRo(YDr1 g =(¥i Y9I g
for all y;y°2~g.
Proof. Each of the statements (a),(c),(d) is proved by a direct computation, parallel to

those in Proposition 4.2. To prove (b), we rst note that (c) i mplies the in nitesimal
equivariance, for (; ) 2 dp,

(88) L(Ao(; ) tr(ad ) Ro(y) = Ro(Lo(; )y):
Since (X )hyg; i =tr(ad ), we have
L(Ao(; ) tr(ad )=[d (X ));%so(; ))I:
Hence we can re-write (88) as
[(d (X )):%so(; )] Ro(y)=Ro [d;%(; )] :
Together with (a), this implies that the linear map
(89) d (X)) RoRo d:7g! (g)

intertwines the Cli ord actions of dp. Since the parity of this map is opposite to that of
Ro, the uniqueness assertion in (a) implies that (89) is zero.

4Note that in the previous Section,  denoted a generator of det(g), and hence the star operator went
from ~g '~ g. This change in notation is intended, since our aim is to comp are the Poisson manifold g
with the Dirac manifold G.



44 A. ALEKSEEV, H. BURSZTYN, AND E. MEINRENKEN

As before, we may use this map to construct pure spinorfRo(y) 2 ( g ) from pure
spinorsy 2 g .

The elementy = 1 is the pure spinor de ning the Lagrangian subspaceg dp, and its
image ¢ = Ro(1) de nes the Lagrangian subbundleEg (spanned by the sectionsey( )).
The pure spinory = 2 ~g denes a Lagrangian complementg do, and its image

g = Ro( ) =1 denes the Lagrangian subbundle F; = Tg (spanned by the sections
fo( ). For the bilinear pairing between these pure spinors, we btain

(g ghtg = g
since (3, )rg =
Lemma 4.11. The pure spinor 4 is given by the formula
g =( M DZe (o)
wheren =dim G.

Proof. The Kirillov-Poisson bivector on g is given by 4j = d° 272%2g = 22T g.
Thatis, o =exp( ¢ ). The Lemma follows since? intertwines exterior product with
contractions, and since? (1) =( )> =( 1) D=2

Let us now return to our original setting where g carries an invariant inner product B,
used to identify g = g . We take the generators 2 det(g) (from the last section) and

2 det(g ) (from the present section) to be equal under this identi cation.

Let g be the translation invariant volume form on g = g, and ¢ the corresponding
left-invariant volume form on G. Let J 2 C! (g) be the Jacobian of the exponential map,
denedbyexp c=J 4 Recallthatg gisthe dense open subset where exp is a local
di eomorphism, i.e where J 6 0. With $ 2 2(g) as in Section 3.5, we have:

Proposition 4.12.  Over the subsetg,, the mapsRg: *g! (g andR:Cl(g)! ( G)
are related as follows:

(90) exp (R(x)) = 32 * & =) (Ro(y));

for x = g(y). Here " 2 C! (g\;*?g) is the solution of the classical dynamical Yang-Baxter
equation, cf. Proposition 3.14, andJ¥2 2 C! (g) is a smooth square root of], equal to 1
at the origin.

Proof. The map Rg: ~ g! ( @) given as

Ro(y) = e *%& *")exp R(q(y))

intertwines the Cl(dp)-actions, hence it coincides withRy = f R for a scalar function. To
nd f, we consider bilinear pairings. Note that

(Ro(Y); Ro(yr1 g=(exp R(a(y));exp R(a(y)))1 g

=exp R(A(Y); R(AYY) A7 &
Taking y°=1; y= we obtain

f2 3= f2(Ro( ); Ro()~1 g=(Ro( );Ro(L)rT g=€Xp =1J g
This shows thatf2 = J.
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Remark 4.13 Of course, exp(R(x)) is de ned globally on all of g, not only on g,. It
follows from the Proposition that J 172 exp(ep(")) extends smoothly to all of g. Hence, the
expression

31 exp(")

extends smoothly to a global functiong!”~ g. For a direct proof, see [5].
Applying the propositionto y =1 and y = , we nd in particular that
ex =J1%2e %
(1) et L
exp o =Je Sy *2())1):

4.5. The Gauss-Dirac spinor.  We return to the set-up of Section 3.6, with G = K€
denoting the complexi cation of a compact Lie group, with Cartan subgroup T = TKC.

Recall that the Gauss-Dirac structure B5 is de ned by the Lagrangian subspaces d,

with basis the collection of alle 0,0 e ,e¢ ( &) where 0 are positive roots
andi=1;:::;1 =rank( G). The eleg(nent v
(92) X = ee e 2 Cl(g)

0 i
is non-zero and is annihilated by the Cli ord action of s; hence it is a pure spinor de ning
s. Note that x satis es

(ho)x=x; x (h H=x;  (he)x (ho) = hg X
P

forall hy 2N+, h 2N ,hg2T. Here = % o »andt 7! t2 2 C is the character
of T de ned by the weight 2 . Hence,

bg = R(x)2 ( G)

is a pure spinor de ning Bs. We refer to Pg as the Gauss-Dirac spinor. Its equivariance
properties are:

b,

b G Ihorho bG = hé bG:

.= b b

I, G; I, 1% =

That is, Pg is invariant up to the character, given by the group homomorphism S| T
followed by the 2 -character.

Since the big Gauss cellO = N TN, G is dense inG, the equivariance property,
together with the fact that the pull-back of ¢ to the group unit is equal to str(x) = 1,
completely characterizes the pure spinor g, and allows us to give an explicit formula.
Recall the 2-form! o on the big Gauss cell, given by (68):

Proposition 4.14.  The restriction of the pure spinor B to the big Gauss celD = j (N
T N;) is given by the formula,

b o = gexp( ! o):

Here go: O ! T is the composition of the Gauss decompositiof *: O ! N T N
with projection to the middle factor.

