
MAT 137Y, Limit Proofs and Some Examples

We will do our first example at great length with much commentary and explanation. You should not
regard it as a model for your proofs but as a guide to thinking through your solution.

Example 1.Find a numberδ > 0 such that|x−2|< δ implies |x3−8|< 10−4. In other words find aδ > 0
such that wheneverx satisfies|x−2|< δ then it also satisfies|x3−8|< 10−4.

First Solution. We have to make|x3−8| small (specifically, less than 10−4) by makingx “sufficiently close”

to 2, namely by making|x−2| “sufficiently small”. Imagine that someone (Peggy, say) has challenged us
to make|x3−8| small and we get to decide how small we want to make|x−2| in order to achieve this. The
smallness of|x−2| is controlled by the numberδ which we are going to choose. We are going to choose this
δ and then prove to Peggy that it works, that is that|x−2|< δ implies that|x3−8|< 10−4. (To put it another
way we are going to show her that no matter what value ofx she cares to take in the interval(2− δ,2+ δ)
then, for that value ofx, f (x) will lie in the interval(8−10−4,8+10−4).

It is essential to understand that there is no one “correct” value forδ. True, there is theoretically a largest
possible value ofδ which will work but it will generally be difficult if not impossible to find. Fortunately we
don’t have to find it! We are quite free to makeδ much smaller than it really needs to be. It may well be that
theδ we provide to Peggy in fact makesx3−8 < 10−10. If so, so much the better: overkill is certainly not
forbidden, and in fact makes life easier. Speaking of overkill it is also worth noting that if we find a value
δ which works then any smaller value ofδ, for exampleδ/2, will also work (why?). Having made these
preliminary comments let’s get to work.

What we are going to do is work with the expression|x3− 8| to see how we can make it less than
10−4. Our work will basically be a long chain of inequalities|x3−8|< .. . . . . < 10−4. Some of these strict
inequalities may be replaced by “less than or equal to” or “equal to”: as long as we have at least one strict
inequality in our chain we can conclude that the first element of the chain is less than the last. At each
step we will have to justify the inequality. Sometimes the inequality will hold without any assumptions on
x (for example if we apply the triangle inequality). Sometimes the inequality will follow from a specific
assumption we make about how small|x−2| is ( for example|x−2| < 1

25 or |x−2| < 1). We are free to
make as many such assumptions as we like since the smallness of|x−2| is completely under our control.

Since|x−2| is what we can control we need to see it in|x3−8| in order to get started:

(1) |x3−8|= |x−2||x2 +2x+4|.

The |x−2| factor above we can make small. Can we also make|x2 +2x+4| small? No: sincex is going to
be close to 2 we expect|x2 +2x+4| to be close to 12. But that’s OK: if we can ensure that|x2 +2x+4| is
not too big, say less than 73, then by making|x−2|< 10−4/73 we will be in business. What we need to do
is bound |x2 +2x+4|, that is find some specific number which is larger than|x2 +2x+4|. With this aim in
mind, continuing from (1), using the triangle inequality and properties of absolute value we have

(2) |x−2||x2 +2x+4| ≤ |x−2|(|x2|+ |2x|+ |4|) = |x−2|(|x|2 +2|x|+4).

Now if we just had a bound on|x| we could easily get one on|x|2 + 2|x|+ 4. But we can bound|x| since
we can make it close to 2. Clearly|x−2| does not need to be particularly small to achieve this but we do
need to put somespecificrestriction on|x−2|, say|x−2|< 10 or|x−2|< 1, since|x−2| is what we have
control over. The traditional choice is|x−2|< 1 (rationale: 1 is the “simplest” strictly positive number). In
this example, to highlight the arbitrary nature of this choice we will make the assumption that

(a) |x−2|< 10.
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Condition (a) implies that−8 < x < 12, so|x|< 12. So continuing from (2)

(3) |x−2|(|x|2 +2|x|+4) < |x−2|(122 +2·12+4) = |x−2|(172).

