
REVIEW OF HOMOLOGY

Homology.

Singular homology:

Hk(M, Z) = {k-cycles}/{k-boundaries}.

A k-chain is a formal integer combination∑
mσ[σ : ∆k → M ]

where ∆k is the standard k-simplex. The boundary map takes k-chains
to (k − 1)-chains for each k. Cycles are chains with zero boundary.

Example: a finite triangulation of a closed oriented embedded k-submanifold
of M gives a k-cycle; its homology class is independent of the triangu-
lation. Similarly, a continuous map from a closed oriented manifold to
M represents a homology class.

Functoriality: f : M → M ′ gives f∗ : Hk(M) → Hk(M
′).

– (g ◦ f)∗ = g∗ ◦ f∗;
– if f = identityM then f∗ = identityHk(M);
– if f is a diffeomorphism then f∗ is an isomorphism.

If M is a closed, oriented, n-dimensional manifold then Hn(M) ∼= Z,
generated by the fundamental class [M ].

Integration. α ∈ Hk
dR and A ∈ Hk(M) give∫

A

α ∈ R.

(Represent A by a smooth cycle.)

If M, M ′ are closed oriented manifolds of the same dimension and
Ψ: M → M ′, we have Ψ∗[M ] = d[M ′] for d ∈ Z, the degree of Ψ.
If Ψ is an orientation preserving diffeomorphism then d = 1; if Ψ is an
orientation reversing diffeomorphism then d = −1.

For f : M → M ′ we have
∫

f∗A
α =

∫
A

f ∗α. If f is a diffeomorphism then∫
M

f ∗α = ±
∫

M
α. Functoriality: (f ◦ g)∗ = g∗ ◦ f ∗. Also, f ∗(α ∧ β) =

f ∗α ∧ f ∗β.
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Example.

H2(S
2 × S2) = Z[S2 × point] + Z[point× S2]

H4(S
2 × S2) = Z[S2 × S2].

dim Hk(S2 × S2) =


1 k = 0

2 k = 2 (by Künneth)

1 k = 4

0 otherwise.

Denote ωa,b = aωS2 ⊕ bωS2 .

H2(S2 × S2) = {[ωa,b] | a, b ∈ R}
∼=→ R2

via [ωa,b] 7→ (a, b).

a =
1

4π

∫
S2×point

[ωa,b] ; b =
1

4π

∫
point×S2

[ωa,b] .

A diffeomorphism of S2× S2 induces a linear isomorphism of H2(S2×
S2) ∼= R2 that is represented by

(
α β
γ δ

)
∈ GL(2, Z), i.e., α, β, γ, δ ∈ Z,

and αδ − βγ = ±1.

Example.

C2 ↪→ Cn+1 gives CP1 ↪→ CPn. For ω = Fubini Study,
∫

CP1 ω = π.

H2(CPn) = Z[CP1] , H2n(CPn) = Z[CPn].

dim Hk(CPn) =

{
1 k = 0, 2, 4, . . . , 2n

0 otherwise.

Thus, 1, [ω], [ω2], . . ., [ωn] are a basis for H∗(CPn).