Proof. Both sides are pure spinors de ning the Gauss-Dirac structue over O, with the
same equivariance property underS, and both sides pull back to 1 at the group unite.
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We now compare the Gauss-Dirac spinorbG with the pure spinor g from Proposition
4.4,

Proposition 4.15. The pure spinors g; bs are related by a twist by ther-matrix r:
bs = %exp( &) o:

Proof. Let r 2~ 2d be the image ofr under the diagonal inclusiong ! d. We will show
that

(93) x = 9% (exp( 1 o ):

The proposition follows from this identity by applying the m ap R. Up to a scalar, (93) holds
since both sides are pure spinors de ning the same Lagrangmsubspace. To determine the
scalar, we apply the super-trace to both sides. Recall that he spinor action of elements

29 g is given by Cli ord commutator with the corresponding element 2 g. Since
the super-trace vanishes on Cli ord commutators, it follows that

str(%" (exp( r)q( )) =str( q( )) =1 =str( x):

Letlys next compute the Cliord dierential d ¢ = 4[q() ;] of the element (92). Let
= 7 o 2t be the half-sum of positive (real) roots.

Lemma 4.16. The quantization of the structure constant tensor satis es
49()=2 p_1 modn Cl(g)n; :
Here B is used to identify g = g.
Proof. By de nition, X
1
4()= ¢ BT )ere;
using a basise, of g, with B-dual basise®. Take this basis to be the Cartan-Weil basis, and
use the Cli ord relations to write factors e to the left and factors e to the right. Then
49() 2 Cl(g)" n Cl(g)ns CI(t):
(For a T-equivariant element in CI(g), the T-weight of the n -factors must be compensated
by the T weights of the n, -factors.) Since 4q() is an odd element of Itration degree 3,
and since has no component in”~3t, it follows that
4q9() 2t n Cl(g)ns:

To compute the t-component, we calculate the constant component of

[ 490)] ar=d® =q( ()
p__X .
()= [;e ]"e =2 1 h; ie "e;
0 0
hence (see Sternberg [51, Equation (9).(25)])
o (D=2 "1 h e e+2 P TIn i
0

forany 2 t. We have
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As a consequence, we obtain,

Proposition 4.17. The elementx = Q o€ e Qi € satis es,

d“ 2 p_lc'( ) x=0:
Proof. d® is given as the Cli ord commutator with  4q(). Since x is annihilated under
both left and right multiplication by elements of n CI(g)n., it follows that

d©x)=2 " Ix

As a consequence, the Gauss-Dirac spinor satis es the di emtial equation:
(94) d+ 2 " Toge( ) by =0:
In fact, there is a more general version of this Equation, stéed in the following Proposition.
For any (real) dominant weight of G (not to be confused with the map above), let
2 C! (G) be the function

_hwigvi,
O v
wherev is a highest weight vector in the irreducible unitary representation (V ;h; i) of
highest weight . The function is invariant under the left-action of N , under the
right-action of N, and under the T-action it satis es
(95) (tgg= (=1t (9):
Since  (e) = 1, it follows that 6 0 on the big Gauss cell. We are interested in the

product bs. Away from the zeroes of , this is a pure spinor de ning the Gauss-Dirac
structure. Similar to be, it is invariant under the left-action of N and the right-action of
N, and satis es

(96) L Be)=r( Pe)=t* ( DBg)
forallt2 T.

Proposition 4.18. For any dominant weight , the product by satis es the di erential

equation:
(©7) dv 2" TIne + ) be=0;
where B is used to identifyg = g.

Proof. Let s d be the Lagrangian subalgebra (66) de ning the Gauss-Dirac sucture.
We have, forall =(; 92s,

() d+ 2 P oge( + ) b
= ogs( ) d+ 2 D dne( + ) b
p

= L(Y (%) 27 B %+ ) B=o0;
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where the last equality follows from the equivariance propeties (96) of bs. (Note that

for the elements of the form = ( ;0) with 2 n, or = (0; ) with 2 n , the inner

product with + 2 t vanishes.) Hence, the left hand side of (97) is annihilated pall ( ),

for 2 s. Hence itis a function times Pg, and thus vanishes since it has parity opposite to
that of DPg.

Remark 4.19 The holomorphic Dirac structure B on G = K restricts to a complex
Dirac structure Bgjx = B on the real Lie group K, with de ning pure spinor the pull-
back (restriction) b of Bg. On the other hand, Ecjk = (Ek)C. Inthe notation of Section
2.4, applied to the Gauss-Cartan-splitting (TK )¢ = ES B, we have =2 P T 1e( )2
(( TK)C), thus @ =d + 2 " T 1%e( ). As usual, @ k =0; @ B¢ =0 (the second
equation is the pull-back of (94) to K). bet be the bi-invariant (real) volume form
on K dened by g; by . Since® = 2 ~ 1L (Aa4( ), the Dirac cohomology groups
H (EE B ) are the cohomology groups of@ on the space ofA 54( )-invariant complex-
valued di erential forms on K. These may be computed by the standard localization
argument ([11], see also [34]): The set of zeroes of the vecteld Aadg) ) on K is just the
maximal torus Tk , and the pull-back to Tk intertwines @ with d 2 1B( T; )), with
T the Maurer-Cartan form on Tk . Hence, by localization the pull-back to T induces an
isomorphism, p__
H (EQ:B; )= H((T)%d 27 1B(7; )

Since is a weight, it de nes a Tk -charactert , and the operatorsd 2 = 1B( 1; ) are
obtained from d by conjugation by t . HenceH (ES;B¢; )= H(Tk)C.

5. g-Hamiltonian  G-manifolds

In this section, we use the techniques developed in this papdo extend the theory of
group-valued moment maps, as developed in [3, 8] for the casd compact Lie groups, to
more general settings.

5.1. Dirac morphisms and group-valued moment maps. We brie y recall the de -
nitions.

De nition 5.1 A quasi-Hamiltonian g-manifold (or simply g-Hamiltonian g-manifold) is
a manifold M with a Lie algebra action Ay : g! X(M), a 2-form ! , and a g-equivariant
moment map : M ! G such that

d =

Ly R

(98) (Am()! = B(; —%—) (moment map condition)
ker(l m) = fAm()mi Ad(my = g (minimal degeneracy condition):

If the action of g extends to an action of the Lie groupG, and if ! and are equivariant
for the action of G, we speak of ag-Hamiltonian G-manifold.