Now if we impose the second condition

(b) |x−2|< 10−4/172

then

(4) 172|x−2|< 10−4,

which is what we were aiming for. To summarize, (1), (2), (3), and (4) together form a string of inequalities
which show that|x3−8|< 10−4 provided that our two assumptions (a) and (b) hold. Since 10−4/172< 10
we really only need to assume (b) (but we couldn’t have foreseen what (b) would be before we imposed (a)).
So, we have shown that|x3−8|< 10−4 provided that|x−2|< 10−4/172. In other wordsδ = 10−4/172 is
a solution to our problem. �

Here is an alternate approach to Example 1.
Second solution.Let x = 2+ h soh = x−2. Then the problem is to findδ > 0 such that|h| < δ implies

|(2+h)3−8|< 10−4. Now

|(2+h)3−8|= |8+12h+6h2 +h3−8| (binomial expansion)

≤ 12|h|+6|h|2 + |h|3

= |h|(12+6|h|+ |h|2).

Since we can make|h| small we need only bound the other factor, which we do by assuming

(a) |h|< 1.

Then we have
|h|(12+6|h|+ |h|2) < |h|(12+6+1) < 10−4,

provided we also assume that

(b) |h|< 10−4/19.

So, under the assumption that (a) and (b) hold, which amounts to the assumption that|h|< 10−4/19 we
have shown that|(2+h)3−8|< 10−4. This means thatδ = 10−4/19 is a solution to the problem. �

Note: The second solution is not intrinsically “better” than the first. It is better in that it is shorter but
this is only because we have not included the extensive comments. The first solution could easily be pared
down to about the same length. It is up to you to decide which approach you like better. Ideally you should
understand both.

It should be clear in Example 1 that we could replace 10−4 by any positive numberε, no matter how
small, and still come up with aδ which does the job. The work would be very close to the case when
ε = 10−4 which we just did. Let’s do it explicitly.

Example 2.Givenε > 0 find δ > 0 such that|x−2|< δ implies|x3−8|< ε.
From our work in Example 1 we know that if we assume|x−2|< 10 then

|x3−8|= |x−2||x2 +2x+4|< 172|x−2|.
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If we assume further that|x−2|< ε
172 then 172|x−2|< ε.

So, we have shown that|x3−8|< ε provided|x−2|< 10 and|x−2|< ε
172, which means that we want

|x−2| to be less than the smaller of these two numbers. Since we don’t know whatε is we can’t be sure
which is the smaller, so we just takeδ to be whichever one is smaller, that isδ = min(10,ε/172). (In general
min(a1,a2, . . . ,an) denotes the smallest of then numbers in question.) �

Example 2 is in fact a proof that
lim
x→2

x3 = 8.

Note that the definition of this limit actually says that 0< |x−2| < δ implies |x3−8| < ε (that isx is not
allowed to be equal to 2.) This is because in general the functionf (x) in question (x3 in this case) may not
be defined at 2, or if it is, it’s value may not be equal to the limit. The limit reflects the behaviour of the
function near 2 but not at 2. In Example 2 we actually proved more than we needed to, namely even when
x = 2 we still have|x3−8| < ε (in fact |x3−8| = 0 ). The reason this is possible in this case is thatx3 is
a well-behaved function, namely it’s value at 2 is the same as it’s limit at 2. (As you know, this is what it
means forx3 to be continuous at 2.)

It is only slightly more complicated to prove that asx→ a, thenx3 → a3.

Example 3.Prove that lim
x→a

x3 = a3 for any real numbera.

We have to show that givenε > 0 there is aδ > 0 such that

(0) 0 < |x−a|< δ implies|x3−a3|< ε.

We calculate

(1) |x3−a3|= |x−a||x2 +ax+a2| ≤ |x−a|(|x|2 + |a||x|+ |a|2)

In order to bound the second factor above assume

(a) |x−a|< 1.

Then|x|= |x−a+a| ≤ |x−a|+ |a|< 1+ |a|, so

|x|2 + |a||x|+ |a|2 < (1+ |a|)2 + |a|(1+ |a|)+ |a|2.

Let’s writeC for (1+ |a|)2 + |a|(1+ |a|)+ |a|2. Continuing from (1) we have

|x−a|(|x|2 + |a||x|+ |a|2) < |x−a|C < ε,

if we assume that

(b) |x−a|< ε/C.

