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Flat connections on oriented 2-manifolds

This section aims to provide a survey on the subject of representations of fundamental groups
of 2-manifolds, or in other guises flat connections on orientable 2-manifolds or moduli spaces
parametrizing holomorphic vector bundles on Riemann surfaces. It emphasizes the relationships
between the different descriptions of these spaces.
The final two sections of this article outline results of the author and Kirwan on the cohomology rings of certain of the spaces described earlier (formulas for intersection numbers which
were discovered by Witten [39, 40] and given a mathematical proof by the author and Kirwan
[18]).
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Introduction

This article aims to provide a survey on the subject of representations of fundamental groups
of 2-manifolds, or in other guises flat connections on orientable 2-manifolds or moduli spaces
parametrizing holomorphic vector bundles on Riemann surfaces. Sections 1 and 2 are intended
to be accessible to anyone with background corresponding to an introductory course on differentiable manifolds (at the advanced undergraduate or beginning research student level in
UK universities). Sections 3 and 4 describe recent work on the topology of the spaces treated
in Sections 1 and 2, and may require more background in algebraic topology (for instance,
familiarity with homology theory).
The layout of this article is as follows. Section 1.2 treats the Jacobian (which is the simplest
prototype for the class of objects treated throughout the paper, corresponding to the group
U (1)). Section 1.3 treats the case corresponding to compact nonabelian Lie groups (such as
SU (n)). Section 1.4 treats the case where compact manifolds without boundary are replaced by
compact manifolds with one boundary component (corresponding to replacing vector bundles
of degree 0 with vector bundles of nonzero degree). Section 1.5 describes a number of different
contexts where the objects occur in mathematics. Section 2.1 treats the general properties of
these spaces, and Section 2.2 treats spaces of connections. Section 2.3 treats cohomology in the
U (1) case, while Section 2.4 treats the general case. Sections 3 and 4 treat recent work on the
topology of these spaces.
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2.1

Background material

Let Σ be a compact two-dimensional orientable manifold. Unless otherwise specified, the dimension refers to the dimension as a real manifold. The space Σ can be described in different
ways depending on how much structure we choose to specify.
(1) Topological description:
One may form a class of topological spaces homeomorphic to Σ by gluing together (in pairs)
the edges of a polygon with 4g sides. These spaces are classified by their fundamental groups
(in other words, by the genus g, for which the Euler characteristic of the space is 2 − 2g: a
space with genus g is a g-holed torus):
g

π = π1 (Σ ) = ha1 , b1 , . . . , ag , bg :

g
Y

−1
aj bj a−1
j bj = 1i.

(1)

j=1

The aj , bj provide a basis of H1 (Σ), chosen so that their intersection numbers are
aj ∩ b j = 1
and all other intersections are zero. For more details, see Chapter 1 of [27].
(2) Smooth description: The objects described in (1) may be endowed with structures of
smooth orientable manifolds of dimension 2, and all smooth structures on a compact orientable
2-manifold of genus g are equivalent up to diffeomorphism.
(3) Holomorphic description: The objects in (1) and (2) may be endowed with additional
structure, since they may be given a structure of complex manifold or Riemann surface (Riemann surfaces are complex manifolds of complex dimension 1). The collection of possible
complex structures on an orientable 2-manifold of genus g is a complex variety called the moduli space of Riemann surfaces of genus g. For genus g = 1, the collection of complex structures
on the 2-torus is the quotient of the upper half plane H by the natural action of SL(2, Z),


az + b
a b
: z 7→
.
c d
cz + d
The complex structure on any orientable 2-manifold of genus g = 1 is specified by the quotient
of C by the lattice generated by 1 and τ where τ ∈ H. The collection of complex structures on
an orientable 2-manifold of genus g ≥ 2 is parametrized by the points in the quotient of C3g−3
by the action of a discrete group.
Often compact Riemann surfaces are described by algebraic equations in the complex projective plane CP 2 . For example, Riemann surfaces of g = 1 may be specified by an equation
{(z, w) : z 2 = (w − 1)(w + 1)(w − λ)}
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(2)

on CP 2 for some λ ∈ C.