The rst two conditions in (98) imply that ! is g-invariant (see [3]). As shown by
Bursztyn-Crainic [13], the de nition of a g-Hamiltonian sp ace may be restated in Dirac
geometric terms (see also Xu [56] for another interpretatia).
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Theorem 5.2. There is a 1-1 correspondence between g-Hamiltoniag-manifolds, and
manifolds M together with a strong Dirac morphism

(99) ( ;1) (M;TM; 0)! (G Eg; ):

More precisely, (M; Ay ;!; ) satis es the rst two conditions if and only if ( ;!) is a
Dirac morphism, and in this case the third condition is equivalent to this Dirac morphism
being strong.

Proof. Let (M; Ay ;!; ) be a g-Hamiltonian g-space. Givenm 2 M, let E© be the

(m)
forward image of TwM under ((d) m;!m):
EQ my = f@( V) )iv2TaM; (d) = (V!

Taking v of the form Ay ( )m for 2 g, and using the moment map condition, we see
E‘z m) (EG) ( my)- In fact, one has equality since both are Lagrangian subspas. This

shows that ( ;! ) is a Dirac morphism. In particular,

(d) m(ker(!m))=ker((Eg)(m))=fAad( )(mjAd(my = @

Hence, the minimal degeneracy condition holds if and only (d n, restricts to an isomor-
phism on ker(! ), i.e. if and only if ( ;! ) is a strong Dirac morphism. Conversely, given
a strong Dirac morphism (99), the associated mam de nes a g-action Ay ( )= a( € ))

on M, for which the map is g-equivariant. The above argument then shows that
(M; Am ;L ) is a g-Hamiltonian  g-space.

Remark 5.3. As a consequence of this result (or rather its proof), we sedtif (M; Ay ;! )
satis es the rst two conditions in (98), then the third cond ition (minimal degeneracy) is
equivalent to the transversality property [14, 56]

ker(! )\ ker(d)= fOg:

Remark 5.4. There is a similar result for g-Hamiltonian G-manifolds. Here, it is necessary to
assume the existence of &-action on M for which the Dirac morphism ( ;! ) is equivariant,
and such that the in nitesimal action coincides with that de ned by a.

Example 5.5. By Example 2.7, the inclusion of the conjugacy classe€ in G, with 2-forms
de ned by the Cartan-Dirac structure, de nes a strong Dirac morphism ( ¢;! ¢). Thus,
conjugacy classes are g-HamiltoniarG-manifolds.

Using our results on the Cartan-Dirac structure, it is now straightforward to deduce
the basic properties of g-Hamiltonian spacesNI; Ay ;!; ). In contrast with the original
treatment in [3], the discussion works equally well for noneompact Lie groups, and also in
the holomorphic category.

Theorem 5.6 (Fusion). Let (M; Am; ;!) be a g-HamiltonianG G-manifold. Let Ay
be the diagonalG-action, s=Mult ,and!qps="!+ & with &2 2(G?) the 2-form
de ned in (47). Then (M; Aqws; fus;! fus) IS @ g-Hamiltonian G-manifold. (An analogous
statement holds for g-Hamiltoniang g-manifolds.)

Proof. Since
( tusi!rus) = (Mult ;8 ( ;1)
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is a composition of two strong Dirac morphism, it is itself a 4rong Dirac morphism from
(M;TM; 0) to (G;Eg; ). The induced mapM g= .Ec! TM is a composition of
the map Mult Eg! Eg ¢ de ned by the strong Dirac morphism (Mult ; &, with the map

Ec Eg! TM given by the strong Dirac morphism ( ;! ). If we use the sectionse( )
to identify Eg = G g, the latter map is the g g-action on M, while the former is the
diagonal inclusiong! g g. This conrms that the resulting action is just the diagonal
action.

If M = M; My is a direct product of two g-Hamiltonian manifolds, the quadruple
(M; Asus;  1us; ! 1us) is called the fusion product of M 1; M. In particular we obtain products
of conjugacy classes as new examples of g-HamiltoniaB-spaces.

Suppose M; Am ;! o; o) is a Hamiltonian g-manifold: That is, ! ¢ is symplectic, and

o: M ! g isthe moment map for a Hamiltonian g-action on M. As is well-known,
this is equivalent to ¢ being a Poisson map from the symplectic manifold ;! o) to the
Poisson manifold @ ; ¢ ). But this is also equivalent to

( 0:'0):(M;TM; 0)! (9;Gr ;0)

being a strong Dirac morphism. A Hamiltonian G-manifold comes with aG-action on M
integrating the g-action, and such that the Dirac morphism ( ¢;! ) is equivariant. Given
an invariant inner product B on g, used to identify g = g, we may compose the Dirac
morphism ( ;! o) with the Dirac morphism (exp ; $ ) from Theorem 3.13, and obtain:

Theorem 5.7 (Exponentials). Suppose(M; Awm ;! o; o) is a Hamiltonian G-manifold, and
let! = 1o+ %, =exp o. Then (M; Ay ;!; ) satises the rst two conditions
in (98). On M\ = ol(g\), the third condition (minimal degeneracy) holds as well, tlus
(M\;Awm; L ) is a g-Hamiltonian G-manifold. (Similar statements hold for g-Hamiltonian
g-manifolds.)

5.2. Volume forms.  Any symplectic manifold (M;! ) carries a distinguished volume form,
given as the top degree component exp()l¥™M1 = 111 For a g-Hamiltonian G-manifold

(M: Ay :!; ), the 2-form ! is usually degenerate, hence exp()©P! will have zeroes. Nev-
ertheless, any g-Hamiltonian G-manifold carries a distinguished volume form, provided tre
adjoint action Ad: G! O(g) lifts to Pin( g):

Theorem 5.8 (Volume forms). Suppose the adjoint actionAd: G ! O(g) lifts to Pin(g),
and let ¢ 2 ( G) be the pure spinor de ned by this lift. For any g-Hamiltonian G-manifold
(M; Awm ;Yo ), the dierential form

(100) mo=(exp(l)r  g)ldmMI

is a volume form. It has the equivariance propertyAy (g) m = det(Ad g) m. More
generally, if (M; Ay ;!; ) satises the rst two conditions in (98), the form y is non-
zero exactly at those points wheré satis es the minimal degeneracy condition.

