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NowI, evenI, wouldcelebrate
In rhymesunapt,thegreat
ImmortalSyracusan,rivalednevermore,
Whoin hiswondrouslove,
Passedonbefore,
Leftmenhisguidance
Howto circlesmensurate.

A.C. Orr

I leave it asanexercisefor you to figureout why I includedthis poemaboutArchimedes.Perhaps
I shouldleave acluesomewherein thisarticle,eh?

Archimedes,thegreatestmathematicianof antiquity, in his On theMeasurementof theCircle,
gave upperandlower boundson π by inscribingandcircumscribingpolygonsin a circle andthen
computingtheperimetersof thosepolygons.Thecomputationswerequitecomplicatedaslots of
squarerootswereinvolved,sohismethodcouldnotbeextendedindefinitely.

Many centurieslater, but still quitesometimeago,while mathematiciansweretediouslytrying
to calculateπ’s exact value, JohannHeinrich Lambert(1728-1777)must have ticked off a few
peopleafterdiscovery of thefollowing theorem.

Theorem 1 π is irr ational.

Poof 1. Considertanx, wherex is anonzerorationalnumber.�
x : x ����� x �� 0�
	 tanx ���� (Think aboutthat!)

tan
π
4
� 1

tan
π
4
���
	 π

4
�� Q	 π ������ QED

Whoa,you say! OK, soI hadto compressthepoof into four steps– theeditorwouldhave accused
meof monopolizingthisbookwith acompleteproof. ThereforeI mustbecrueland(sadlyenough)

1Theword“poof” originatedatTorontoandthewordhasseveraluses.A poofis (1) aproofthatsneaksuponyouand
hitsyoulikeanuncountablenumberof bricks;thengetserasedoff theboardbeforeyouabsorbit, (2)ahighly improbable
construction,usuallynon-constructive, thatproducestheresultby pulling a rabbitout of a hat,or (3) somethingwhich
studentssupply, especiallyonexams,whenaskedto giveaproof;suchstudentsdonotusuallycontinuein mathematics.
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leave it asa real hardexercisefor you. (Hint: tanx canbewritten asa continuedfraction. ’Nuff
said!)

BeforeLamberthadsuccessfullyproven π’s irrationality, π hadonly beencalculatedto 112
decimalplaces.In 1844,JohannMartin ZachariasDasespenttwo monthscalculatingπ in hisbrain
andcorrectlycomputedit to 200 decimalplaces.In 1987,Hideaki Tomoyori memorized40,000
digits of π, reciting it in only 17 hours(of coursehegot his namein theGuinessBookof Records
for it). Today, 206,158,430,000digits of π areknown, thanksto YasumasaKanadaandDaisuke
Takahashiof theUniversityof Tokyo. For thosewho don’t rememberwhatπ is, it is theratio of a
circle’s circumferenceto its diameter, approximately

3.14159265358979323846264338327950288419716939937510582097494459230781
6406286208998628034825342117067982148086513282306647093844609550582231
7253594081284811174502841027019385211055596446229489549303819644288109
7566593344612847564823378678316527120190914564856692346034861045432664
8213393607260249141273724587006606315588174881520920962829254091715364
3678925903600113305305488204665213841469519415116094330572703657595919
5309218611738193261179310511854807446237996274956735188575272489122793
8183011949129833673362440656643086021394946395224737190702179860943702
7705392171762931767523846748184676694051320005681271452635608277857713
427577896091(No, I didn’t randomlytypethelast300digits...)

Are the digits of π distributed randomly? Probably, but it hasnot beenproven yet; which
is onereasonwhy mathematicianscalculateπ to suchgreatlengths. The tablebelow shows the
distribution of digits for the first 200 billion digits of π beyond the decimalpoint, and the data
suggeststhatperhapsthedigitsaredistributedrandomly.

Digit Frequency Digit Frequency

0 20000030841 5 19999914711
1 19999914711 6 19999881515
2 20000136978 7 19999967594
3 20000069393 8 20000291044
4 19999921691 9 19999869180

Table 1: Frequency distributionsfor thefirst 200billion digitsof π � 3.
(Source:YasumasaKanada,Universityof Tokyo)

Interestinglyenough,thesequence‘0123456789’occursin thedecimalexpansionof π a total
of six timesin thefirst 50 billion digits, while thesequence‘9876543210’occursfive times,and
thesequence‘27182818284’occursat the45,111,908,393rddecimalplace!Let menow show you
someof thehideousmethodsusedto calculateπ...

Fromthebeginningof the18thcentury, π wascalculatedwith JohnMachin’s formula– which
canbefoundin almostany elementarycalculustextbook:

π
4
� 4arctan

�
1
5 � � arctan

�
1

239� �
SinceMachin knew the power seriesfor the arctangentfunction, the computationwasdoneby
evaluatingthe first bunch of termsof the power series. This formula becameso powerful that
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mostsubsequentcalculationsof π weredoneby similar inverse-tangentidentities.An extensionof
Machin’s formulawasusedto calculateπ to 1 million digits in 1973.

SinceMachin’s formula, other methodsfor calculatingπ were discovered. In 1914, Indian
prodigySrinvasaRamanujanshowedthat

1
π
� � 8

9801

∞

∑
n� 0 � 4n� ! � 1103� 26390n�

� n! � 4 3964n

(Try pluggingn � 0 into yourcalculatorandseewhatyougetfor π.)