2.2

The Jacobian

One may associate certain spaces with Σ which admit different descriptions depending on the
amount of structure with which we have equipped our 2-manifold. In algebraic geometry the
moduli problem refers to the problem of describing the parameters on which a collection of
algebraic varieties depend. The term “moduli space” originates in algebraic geometry, where it
refers to a space which parametrizes a family of objects. For a detailed survey on the moduli
problem, see [25]. By abuse of language the term “moduli space” is often also used to refer to
the same objects as they arise in other contexts where the structure of algebraic variety is not
specified. Strictly speaking this usage is incorrect, but one frequently encounters it.
A prototype is the Jacobian, which can be described in several different ways.
(1) Topological description: If we view Σ as a topological space and retain only the structure
of its fundamental group π, we may define
Jac(Σ) = Hom (π, U (1)) = U (1)2g

(3)

(2) Smooth description: If we view Σ as a smooth orientable 2-manifold, the Jacobian has
a gauge theory description
Jac(Σ) = flat U (1) connections /gauge group .

(4)

The space of U (1) connections is the space Ω1 (Σ) of 1-forms on Σ. In terms of local coordinates
y1 , y2 on a neighbourhood U in Σ, A is identified with two copies of C ∞ (U );
A = {A = A1 dy1 + A2 dy2 : A1 , A2 ∈ C ∞ (U )}.

(5)

See Section 2.1 for a more general description of the space of connections and the gauge group,
and an explanation of how the gauge group acts on the space of connections.
We can impose the condition that a connection A be flat: this leads to the space Aflat defined
in terms of local coordinates as follows.
Aflat = {A = A1 dy1 + A2 dy2 :

∂A1 ∂A2
−
= 0}.
∂y2
∂y1

(6)

The gauge group is G = C ∞ (Σ, U (1)); its Lie algebra is Lie(G) = C ∞ (Σ). The space of
connections is given a more detailed treatment in Section 2.2. The present example will be
developed in greater detail in Section 2.3.
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(3) Holomorphic description: If we endow Σ with a complex structure, Jac(Σ) is identified
with an algebraic variety which classifies holomorphic line bundles over Σ: this is how the
Jacobian arises naturally in algebraic geometry. Strictly speaking the term “Jacobian” refers
only to the algebraic-geometric object, which is a complex torus.

2.3

Representations into a nonabelian Lie group

When we replace U (1) by a compact nonabelian group G (e.g. G = SU (2), or more generally
G = SU (n)), some complications arise.
(1) Topological description:
The natural generalization of Jac(Σ) is
M(Σ) = Hom (π, G)/G
where G acts on Hom (π, G) by conjugation.
(2) Smooth description: M(Σ) has a natural gauge theory description which generalizes
the description of the Jacobian:
M(Σ) ∼
= flat G connections on Σ/G

(7)

where G = C ∞ (Σ, G) is the gauge group.
(3) Holomorphic description: M(Σ) also has a description in algebraic geometry: it is the
moduli space of holomorphic GC bundles over Σ, with an appropriate stability condition from
geometric invariant theory. The identification between the space of representations and that
of holomorphic vector bundles was established by Narasimhan and Seshadri [32]. For a more
detailed treatment of the algebro-geometric aspects of these moduli spaces of vector bundles,
see Thaddeus’ survey [36] and Appendix C to Chapter 5 of [31]. See also [22, 23, 24] for some of
Kirwan’s results on moduli spaces of vector bundles. See [25] for a survey on moduli problems
in algebraic geometry.
Example: For G = U (n), M(Σ) is identified with the moduli space of (semistable) holomorphic vector bundles of rank n and degree 0 over Σ. When G = SU (n) we obtain the moduli
space of (semistable) holomorphic vector bundles of rank n with trivial determinant line bundle
over Σ.

2.4

Moduli spaces of vector bundles of nonzero degree

More generally, we can consider the moduli spaces M (n, d) of (semistable) holomorphic vector
bundles of rank n and (possibly nonzero) degree d with fixed determinant line bundle L over
4

Σ. Replace π by
π ′ = π1 (Σ \ D) = {x1 , . . . , x2g }

(8)

(the free group on 2g generators), where D is a small disc in Σ. The group π ′ is the fundamental
group of a compact orientable 2-manifold with one boundary component, which may be obtained
by removing D from Σ.
For G = SU (n), choose c = e2πid/n I which generates the centre Z(G) (in other words n and
d are coprime). For example, when G = SU (2) we choose c = −I.
(1) Topological description:
)
(
g
Y
−1
(9)
M (n, d) = ρ ∈ Hom (π ′ , G) : ρ( x2j−1 x2j x−1
2j−1 x2j ) = c /G
j=1

where G acts by conjugation.
(2) Smooth description: M (n, d) has a description as the space of gauge equivalence classes
of flat G connections on Σ − D, whose holonomy around the boundary of D is conjugate to
e2πid/n I.
(3) Holomorphic description: M (n, d) is the moduli space of (semistable) holomorphic
vector bundles of rank n, degree d and fixed determinant over Σ (see [32]). Provided n and d are
coprime, the space M (n, d) is a smooth manifold with a symplectic form (a closed nondegenerate
2-form ω ∈ Ω2 (M (n, d)) – see [29] for more on symplectic geometry). The space M (n, d) is
also a complex manifold, and the complex structure is compatible with the symplectic form. In
other words, M (n, d) is a Kähler manifold.
This material will be treated in more detail in Example 5 of Section 2.1.