Of course, the factor det(Adg) = 1 is trivial if G is connected.

Proof. Since ¢ is a pure spinor de ning the complementary Lagrangian subbundle Fg,
and since ( ;!) is a strong Dirac morphism, the pull-back G IS non-zero everywhere.
Furthermore, exp(! ) G is a pure spinor de ning the backward imageF of Fg under the
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Dirac morphism ( ;! ). SinceF is transverse toTM (see Proposition 1.15), the top degree
part of exp(!) ¢ is nonvanishing. More generally, if M; Ay ;!; ) only satis es the rst
two conditions in (98), then the above argument applies at al points of M where ( ;!) is
a strong Dirac morphism. But these are exactly the points whee G IS non-zero.

The equivariance property of p is a direct consequence of the equivariance properties
of g and ¢ described in Proposition 4.4.

The volume form \ is called theLiouville volume form of the g-Hamiltonian G-manifold
(M; Awm;tY ). Let | mj be the associated measure. If the moment is proper, the push
forward | mjis a well-de ned measure onG, called the Duistermaat-Heckman measure

Remark 5.9. For the case of compact Lie groups, the g-Hamiltonian Liouvile forms and
Duistermaat-Heckman measures were introduced in [8]. Thegict that \ is a volume form
was veri ed by “direct computation'. However, the argument in [8] does not extend to
non-compact Lie groups.

Remark 5.10. The expression exp() ¢ entering the de nition of the volume form
satis es the di erential equation

(101) (d+ (Am()) exp(!) e =0:
This follows from the di erential equation (85) for ¢ together with Remark 1.5(a).

Proposition 5.11. Suppose(M; Ay ;!; ) is a g-Hamiltonian G-manifold, and that Ad
lifts to the Pin group. Then M is even-dimensional ifdet(Ad ) = +1 , and odd-dimensional
if det(Ad )= 1. In particular, it is even-dimensional when G is connected, and in this
caseM carries a canonical orientation.

Proof. The construction of g in terms of the map R (see Proposition 4.4) shows that the
form ¢ has even degree at pointgy 2 G with det(Ad 4) = 1, and odd degree at points
with det(Ad g) = 1. Hence, the parity of the volume form \, is determined by the parity
of det(Ad ). If G is connected, the lift of Ad (which exists by assumption) is wique, and
det(Adg) 1.

Without the existence of a lift to Pin( g), the form ¢ is only de ned locally, up to sign.
That is, we still obtain a G-invariant measure on M, given locally as € c)orl tis
interesting to specialize these results to conjugacy class:

Theorem 5.12. SupposeG is a connected Lie group, whose Lie algebra carries an invaant
inner product B. Then:

(&) Every conjugacy classC G carries a distinguished invariant measure (depending
only on B).

(b) The conjugacy classC of g 2 G is even-dimensional if and only ifdet(Adg) = +1 .

(c) If the adjoint action G! O(g) lifts to Pin(g), then every conjugacy class carries a
distinguished orientation.

Example 5.13 Consider the conjugacy classes o6 = O(2): If g 2 SO(2), the conjugacy
class ofg is zero-dimensional, consisting of either one or two points On the other hand,
the circle O(2)nSO(2) = St forms a single conjugacy class. Similarly, folG = O(3), the
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elementsg 2 G with det(g) = 1 have det(Adg) = 1. Each of these form a single 2-
dimensional conjugacy class. The group SO(3) is the simplégxample where the adjoint
action G ! SO(g) (which in this case is just the identity map) does not lift to the spin
group. Indeed the conjugacy class of rotations by 18Dis isomorphic to RP(2), hence
non-orientable.

Example 5.14 SupposeG carries an involution , such that the corresponding involution
of g preservesB . Form the semi-direct product GoZ ,, where the action ofZ, is generated
by the involution . The G 0 Z ,-conjugacy class of the elementd; ) is isomorphic to the
homogeneous spackl = G=G , which therefore is an example of a g-HamiltonianG o Z ,-
space. The 2-form onM is just zero. Let us compute the Liouville measure onM , for the
case that the restriction of B to g = ker( 1) is still non-degenerate. Lete;;:::; e, be a
basis ofg, with B(e;;g) = ij » such that e;:::; e are a basis ofg . Then

e=2" K2, e, 2 Pin(g)

is a lift of . Note that e> = 1, with sign depending onn k. Taking = e~ " g,
as the Riemannian volume form ong, we have

g ()= 2" V% e

so?2q (e () = 2" KW2g,, ~ ~ e,. We conclude that the Liouville measure on
M = G=G coincides with the G-invariant measure de ned by the metric on (g )? g.

Proposition 5.15 (Volume form for “fusions'). The volume form of a g-HamiltonianG G-
manifold (M; An;!; ) (as in Theorem 5.6) coincides with the volume form of its fusbn

(M; Atusi ! russ fus):
exp(!) o &) MM =(exp(! fus) qus &)™ M:
Proof. Using Theorem 4.9, we have
exp(t fus) s c=exp(! + & Mult ¢
=exp(!)  %exp( € )) & &
=exp( (Am( )Eexp(t) 6 e);

where we used Remark 1.5(a) for the last equality. Since the merator exp( (Am( )))
does not a ect the top degree part, the proof is complete.

