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Now!|, evenl, wouldcelebate
In rhymesunapt,thegreat
Immortal Symacusanyivaled nevermoe,
Whoin hiswondouslove
Passedn befor,
Leftmenhis guidance
Howto circlesmensuate
A.C.Orr

| leave it asanexercisefor youto figure outwhy | includedthis poemaboutArchimedes Perhaps
| shouldleave acluesomevherein this article,eh?

Archimedesthe greatesmathematiciamf antiquity in his Onthe Measuementof the Circle,
gave upperandlower boundson 1t by inscribingandcircumscribingpolygonsin a circle andthen
computingthe perimeterof thosepolygons. The computationsvere quite complicatedaslots of
squarerootswereinvolved, sohis methodcould not be extendedndefinitely

Many centuriedater, but still quite sometime ago,while mathematiciangeretediouslytrying
to calculatert's exact value, JohannHeinrich Lambert(1728-1777)must have ticked off a few

peopleafterdiscovery of thefollowing theorem.
Theorem 1 Ttisirrational.
Poof 1. Considertanx, wherex is a nonzerarationalnumber

{X:xeQ,x#0} =tanx¢ Q (Think aboutthat!)

Tt
tan- =1
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Tt Tt
tan-— = —

7€Q=7¢0Q
=>n¢gQ  QED

Whoa,you say! OK, sol hadto compresshe poofinto four steps- the editorwould have accused
me of monopolizingthis bookwith a completeproof. Thereford mustbe crueland(sadlyenough)

ITheword“poof” originatedat Torontoandtheword hasseveraluses A poofis (1) aproofthatsneaksiponyouand
hitsyoulike anuncountablewumberof bricks;thengetserasedff theboardbeforeyouabsortit, (2) ahighly improbable
constructionusuallynon-constructie, that produceshe resultby pulling a rabbitout of a hat, or (3) somethingwhich
studentsupply especiallyon exams,whenasledto give a proof; suchstudentsio not usuallycontinuein mathematics.



leave it asareal hardexercisefor you. (Hint: tanx canbe written asa continuedfraction. 'Nuff
said!)

Before Lamberthad successfullyproven 1t's irrationality, 1T had only beencalculatedto 112
decimalplaces.n 1844, JohanrMartin Zachariadasespenttwo monthscalculatingrtin hisbrain
and correctly computedt to 200 decimalplaces.In 1987, Hideaki Tomoyori memorized40,000
digits of 11, recitingit in only 17 hours(of coursehe got his namein the GuinessBookof Recods
for it). Today 206,158,430,00@igits of 1t areknown, thanksto Yasumasd&anadaand Daisule
Takahashof the University of Tokyo. For thosewho don't remembervhatTtis, it is theratio of a
circle’s circumferenceo its diameterapproximately

3.141592653589B238462643333279502834197169399375105820974944592307 8L
64062862089988303482534211706793214808651 328230664 7093844609550582231
72535940812841817450284102701938521105559644622948%49303319644 238109
756659334461 28564323378678316527120190914564856692346034861 045432664
8213393607260W™141273724587006606315588174881520920062829254091 715364
36789259036001B305305488204665213841469519415116094330572703657595919
53092186117383261179310511854807446237P6274956735188575272483122793
81830119491 23867 3362440656643086021 3941639522473 71907021 79860943702
77053921717628767523846748184676694051320005681271452635608277857713
427577896091No, | didn’t randomlytypethelast300digits...)

Are the digits of 1t distributed randomly? Probably but it hasnot beenproven yet; which
is onereasonwhy mathematiciansalculatert to suchgreatlengths. The table belov shawvs the
distribution of digits for the first 200 billion digits of 1 beyond the decimalpoint, andthe data
suggestshatperhapghedigits aredistributedrandomly

| Digit | Frequeng | Digit | Frequeng |
0 20000030841 5 19999914711
1 19999914711 6 19999881515
2 20000136978 7 19999967594
3 20000069393 8 20000291044
4 19999921691 9 19999869180

Table 1: Frequenyg distributionsfor thefirst 200billion digits of Tt— 3.
(Source:Yasumas&anadaUniversityof Tokyo)

Interestinglyenoughthe sequencéd123456789'occursin the decimalexpansionof 1t atotal
of six timesin thefirst 50 billion digits, while the sequencé876543210’occursfive times,and
thesequencé&7182818284occursatthe45,111,908,393rdecimalplace! Let me now shav you
someof the hideousmethodausedto calculatert..

Fromthe baginning of the 18th century twascalculatedwvith JohnMachin’s formula—which
canbefoundin almostary elementarycalculustextbook:

I = 4arctan } — arctan i
4 5 239/ °

SinceMachin knew the power seriesfor the arctangenfunction, the computationwas done by
evaluatingthe first bunch of termsof the power series. This formula becameso powerful that
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mostsubsequertalculationsof Ttweredoneby similarinverse-tangeritlentities.An extensionof
Machin’s formulawasusedto calculatertto 1 million digitsin 1973.

