
MAT1300 problem set 9 (week 10) – Question 1:

Let x1, . . . , xn be the standard coordinates on Rn.

(a) Let y1, . . . , yn be the coordinates on Rn with respect to another
oriented orthonormal basis.
(i) Show: dy1 ∧ . . . ∧ dyn = dx1 ∧ . . . ∧ dxn.
(ii) Show:

∑
yi ∂

∂yi =
∑

xi ∂
∂xi . (This is sometimes called the

Euler vector field. In fact, we don’t really need the second
basis to be oriented nor orthonormal.) Hint: for v ∈ Rn,
compute in coordinates the velocity vector at t = 0 of the
curve t 7→ etv.

(b) Consider the (n− 1) form

ω :=
1

‖x‖n

∑
(−1)i−1xidx1 ∧ . . . ∧ d̂xi ∧ . . . ∧ dxn

on Sn−1 ⊂ Rn.
(i) Let A : Rn → Rn be a rotation (represented by a matrix in

SO(n)). Show that A∗ω = ω. Hint: use parts (a) and (b).
(ii) Show that ω is a volume form on Sn−1.
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