Example 5.16. An important example of a g-Hamiltonian G-space is the doubleD (G) =
G G, with moment map the commutator ( a;b) = aba b 1. As explained in [8] the
double is obtained by fusion, as follows: Start by viewing tte Lie group G as a homogeneous
spaceG= G G=G , whereG is the diagonal subgroup. SinceG is the xed point set
for the involution of G G switching the two factors, we see as in Example 5.14 thaG
is a g-Hamiltonian (G G) o Z ,-space, with moment mapa 7! (a;a !; ). The Liouville
measure is simply the Haar measure ors. Fusing two copies, the direct productG G
becomes a g-HamiltonianG G-space. Finally, passing to the diagonal action one arrives
at the double D (G). By Proposition 5.15, the resulting Liouville measure onD (G) is just
the Haar measure.
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Proposition 5.17 (Volume form for “exponentials'). Let (M; Am; o;! o) be a Hamiltonian
G-space, and(M; Ay ; ;!) its “exponential', as in Theorem 5.7. Then

exp(t) )MMI= (31 exp(l o)l MI:
Proof. Using the relation (91) between exp ¢ and 4=1, we nd
expl) c=exp(lot+ o$) o€Xp o
=exp(! o) od'PUR *))(1)
= od™exp( (Am (") exp(! o):
Since exp( (Awm (")) does not a ect the top degree part, the proof is complete.

5.3. The volume form in terms of the Gauss-Dirac spinor. Suppose now thatK
is a compact Lie group, with complexi cation G = K€ andlet B:g g! C be the
complexi cation of a positive de nite inner product on k In this case, as discussed in
Section 3.6, Eg has a second Lagrangian complemenle, de ned by the Gauss-Dirac
spinor Bg. Its pull-back to K G, denoted by by , is thus a complex-valued pure spinor
de ning a (complex) Lagrangian complement By (TK)C.

Given a g-Hamiltonian K -space M; Ay ; ;! ), the complex di erential form exp(! ) b
is related to exp(! ) k by the r-matrix,

exp() B =exp( (Am () exp(!) «

Since exp( (Awm (r))) does not a ect the top degree part, it follows that we can write our
volume form also in terms of bK :

[dim M ]
w= exp(l) B :

Remark 5.18 Let Fy be the backward image of under the strong Dirac morphism
( ;1):(M;TM; 0)! (K;Ek; ). SinceFy is transverse toTM €, it is given by a graph of
a (complex-valued) bivector , and H (TIYJC;I'—”M; M)=H (M)=H(( M)X ;d (X )).
A simple calculation shows thatX =2 1AM () (where B is used to identify k = K).

The pure spinors yy =1 and g satisfyd y =0and (d+ ) ¢ = 0. Hence, by
Proposition 2.13 the mape’  descends to Dirac cohomologyH (ES;B«; x)! H (M).
In particular, @ P« = 0 implies that exp(!) B is closed underd 2 " 1 (Am()).
for M is compact, the class ¢ bK] in H (M) is nonvanishing because its integral is
M M > 0.

Let : G! C be the holomorphic functions introduced in Section 4.5.

Proposition 5.19.  For any dominant weight , the complex di erential form exp(! ) ( bK)
satis es the di erential equation

(102) @ 2°T@an( + ) expt) ( B =o:

Her Bk is used to identifyk = k
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Proof. This follows from the di erential equation for the Gauss-Dirac spinor, Proposition
4.18, together with Remark 1.5(a).

As remarked in [6], the orthogonal projection of dimV  jk to the K -invariant functions
on K coinci%es with the irreduciblezcharacter of highest weight . Thus,

expl) ( B)= jwmi
M ™ z
= i M =(im V) ! i mi
K K

On the other hand, by (102) the integral may be computed by lo@lization [11] to the zeroes
of the vector eld Ay ( + ). As shown in [6], the 2-form! pulls back to symplectic forms
'z = ,! onthe componentsZ of the zero set, and the restriction = , takes values
in T. Since | ( by )t)=t * fort2 T, one obtains the following formula for the Fourier
coe cients of the g-Hamiltonian Duistermaat-Heckman measure:

z X z exp(t 2)( z) *

i wj=dimV Lz 2 :
K Zaw(+) 1 ZEUCZZ0 10+ )

Here Eul( z; ) is the T-equivariant Euler form of the normal bundle. This formula was
proved in [6h using a more elaborate argument. Taking = 0, one obtains a formula for
the volume |, j mjof M.

5.4. g-Hamiltonian g-Poisson  g-manifolds. Just as any symplectic 2-form determines
a Poisson bivector , any g-Hamiltonian G-manifold carries a distinguished bivector eld
. However, since! is not non-degenerate is not simply obtained as an inverse, and also
is not generally a Poisson structure.

Suppose M; Ay ;! ) is a g-Hamiltonian g-manifold, or equivalently that ( ;!) is a
strong Dirac morphism (M;TM; 0)! (G;Eg; ). Let F TM be the backward image of
Fc under this Dirac morphism. It is a complement to TM, hence it is of the formE = Gr
for someg-invariant bivector eld 2 X?(M). By Proposition 2.10(c), the Schouten bracket
of this bivector eld with itself satis es

(103) 3 Isen=Am() :
Let p% TG ! Eg be the projg,ction along Fg. Let fvag and fv2g be bases ofg with
B(va;VvP) = B Then pAx9 = = _x; f(va)ie(v?) for all x°2 ( TG). For %2 %(G)
( TG), we haveh & f(v@)i = 3h %vh + vRi e(v®). Hence, (20) shows that
X
(104) ] 0— h 0; Mi A M (Va); 02 l(G),
a

and, by (24), we have:
(105) ran(Ay)+ran( )= TM:

This last condition can be viewed as a counterpart to the invetibility of a Poisson bivec-
tor de ned by a symplectic form. Dropping this condition, on e arrives at the following
de nition:
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De nition 5.20 [1, 2] A g-Hamiltonian g-Poissong-manifold is a manifold M , together with

a Lie algebra actionAy : g! X(M), a g-invariant bivector eld , and a g-equivariant

moment map : M ! G, such that conditions (103) and (104) are satis ed. If the g-

action on M integrates to a G-action, such that ; are G-equivariant, we speak of a
g-Hamiltonian g-Poisson G-manifold.