Since Machin’s formula, other methodsfor calculatingtt were discovered. In 1914, Indian
prodigy SrirvasaRamanujarshavedthat

1 V8 2 (4n)![1103+ 263901
T 9801 % (n!)4396"

(Try pluggingn = 0 into your calculatorandseewhatyou getfor 1)

In 1987,PeterandJonatharBorwein,now professorat SimonFraseiUniversity formulateda
differentRamanujan-lik corvergenthypegeometricseries

1_, )![21217571091¢ 61+ 1657145277365 n(137739808R672+/ 61+ 10757822980275D
B ZD (nh)4(3n)! [5280236674+ 30303/ 61][3+3/2]

(Phen!) Oh, by theway, whatis amazingaboutthis formulais thateachtermaddsabout25 digits
of accurag soby thetime youreachn = 99, theresultfor rtwill beaccuratgo about2500digits!

With the adwent of computersmathematicianfiave createdterative algorithmsfor 1t suchas
this one,alsodiscoreredby the Borweins’,andappropriatelycalledthe Borwein4th-order cornver
gentalgorithm

YOZ\/Q—l, 0o =6—4v2
1-(1- y4)1/4
1+ (1-yh)"*
Ont1 = [(1+Yn+1)40(n] — 223y (1+Yn+1+y2n+1) )
thenwe have a_ln — TTasn — oo,

With afourth-orderalgorithm,eachiterationapproximatelyincreaseshe numberof correctdigits
by afactorof four. In fact, with n= 15, the resultis guaranteedo agreewith 1tfor over 2 billion
digits!

Kanadas computatiorof 1t on Septembefl8, 1999 usesa relatively simplemethodcalledthe
Gauss-Lgende algorithm which usesthe Arithmetic-Geometridviean:

\/é 1
=1 =Y2
ao ) b0 2 0 4’

an+b
1= n, Pni1 = v/anbn,

thia :tn_xn(an+1_an)2, Xnt-1 = 2Xn,
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Using one of the mostpowerful computersin the world, Kanadawas ableto generateover 206
billion digitsof mtin justover 31 hourswith this second-ordealgorithm! Eventhougheachiteration
approximatehdoublegshenumberof correctdigits, computingeachiterationis muchfastethanthe
Borwein 4th-orderalgorithm;in fact Kanadaverified his computationusing Borwein’s algorithm
with the samecomputerandgeneratedhe same206billion digitsin 46 hours.

David andGregory Chudnarsky of ColumbiaUniversity who have alsosetrecordsin calculat-
ing digits of 1, usea Ramanujan-lik serieghatthey formulatedin 1985:

1 163-8-27-7-11-19-127 & 13591409 6n)! (=)
A n
T 640326/2 n; 163-2-9-7-11-19-127 ' | (3n)!(n!)3 6403267

Eachterm only adds14 digits of accurayg, but the beautyof the formulais thatit is the fastest
converging seriesthatonly usesintegerterms.In 1994 they wereableto computed billion digits

of rtwith this algorithm. | will not boreyou with detailsasto why the formulaworks, but it is a

resultfrom this cuteobseration:

eW163 _ 262537412640768743.9999999999992 ..

A majorsnagin determiningwhetherthe digits of T aredistributedrandomlyis thatto deter
mine,say thebillionth digit of 1, onehasto computeeachof the precedingligits. However, some
significantprogressvasmadein 1996whenthe Borweins’discoveredthis neatformulafor 1t

e 1 4 2 1 1
=2 1 (8k+1 T8k+4 Bk+5 8k+6) '
Theadwantageof thisformulaliesin thefactthatit is very simpleto calculatehen-th hexadecimal
(basel6) digit of mtdirectly without computingthe valuesof ary of its previousdigits. The natural
guestiono askis whethera formulaexiststhatallows simplecomputatiorof the n-th decimaldigit
of Tt Of courseijt is still anopenquestion.
Well, folks, that's all for me today.. Oops! | forgot to supply a clue to the puzzlein the

beginning of our chit-chat. But heck, by now you shouldhave no problemmemorizingt to 30
digits, right? May | have alarge containerof coffeeright non?

Further Reading

Thereis anabundancef literaturedealingwith Ttbut we have spacdor justafew items: In the April
1992issueof TheNew Yorker thereis anarticleby RichardPrestoraboutthe Chudnasky brothers,
“Mountainsof 1" whichwonanawardfor scientificexpositionfrom The AmericanAssociatiorfor
the Advancemenbf Science.Dario Castellanosvrote about“The ubiquitoustt’ in Mathematics
Magazine 61(1988),67-98and148-163.Thereis apaperin TheAmericanMathematicaMonthly
by the Borweinsentitled “Ramanujan,modularequations,and approximationgo 1, or how to
computeone billion digits of " (96(1989)201-219). Finally, David Bailey, JonatharBorwein,
PeterBorwein,and SimonPlouffe have recentlypublisheda paperon June25, 1996 called“The
Questfor Pi;” whichis availableon the World Wide Webat http://wwwcecm.sfu.ca/“pborwein/