In 1987,PeterandJonathanBorwein,now professorsat SimonFraserUniversity, formulateda
differentRamanujan-like convergenthypergeometricseries:

1
π � 12

∞

∑
n� 0 ��� 1� n � 6n� ! � 212175710912 61 ! 1657145277365! n � 13773980892672 61 ! 107578229802750�#"

� n! � 4 � 3n� ! � 5280� 236674! 30303 61"%$ 3n& 3' 2(
(Phew!) Oh,by theway, whatis amazingaboutthis formulais thateachtermaddsabout25 digits
of accuracy soby thetimeyoureachn � 99, theresultfor π will beaccurateto about2500digits!

With theadvent of computers,mathematicianshave createditerative algorithmsfor π suchas
thisone,alsodiscoveredby theBorweins’,andappropriatelycalledtheBorwein4th-order conver-
gentalgorithm:

y0
� � 2 � 1 � α0

� 6 � 4 � 2

yn) 1
� 1 �+* 1 � y4

n , 1- 4
1 � � 1 � y4

n � 1- 4 �
αn) 1

�/. � 1 � yn) 1 � 4αn 0 � 22n) 3yn) 1 * 1 � yn) 1 � y2
n) 1 , �

thenwehave
1

αn 1 π asn 1 ∞ �
With a fourth-orderalgorithm,eachiterationapproximatelyincreasesthenumberof correctdigits
by a factorof four. In fact,with n � 15, theresultis guaranteedto agreewith π for over 2 billion
digits!

Kanada’s computationof π on September18, 1999usesa relatively simplemethodcalledthe
Gauss-Legendre algorithm, whichusestheArithmetic-GeometricMean:

a0
� 1 � b0

� � 2
2
� t0 � 1

4
� x0

� 1

an) 1
� an � bn

2
� bn) 1

�32 anbn �
tn) 1

� tn � xn � an) 1 � an � 2 � xn) 1
� 2xn �

then lim
n4 ∞ � an � bn � 2

4tn
� π �
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Using oneof the mostpowerful computersin the world, Kanadawasable to generateover 206
billion digitsof π in justover31hourswith thissecond-orderalgorithm!Eventhougheachiteration
approximatelydoublesthenumberof correctdigits,computingeachiterationismuchfasterthanthe
Borwein4th-orderalgorithm; in factKanadaverifiedhis computationusingBorwein’s algorithm
with thesamecomputerandgeneratedthesame206billion digits in 46hours.

David andGregoryChudnovsky of ColumbiaUniversity, whohavealsosetrecordsin calculat-
ing digitsof π, usea Ramanujan-like seriesthatthey formulatedin 1985:

1
π 5 163 6 8 6 27 6 7 6 11 6 19 6 127

64032037 2 ∞

∑
n8 0 9 13591409

163 6 2 6 9 6 7 6 11 6 19 6 127 : n; < 6n= !< 3n= ! < n! = 3 <?> 1= n
6403203n

Eachterm only adds14 digits of accuracy, but the beautyof the formula is that it is the fastest
converging seriesthatonly usesinteger terms.In 1994,they wereableto compute4 billion digits
of π with this algorithm. I will not boreyou with detailsasto why the formulaworks,but it is a
resultfrom thiscuteobservation:

eπ @ 163 � 262537412640768743 � 9999999999992�A�%�
A majorsnagin determiningwhetherthedigits of π aredistributedrandomlyis that to deter-

mine,say, thebillionth digit of π, onehasto computeeachof theprecedingdigits. However, some
significantprogresswasmadein 1996whentheBorweins’discoveredthisneatformulafor π:

π � ∞

∑
k � 0

1
16k

�
4

8k � 1
� 2

8k � 4
� 1

8k � 5
� 1

8k � 6 � �
Theadvantageof this formulalies in thefactthatit is verysimpleto calculatethen-th hexadecimal
(base16)digit of π directlywithoutcomputingthevaluesof any of its previousdigits. Thenatural
questionto askis whethera formulaexiststhatallowssimplecomputationof then-th decimaldigit
of π. Of course,it is still anopenquestion.

Well, folks, that’s all for me today... Oops! I forgot to supply a clue to the puzzlein the
beginning of our chit-chat. But heck,by now you shouldhave no problemmemorizingπ to 30
digits, right?May I have a largecontainerof coffeeright now?

Further Reading

Thereis anabundanceof literaturedealingwith π but wehavespacefor justafew items:In theApril
1992issueof TheNew Yorker thereis anarticleby RichardPrestonabouttheChudnovsky brothers,
“Mountainsof π,” whichwonanawardfor scientificexpositionfrom TheAmericanAssociationfor
the Advancementof Science.Dario Castellanoswrote about“The ubiquitousπ” in Mathematics
Magazine, 61(1988),67-98and148-163.Thereis apaperin TheAmericanMathematicalMonthly
by the Borweinsentitled “Ramanujan,modularequations,and approximationsto π, or how to
computeonebillion digits of π” (96(1989)201-219). Finally, David Bailey, JonathanBorwein,
PeterBorwein,andSimonPlouffe have recentlypublisheda paperon June25, 1996called“The
Questfor Pi,” which is availableon theWorld WideWebat http://www.cecm.sfu.ca/˜pborwein/.
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