Example 5.21 The basic example of a Hamiltonian PoissorG-manifold is provided by the
coadjoint action on M = g, with = ¢ the Kirillov bivector and moment map the
identity map. Similarly, the quadruple ( G; Aag; c;id), with g the bivector eld (46), is a
g-Hamiltonian g-Poisson G-manifold.

The techniques in this paper allow us to give a much simpler poof to the following
theorem from [13]:

Theorem 5.22. There is a 1-1 correspondence between g-Hamiltonian g-P@en g-manifolds
(M; Anm; ;) , and Dirac manifolds (M;E n; m) equipped with a strong Dirac morphism

(106) (;0:(MEwm; m)! (GEg; )
Under this correspondenceran(Ey ) = ran( Ay ) +ran( ).

Proof. Suppose (;0): (M;Em; m) ! (G;Eg; ) is a strong Dirac morphism. Consider
the bundle mapa: Eg! TM dened by (see Section 2.2). By Proposition 2.10(c),
the vector elds Ay () = a(e( )) 2 X(M) de ne a Lie algebra action of g on M for which
is equivariant. Note also that since ran(a) ran(Ey ), this action preserves the leaves
Q M of Em. In fact, the bundle Ey is g-invariant: If Ey = Gr, this follows from
the g-invariance of ! (see comment after Def. 5.1), and in the general case it folles since
Ewmjo is invariant, for any leaf Q. Let Fy be the backward image ofFg under ( ;0),
and 2 X2(M) be the bivector eld de ned by the spliting TM = Ey  Fy. Then
is g-invariant (since Ey ;Fy are). Equation (103) follows from Proposition 2.10(d), while
Equation (104) is a consequence of Theorem 1.20, Equation @2
Conversely, given a quasi-Poissomg-manifold (M; Ag; ; ), let a: Eg! TM be the
bundle map given on sections by e ) 7! Ay ( ). The g-equivariance of implies that
a=pr tgj Ec- Theorem 1.20 provides a Lagrangian splitingTM = Ey  Fu such
that Fy is the backward image ofFg and Eg is the forward image of Ey . It remains
to check the integrability condition of Ey relative to the 3-form y = . Let E 2
( ~3Fy ) be the Courant tensor of Ey; . We have to show that & =0, or equivalently that
( Em) is closed under the \ -twisted Courant bracket. Recall that Ey is spanned by the
sections of two types:
Ly R,

Au():=8 &)= Au() B(——)

for 2 g, and sectionsh( ), for 2 (M), where the maph is de ned as in (23), with

V replaced with TM, and with ! = 0. Since b is a comorphism of Lie algebroids (cf.
Proposition 2.8), we have
(107) Pu (iR (21 = Au( 1 2D

Furthermore, since is g-invariant, it follows from (23) that the map h is g-equivariant,
and therefore

[%h( )); 1% ());d+  11=[%( );LAM (D= Ah(L(AM() )):
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Thus
(108) v ();h( )1, = h(L(AM()) )

by de nition of the Courant bracket. Equations (107) and (108) show that [[AJM( ) 1.
preserves (Ey). Thus B(x1;x2;x3) vanishes if one of the three sections; 2 ( En)
lies in the range of Ay . It remains to show that E(h( 1);h( 2);h( 3)) = 0 for all
1-forms , or equivalently that h & = 0, where h : Fy ! TM is the dual map to
h: T M! Em = Fy. Sinceh = pjt v, wherep: TM ! Ey is the projection along Fy
(see (23)), we haveh = pr 1y jF, - Thus, we must show that pryy, E = 0. By Proposition
2.10(b), and the de ning property of g-Hamiltonian g-Poisson spaces, we have

prem( )=a( )= Au()= i Jsen

On the other hand, Theorem 2.9(a) gives pfy ( E)+proy( F)  3[; Isen = 0. Taking
the two results together, we obtain prr, ( F) =0 as desired.

As an immediate consequence, the dataM; Ay ; ; ) de ning a g-Hamiltonian g-Poisson
G-manifold are equivalent to the data of a G-equivariant Dirac manifold (M;Enm; m),
equipped with a G-equivariant Dirac morphism ( ;0), for which the G-action on M inte-
grates the g-action de ned by the Dirac morphism.

Proposition 5.23  (Fusion). Suppose(M; Ay ; ; ) is a g-Hamiltonian g-Poissong g-
manifold. Let A be the diagonalg-action, s = Mult ,and fs= + Am( ). Then
(M; Ass; fus; fus) IS @ g-Hamiltonian g-Poisson g-manifold.

Proof. By Theorem 5.22, the given g-Poissorg g-manifold corresponds to a Dirac manifold
(M;Em; wm)suchthat ( ;0)is a Dirac morphisminto (G;Eg; ) (G;Eg; ). Thus, m =

( &+ 2). The bivector eld is de ned by the Lagrangian spliting TM = Ey  Fu,
where Fyy is the backward image ofFd Fé under ( ;0). Composing with (Mult ;& (cf.
Thm. 3.9), we obtain a strong Dirac morphism,

(fus; &:(M;Em; m)! (GiEg; );

which in turn de nes a g-Hamiltonian g-Poisson g-manifold. Let [, be the backward image

of Fg under this Dirac morphism. By Proposition 3.11, I is related to F by the section

Au()2 (~2Ey), where Ry :g g! Ey is the map de ned by the Dirac morphism

( ;0). Hence, by Proposition 1.18, the bivector for the new splting TM = Ey By is
fus= *+Am().