Noting the assumptions (a) and (b) that we made we see that ifδ = min(1, ε
C) then (0) is satisfied. �

Remarks: In Example 2, wherea = 2, we were able to bound|x| in a very straightforward way. In this
example it is slightly more subtle because we don’t know whethera is positive or negative. Nonetheless
the trick of writing|x|= |x−a+a| and then using the triangle inequality is quite natural since|x−a| is the
quantity over which we have control.

Note that our choice ofδ in Example 3 is legitimatebecauseC is a constant. One mistake that students
sometimes make goes something like this

|x3−a3|= |x−a||x2 +ax+a2|,
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so just takeδ = ε/|x2 +ax+a2|. This is complete nonsense. The definition of a limit becomes meaningless
if you allow δ to depend onx. (Why?) δ may depend on everything in sight (e.g.ε anda) except for x.
The fact that it may not depend onx is implicit in the definition, sinceδ appears in the defintion before any
mention is made ofx.

Example 4.Prove that lim
x→2

1
x2 =

1
4
.

Givenε > 0 we have to findδ > 0 such that

(0) 0 < |x−2|< δ implies

∣∣∣∣ 1
x2 −

1
4

∣∣∣∣ < ε.

Now

(1)
∣∣∣∣ 1
x2 −

1
4

∣∣∣∣ =
∣∣∣∣4−x2

4x2

∣∣∣∣ =
|2−x||2+x|

4|x|2
≤ |x−2|(|2|+ |x|)

4|x|2
.

(Why is |x−2| equal to|2− x|?) We will be in good shape if we can bound|2|+|x|4|x|2 . To do this we need an
upper bound on the numerator and a lower boundc > 0 on the denominator. Assume

(a) |x−2|< 1.

Then 1< x < 3 so|x|< 3 and|x|> 1. Continuing with (1) we have

|x−2|(|2|+ |x|)
4|x|2

< |x−2|2+3
4·12 =

5
4
|x−2|.

(We replaced the numerator of the fraction by something larger and the denominator by something smaller,
which makes the fraction larger.) Now assuming

(b) |x−2|< 4
5

ε

we have
5
4
|x−2|< ε.

Recalling our assumptions (a) and (b) we see that the choiceδ = min(1, 4
5ε) ensures that (0) holds. �

Example 5.Prove that lim
x→ 1

2

1
x2 = 4.

Givenε > 0 we must findδ > 0 such that

(0) 0 <

∣∣∣∣x− 1
2

∣∣∣∣ < δ implies

∣∣∣∣ 1
x2 −4

∣∣∣∣ < ε.

Now

(1)
∣∣∣∣ 1
x2 −4

∣∣∣∣ =
∣∣∣∣1−4x2

x2

∣∣∣∣ =
|1−2x||1+2x|

|x|2
≤ 2|x− 1

2|
1+2|x|
|x|2

.

Notice that, unlike the previous example, here assuming|x− 1
2|< 1 will not buy us a lower bound onx since

it only implies−1
2 < x < 1

2 sox could be extremely close to 0. In order to keepx “well away from 0” we
will assume

(a)
∣∣∣∣x− 1

2

∣∣∣∣ <
1
4
.
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(The 1
4 above could be replaced by any number strictly less than1

2.) Then1
4 < x < 3

4 so|x|> 1
4 and|x|< 3

4.
Continuing with (1),

2|x− 1
2|(1+2|x|)
|x|2

<

∣∣∣∣x− 1
2

∣∣∣∣ · 1+2(3
4)

(1
4)2

=
∣∣∣∣x− 1

2

∣∣∣∣40< ε,

provided we assume

(b)
∣∣∣∣x− 1

2

∣∣∣∣ <
ε

40
.