2.5

Importance of these spaces

Spaces of flat connections on oriented 2-manifolds arise in a number of different contexts:
1. Gauge theory: The properties of these spaces are a prototype for properties of topological spaces arising in gauge theory related to manifolds of dimension higher than 2
(for example Donaldson or Seiberg-Witten invariants in dimension 4 [11, 30] and Floer
homology in dimension 3 [13]).
2. Topology: These spaces provide a natural setting for various questions involving topology
of manifolds of dimension 2 and 3. For example, the Casson invariant is an invariant of 3manifolds; it arises naturally as the intersection number of two Lagrangian submanifolds
in a space of flat connections. See for instance [9].
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3. Mathematical physics: These spaces arise from the study of the Yang-Mills equations
on a manifold of dimension 2. Many topics of recent interest in quantum field theory are
related to them (for example, Chern-Simons gauge theory – see [38]).
4. Algebraic geometry: Moduli spaces of holomorphic vector bundles on Riemann surfaces
have surprising properties in the context of algebraic geometry. For example, the Verlinde
formula is a formula for the dimension of the space of holomorphic sections of a line bundle
L over M (n, d) – see for instance [5, 6, 7, 8, 18] for more on this formula. By work of
Drezet and Narasimhan [12], all holomorphic line bundles L arise as powers L = Lk0 of
a generating line bundle L0 over M (n, d). The Verlinde formula is remarkable since it
is often difficult to explicitly determine the number of holomorphic sections of a bundle
over a complex manifold.
5. Symplectic geometry: Spaces of flat connections on oriented 2-manifolds are symplectic
manifolds and may be studied from that point of view; see for instance [29] for more on
symplectic geometry, and [4] for symplectic geometric aspects of this example.
6. Relation to symplectic and geometric invariant theory quotients: Atiyah and
Bott [4] exhibited the spaces M (n, d) as symplectic quotients via an infinite dimensional
construction; the space of all connections A on Σ is acted on by the gauge group G with
moment map the curvature
µ : A 7→ FA .
(See Section 2.2 for a more detailed description of connections and curvature.) Thus
the symplectic quotient (in other words µ−1 (0)/G) is the space of flat connections up to
equivalence under the action of the gauge group. These spaces are interesting examples
of quotient constructions in symplectic geometry and geometric invariant theory. It has
been established [4, 16, 20, 21, 31, 33] that the symplectic quotient of a Kähler manifold
by a (compact) group G is equivalent to the geometric invariant theory quotient by the
complexification GC . See for instance [31] Chapter 8.2, Theorem 8.3 for details, and
[31] Chapter 8.9 for a discussion of the relation between the symplectic and geometric
invariant theory approaches to moduli spaces of vector bundles.
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3
3.1

Spaces of flat connections on oriented 2-manifolds
General properties

The objects of interest are the flat connections on Σ. A connection specifies a way to do parallel
transport in a principal bundle over Σ with structure group G. (See Chapter II of [26] for more
on connections and parallel transport. See (19) below for the case G = U (1).) If the bundle
can be trivialized, it is equivalent to the product bundle Σ × G. There are many different ways
to specify the trivialization. After one fixed choice of trivialization has been made, the choice
of another trivialization is equivalent to the choice of an element of the gauge group
G = C ∞ (Σ, G),
the group of (smooth) maps from Σ to G.
The Lie algebra of G is the space of smooth maps from Σ to Lie(G). The gauge group
acts on the space of connections in the following way: if G is a matrix group, a choice of a
trivialization of the principal bundle identifies the space A of connections with Ω1 (Σ) ⊗ Lie(G),
and an element Γ ∈ G sends A ∈ A to Γ−1 AΓ + Γ−1 dΓ.
For any closed loop γ in Σ, a connection determines a holonomy, which is the group element
h such that the image of parallel transport around γ starting at a point γ̃(0) in the fiber above
γ(0) is obtained by multiplying γ̃(0) by h. If the connection is flat (the curvature FA is zero),
then the parallel transport is not changed by continuous deformations of the loop (as long
as these deformations keep the beginning point of the loop fixed). It depends only on the
class of the loop as an element of the fundamental group π (equivalence classes of loops under
deformation). In fact the action of the gauge group takes the subspace of flat connections to
itself. It is not hard to see that
Theorem 3.1 { flat connections/gauge group} ∼
= {representations of π into G }/ conjugation
Sketch proof: Let AF be the space of flat connections and R be the space of representations of
π into G. We define a map Ψ from AF to R by sending a flat connection A to the representation
ρ : π → G determined by the holonomy of A. We define a map Φ from R to AF as follows. A
representation ρ of π determines a principal G bundle over Σ with a distinguished flat connection
e be the universal cover of Σ. The product bundle Σ
e × G over Σ
e is
in the following way. Let Σ
equipped with an action of π as follows: an element σ ∈ π acts by
σ : (x, h) 7→ (xσ, ρ(σ)−1 h).
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(10)