Proposition 5.24  (Exponentials). Suppose(M; Am; o; o) is a Hamiltonian Poisson g-
manifold. That is, Ay is a g-action on M, ¢ is a g-invariant Poisson structure, and

o: M ! gis a g-equivariant moment map generating the given action orM. Assume
that o(M) @, and let

—exp o = o+ Am( o")

where" 2 C1 (gy;"?g) is the solution of the CDYBE de ned in Section 3.5. Then(M; Ay ; ; )
is a g-Hamiltonian g-Poisson g-manifold.
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Proof. It is well-known that ( M; Am; o; o) is a Hamiltonian g-manifold if and only if
o.M ! g is aPoisson map, i.e., if and only if

( 0:0): (MiEm;0)! (9:E ;;0)
is a strong Dirac morphism, with Ey =Gr , andEg =Gr _ . UsingB to identify g = g,
and composing with the strong Dirac morphism (exp$ ), one obtains the strong Dirac
morphism

(; %) (MiEm;0)! (GiEg; );
which in turn gives rise to a g-Hamiltonian g-Poissong-manifold (M; Ay ; ; ). The back-
ward image By TM of Fg under the Dirac morphism ( ; $) is a Lagrangian com-
plement to Ey = Gr . Let b: (E4! Em be dened by the Dirac morphism ( o;0),
and put AJM( )= B e ). As explained in Section 3.5,Fy is related the Lagrangian
complementFy, = TM by the section AbM( o) Hence, = o+ An( ")

5.5. k -valued moment maps. Let K be any Lie group. An ordinary Hamiltonian Poisson
K -manifold is a triple (M; ; ) where M is a K-manifold, 2 X?(M) is an invariant
Poisson structure, and : M ! k is a K-equivariant map satisfying the moment map
condition,
I@dh ;)= Am():

The moment map condition is equivalent to being a Poisson map. The following result
implies that k -valued moment maps can be viewed as special cases®f= k o K -valued
moment maps. Letg= k o kcarry the invariant inner product given by the pairing.

Proposition 5.25. The inclusion mapj:k ! k o K = G is a strong Dirac morphism
(j; 0), as well as a backward Dirac morphism, relative to the Kirilbv-Poisson structure
on k and the Cartan-Dirac structure on G. The backward image ofFg under this Dirac
morphism is Fx = Tk . The pure spinor ¢ on G = k o K satis es

j e=1:
Proof. The Cartan-Dirac structure Eg is spanned by the sectionss(w) forw=(; )2 g,

while Ex is spanned by the sectionsgy( ) for 2 k The rst part of the Proposition will
follow once we show thatso(; ) (0 S(; ), I-€.

(109) () goe: )i fo( ) o f(: ):

The vector eld part of the rst relation follows since the in clusionj:k ! k o K is
equivariant for the conjugation action of G = k o K. (Here, the k -component of G acts
trivially on k , while the K -component acts by the co-adjoint action.) For the 1-form pat,
we note that the pull-back of the Maurer-Cartan forms “; R 2 1(G) g to the subgroup
k G is the Maurer-Cartan form for additive group k , i.e.

j b= R=
where the “tautological 1-form' g2 (k) k is dened as in Section 3.5. Thus

. Ly R .
i B 5550 ) =B(o(s )= ho i
This veri es the rst relation in (109); the second one is checked similarly.

0
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Since the adjoint action Ad: G! O(g) is trivial over k, the lift :G! Pin(g) CI(g)
satises jkx =1. It follows that the pure spinor g = R(q( )) satisesj ¢ =1.

Corollary 5.26. Let (M; ) be a Poisson manifold. Then: M ! Kk is a Poisson map if
and only if the compositionj : M ! G is a strong Dirac morphism

(G ;0):(M:Gr ;0)! (G:Eg; ):

Put di erently, Hamiltonian Poisson K -manifolds are g-Hamiltonian g-Poissonk o K -
manifolds for which the moment map happens to take values irk .

As a special case, a HamiltoniarkK -manifold (M;!; ) (with ! asymplectic 2-form, and
satisfying the moment map condition (Aym ( ))! =dh ; i) is equivalent to a g-Hamiltonian
G = k o K-space for which the moment map takes values irk . Sincej ¢ =1, its g-
Hamiltonian volume form coincides with the usual Liouville form (exp! )Pl

6. K -valued moment maps

For a Poisson Lie groupK , J.-H. Lu [42] introduced another type of group-valued moment
map, taking values in the dual Poisson Lie groupK . For a compact Lie group K, with
its standard Poisson structure, this moment map theory turns out to be equivalent to the
usualk -valued one. In this Section, we will re-examine this equivience using the techniques
developed in this paper.

6.1. Review of K -valued moment maps. The theory of Poisson-Lie groups were in-
troduced by Drinfeld in [24], see e.g. [17] for an overview ah bibliography. SupposeK is
a connected Poisson Lie group, with Poisson structure de nd by a Manin triple ( g; k K9).
(Thatis, gis a Lie algebra with an invariant split inner product, and k K are complementary
Lagrangian subalgebras.) Use the paring to identify®= k , and let K be the associated
dual Poisson Lie group. We assume thafy integrates to a Lie group G (the double) such
that K;K are subgroups and the product mapK K ! G is a dieomorphism. The
left action of K on G descends to adressing actionAx on K (viewed as a homogeneous
spaceG=K). The Poisson structure onK , or equivalently its graph Ex = Gr TK ,

K
may be expressed in terms of the in nitesimal dressing actio, as the span of sections

e ()= Ak () h £

for 2 k Here E 2 YK ) k is the right-invariant Maurer-Cartan form for K . Note
that as a Lie algebroid, Ex is just the action algebroid.

For the remainder of this Section 6, we will assume thatk is a compact real Lie group.
The standard Poisson structureon K is described as follows. LetG = K © be the complex-
i cation, with Lie algebra g, and let

g=k a n G=KAN

be the lwasawa decompositions. Hera = IO_1tK; A =expaand N = N, (using the
notation from Section 3.6). We denote by Bk an invariant inner product on k, and let
h; i be the imaginary part of 2B¢. Then (g;ka n) (where g is viewed as a real Lie
algebra) is a Manin triple. Thus K becomes a Poisson Lie group, with dual Poisson Lie
group K = AN.
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A K -valued Hamiltonian k-manifold, as de ned by Lu [42], is a symplectic manifold
(M; 1) together with a Poisson map : M | K . Equivalently, ( ;!): (M;TM; 0) !
(K ;Ek ;0)is a strong Dirac morphism. The Poisson map induces ak-action on M, and
if this action integrates to an action of K we speak of &K -valued Hamiltonian K -manifold.
An interesting feature is that ! is not K -invariant, in general: Instead, the action map
K M ! M isaPoisson map. Accordingly, the volume form (exd )Pl is not K -invariant.
However, let A: M ! A be the composition of with projecton K = AN ! A, and
( A2 :M | Rso its image under the homomorphismT ! C ; t 7! t> de ned by the
sum of positive roots. By [7, Theorem 5.1], the product

(110) ( )2 (exp! )ltor!

is a K -invariant volume form. The proof in [7] uses a tricky argument; one of the goals of
this Section is to give a more conceptual explanation.