In view of (a) and (b) we see that if we letδ = min(1
4, ε

40) then we will have∣∣∣∣x− 1
2

∣∣∣∣ < δ implies

∣∣∣∣ 1
x2 −4

∣∣∣∣ < ε.�

In the next example we will replace12 above by an arbitrary non-zero numbera. If a is positive we could
handle this much as above, replacing the assumption|x− 1

2| <
1
4 by |x−a| < a

2. If a is negative you have
to do something a little different. It is instructive to do it this way, but to avoid having to consider cases
we will first prove the following variant of the triangle inequality. Although it may seem technical it just
says that the distance between two pointsa andb on the real line is at least as big as the difference between
their magnitudes, which should be clear if you draw a picture. Of course this says nothing if the difference
between the magnitudes is negative but you can always reverse the roles ofa andb to make the difference
positive. The proof is very simple.

Theorem. |a−b| ≥ |a|− |b|
Proof: |a|= |(a−b)+b| ≤ |a−b|+ |b| so|a−b| ≥ |a|− |b|. �

Note that the above fact can also be expressed as

|a+b| ≥ |a|− |b|,

by replacingb with −b (keeping in mind that|−b|= |b|).

Example 6.Prove lim
x→a

1
x2 =

1
a2 for any numbera 6= 0.

We are givenε > 0 and must findδ > 0 such that

(0) 0 < |x−a|< δ implies

∣∣∣∣ 1
x2 −

1
a2

∣∣∣∣ < ε.

We have

(1)
∣∣∣∣ 1
x2 −

1
a2

∣∣∣∣ =
∣∣∣∣a2−x2

a2x2

∣∣∣∣ =
|a−x||a+x|

a2|x|2
≤ |x−a|(|a|+ |x|)

a2|x|2
.

Now assume

(a) |x−a|< |a|
2

.

Then|x| = |(x−a)+a| ≥ |a|− |x−a| > |a|− |a|
2 = |a|

2 . Also |x| = |x−a+a| ≤ |x−a|+ |a| < |a|
2 + |a| so

we have|a|2 < |x|< 3|a|
2 . Using this information on the final expression in (1) we get

|x−a|(|a|+ |x|)
a2|x|2

< |x−a|
|a|+ 3|a|

2

|a|2( |a|2 )2
=

10|x−a|
|a|3

< ε,
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where the last step is justified by the assumption that

(b) |x−a|< ε
|a|3

10
.

Looking at (a) and (b) we see that choosingδ = min( |a|2 , |a|
3ε

10 ) will ensure that (0) holds. �

Now let us look at an example where the stipulation 0< |x−a| in the definition of limit is essential.

Example 7.Find lim
x→1

x−1√
x−1

, if it exists.

In this case the expression in question is undefined whenx= 1 so the stipulation 0< |x−1| is important.
Sincex−1 = (

√
x−1)(

√
x+1), x−1√

x−1 can be transformed into the expression
√

x+1, which is defined at

x=1 and has the limit 2. Nonethelessx−1√
x−1 is not interchangeable with

√
x+ 1, they simply happen to be

equal for all values ofx other than 1. Since the definition of a limit does not depend on the value at 1 the
two expressions do have the same limit at 1. Thus the limit is 2.

Example 8.Prove that lim
x→1

x−1√
x−1

= 2.

Proof: Givenε > 0 we must findδ > 0 such that

(1) 0 < |x−1|< δ⇒
∣∣∣∣ x−1√

x−1
−2

∣∣∣∣ < ε.

In order to have
√

x defined we should assume at the outset that

(a) |x−1|< 1,

so thatx > 0. Now∣∣∣∣ x−1√
x−1

−2

∣∣∣∣ =
∣∣∣∣ x−1√

x−1

√
x+1√
x+1

−2

∣∣∣∣
= |
√

x+1−2|
= |
√

x−1|

=
∣∣∣∣ x−1√

x+1

∣∣∣∣ (multiplying top and bottom by
√

x+1)

≤ |x−1| (since
√

x > 0)
< ε,

where the last inequality is justified by the assumption that

(b) |x−1|< ε.

Thus if we letδ = min(ε,1) then (1) holds. �

Example 9.Find lim
x→0

|x|
x

, if it exists.