6.2. P-valued moment maps. To explain the origin of the volume form (110), we will
use the notion of aP-valued moment map introduced in [3, Section 10]. Letg 7! g° denote
the complex conjugation map onG, and let

(@) ¢=(g "=
On the Lie algebra level, let 7! ¢ denote conjugation, and Y= ¢ We haveK = fg2
Gj ¢ =g g Let

P =1fd'g g2 Gg
denote the subset of “positive de nite' elements inG. Then P is a submanifold xed

under |, and the product map de nes the Cartan decompositionG = KP . Let Eg be the
(holomorphic) Dirac structure on G de ned by the inner product

B := »L-Bg:

Since (Y)Y=1 R; (R)Y=1 L, the Cartan 3-form on G satises satises ¢=1 ,thus

p := p Isreal-valued. Similarly, the pull-backs of the 1-formsB(#; ) for 2 kare
real-valued. It follows that the sections

er ()= e )ip
are real-valued. Letting Ep TP be the subbundle spanned by these sections, it follows
that (P;Ep; p) is a real Dirac manifold, with (Ep)® = Egjp. As a Lie algebroid, Ep is
just the action algebroid for the K -action on P. Similarly, the sectionsfp( ) := f( )jp are
real-valued, de ning a complementFp to Ep. The bundle Fp is de ned by the (real-valued)
pure spinor, p:= p, g2 (P).

Remark 6.1 Since det(Adg+1) > 0 for g2 P (all eigenvalues of Ad, are strictly positive),
one nds that ker(Ep) = fOg. HenceEp is the graph of a bivector p with %[ P, Pl =

L(p)

A P-valued Hamiltonian k-manifold [3, Section 10] is a manifoldM together with a
strong Dirac morphism ( 1;! 1): (M;TM; 0)! (P;Ep; p). For any such space we obtain,
as for the g-Hamiltonian setting, an invariant volume form

(111) (exp(t )~ 4 p)loPl:
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Here p may be replaced by b, the pull-back of the Gauss-Dirac spinor> By Proposition
5.19, the expression exp 1~ 4( bp) is closed underthe dierentiald 2 (Am( + ))),
for any dominant weight

6.3. Equivalence between K -valued and P-valued moment maps. To relate the
K -valued theory with the P-valued theory, we use theK -equivariant di eomorphism

K ! P; g7 dg:

Note that this map takes values in the big Gauss cellO = N KN G. Let $ o denote
the (complex) 2-form on the big Gauss cell, andbx = ! . Itis easy to check that$ g
is real-valued. One can check that

e () (s.)ee()

for all 2 k The vector eld part of this relation is equivalent to the k-equivariance, while
the 1-form part is veri ed in [3, Section 10]. It follows that (;$ k ) is a Dirac isomorphism
from (K ;Ek ;0) onto (P;Ep; p).

Thus, if (M;!; )is a K -valued Hamiltonian k-manifold, then (M;! 1; 1) with !, =

I+ $x and 1= is a P-valued Hamiltonian k-manifold. In particular, we obtain
an invariant volume form on M,
exp(l + $x ) b P

Using the explicit formula (Proposition 4.14) for the GaussDirac spinor, we obtain
by = a? exp( $« );
wherea: K ! A is projection to the A-factor. Hence,
exp(! + $x )" p=( )72 exp(t);
identifying the volume form for the associated P -valued space with the volume form (110).

Proposition 6.2. For any K -valued Hamiltonian k-space (M;!; ) , the volume form
( A)2 (exp!)loP! js k-invariant. Moreover, for all dominant weights the di erential form

( M) Dexp(t)
is closed under the dierential d 2 Ay (BE<( + ).

Proof. Invariance follows from the identi cation with the volume f orm for the associated
P-valued space. The second claim follows from Proposition %9, since the function
from Section 4.5 satis es =a’ .

R
The di erential equation permits a computation of the integ rals , ( #)%( * ) (exp(! ))[tP!

by localization [11] to the zeroes of the vector eldAy (Bﬂ<( + )), similar to the formula
in 5.3.

SIn Section 5.3, B was taken as the complexication of Bk, while here we have an extra factor P 1.
This amounts to a simple rescaling of the bilinear form BE, not a ecting any of the results.
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6.4. Equivalence between P-valued and k -valued moment maps. Finally, let us
express the correspondence [3, Section 10] betwefrvalued moment maps andk -valued
moment maps in terms of Dirac morphisms. The exponential mapfor G = K € restricts to
a di eomorphism

expy: p = =ik p = exp(p 1K):

Let $ 2 2(g) be the primitive of exp  de ned in (58), and $ p its pull-back to p. Since
p is real-valued, so is$ , and d$ , = (exp jp) p. Similarly, J, := Jj, > 0. The formulas
for $, and J, are similar tg those for the Lie algebrak, but with sinh functions replaced

by sin functions. UseB! = p_lBL to identify k = p. By Proposition 3.12,
eo( ) (€xpy:$ p) er( ) 2k

Hence (exp,; $ p) is a Dirac (iso)morphism from (k ;Ex ;0) to (P;Ep; p). This sets up a
1-1 correspondence betweeR -valued and k -valued Hamiltonian k-spaces. Thinking of the
latter as given by strong Dirac morphisms ( o;! o) to (k ; Ex ;0), the correspondence reads

(u!')=Exprp$p) ( o'lo)
The volume forms are related by (exp{ 1) ; p)[oPl = ngz exp(! o)toPl.
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