Here againf (x) = |x|/x is not defined whenx = 0. Note that

f (x) =

{
1, for x > 0,

−1, for x < 0.
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Intuitively this makes it clear that the limit does not exist: it wants to be both 1 and−1 at the same time. It
can’t be 1 becausef (x) =−1 for all x < 0, which is certainly not close to 1. Similarly it can’t be−1. More
formally, the right hand limit is 1 and the left hand limit is−1. Since these do not agree the limit (two-sided)
does not exist. This is not a formal proof that the limit does not exist but you can try to make your own
following the model of Example 11 below.

Example 10.Find lim
x→0+

sin(1
x), if it exists.

As x approaches 0 from the rightx will take the values(π/2)−1,(2π+π/2)−1,(4π+π/2)−1, . . ., at which
points sin(1

x) will always take the value 1. On the other handx will also take the values(2π−π/2)−1,(4π−
π/2)−1,(6π−π/2)−1 . . . at which points sin(1

x) is always−1. Thus no matter how small an interval(0,δ)
we look at there will bex’s in that interval where sin(1

x) is 1 and otherx’s where sin(1
x) is−1. Thus there

cannot be a single numberL which sin(1
x) is getting close to, sinceL would have to be close to both−1 and

1. This should make it intuitively clear that the limit does not exist, even as a right hand limit, and hence not
as a two-sided limit either. See S.H.E. Figure 2.1.13 for an idea of the graph of this function. You can see
that asx approaches 0 the graph oscillates more and more rapidly between 1 and−1. Now let’s make this
intuition into a precise proof.

Example 11.Prove lim
x→0+

sin(1
x) does not exist.

Proof: The proof will be by contradiction (in fact this is the only way one could possibly prove a
statement of this nature). Suppose the limit did exist, so there is a numberL such that

lim
x→0+

sin(1
x) = L.

Takingε = 1
2 in the definition of this limit we find that there is aδ > 0 such that|sin(1

x)−L|< 1
2 whenever

0< x< δ. Now find an integern> 0 so large thatx1 = 1/(2nπ−π/2) < δ. Then alsox2 = 1/(2nπ+π/2) <
x1 < δ. Thus we can conclude that both|sin( 1

x1
)−L| and|sin( 1

x2
)−L| are less than12. But x1 andx2 were

chosen so that sin( 1
x1

) = −1 and sin( 1
x2

) = 1. Thus we have|−1−L| < 1
2 and|1−L| < 1

2, in other words

both−1 and 1 lie in the interval(L− 1
2,L+ 1

2). Since this interval has length 1 we conclude that the distance
from 1 to−1 is less than 1, which is certainly not true. This contradiction shows that our assumption that
the limit existed was false, that is the limit does not exist. �

Remark: Why did we chooseε = 1
2? Actually anyε ≤ 1 would work for us here since it would lead to

the contradiction that the distance from 1 to−1 is less than 2. This is a contradiction but only barely a
contradiction, so we usedε = 1

2 to make the contradiction starker, thus (hopefully) improving your intuition
about this argument. Theoretically, howeverε = 1

2 is no better thanε = 1, they both do the job.
A careful inspection of the proof of Example 11 reveals that we used the following fact: ifR is a positive

real number then there is a positive integern such thatn > R. (In order to make 1/(2nπ−π/2) < δ we must

maken >
(δ−1+ π

2)
2π = R.) This is called theArchimedean property of the real numbers. For purposes of

this course we may regard it as obvious and you needn’t worry about its name or its proof. For those who
are interested, here is a proof. The proof uses the least upper bound axiom which will be introduced later in
the course.

Proposition. (Archimedean property of the real numbers) IfR is a positive real number then there is a
positive integern such thatn > R.
Proof: The proof will be by contradiction so we suppose the statement is false, that isn≤ R for all
positive integersn. In other wordsR is an upper bound forN, the set of positive integers. By the least upper
bound axiom thenN has a least upper boundb. In particular

(1) b≥ n, ∀n∈ N.
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I claim that also

(2) b−1≥ n, ∀n∈ N.

The reason that (2) is true is that it is equivalent to the statement thatb≥ n+ 1 for all positive integersn,
which follows from (1) sincen+1 is a positive integer whenevern is a positive integer. (2) says thatb−1
is also an upper bound forN which contradicts the fact thatb is the least upper bound. �
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