e × G so when we take the quotient by the
This action preserves the product connection on Σ
action of π we get a principal bundle P over Σ equipped with a flat connection A(ρ) which
e × G. We define Ψ(ρ) = A(ρ).
comes from the product connection on Σ
It can be shown that Φ and Ψ descend to maps between AF /G and R/{conjugation} which
are the inverses of each other.

The space described in Theorem 2.1 may be called the space M of flat connections modulo
gauge transformations. According to Theorem 2.1, this is the same as the space of representations of the fundamental group of Σ modulo conjugation. Let us consider some special cases of
the space of representations of the fundamental group of Σ.
Example 1: The 2-sphere S 2
The fundamental group of the 2-sphere is trivial (any closed loop can be shrunk to a point).
Hence the space of representations is also trivial.
Example 2: The torus S 1 × S 1
The fundamental group of the torus is generated by two loops a and b and they commute
with each other. Thus the fundamental group is commutative.
More generally, an oriented 2-manifold of genus g (g-holed torus) is formed by taking a
polygon with 4g sides and gluing the sides together in pairs according to the prescription given
by (11) below. The sides of the polygon become the generators of the group.
Now, however, the group is not commutative: from the information that the loop around
the outside of the polygon can be shrunk to a point we learn only that the generators satisfy
the relation
a1 b1 (a1 )−1 (b1 )−1 . . . ag bg (ag )−1 (bg )−1 = 1.
(11)
In order to specify a representation ρ of π into a compact Lie group G we must specify the
elements Ai , Bi in G to which ρ sends each loop ai , bi . In order that it should be a representation
we insist that the relation is preserved:
A1 B1 (A1 )−1 (B1 )−1 . . . Ag Bg (Ag )−1 (Bg )−1 = 1.

(12)

We must also take the quotient by the action of G by conjugation on the space of representations:
h ∈ G : Ai 7→ h−1 Ai h; Bi 7→ h−1 Bi h.

(13)

Example 3 Σ = S 1 × S 1 , G = U (n) (a nonabelian group). In this case if we choose elements
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A and B in G to represent the two loops a and b in S 1 × S 1 , we need to insist that
AB = BA
(because ab = ba in π). Every element of G is conjugate to a diagonal matrix with unit complex
numbers eiθ along the diagonal (i.e. it can be diagonalized). If we have diagonalized A, and
A is a generic element (in other words it has distinct eigenvalues), then the only elements B
which commute with it are the diagonal matrices with unit complex number entries. Call the
space of such matrices T . Since we are interested in representations up to conjugation by G,
we may assume A ∈ T .
If A and B are both in T , we may ask what is left over of the conjugation action (in other
words, what elements of G will conjugate T into itself). In general the elements of G that will
do this act via a finite group isomorphic to the permutation group Sn on n letters, which acts
by permuting the diagonal entries. This is the Weyl group W = N (T )/T . So we find that
M = (T × T )/W.

(14)

We have not described here what happens when A or B is not generic, but the description
given in (14) remains valid. More generally, the points where A and B are not generic may
correspond to singular points in the space of representations.
Example 4 G = U (1), the circle group. Note that this group is commutative, so the conjugation action is the identity map
Ai 7→ Ai , Bi 7→ Bi
for any g ∈ G. Also, any elements Ai , Bi of G automatically satisfy the relation (12) because
Ai Bi (Ai )−1 (Bi )−1 = 1 for any Ai and Bi .
So for this group the space M is simply U (1)2g .
Example 5: The general case
Let G = U (n), and suppose Σ is an orientable 2-manifold with genus g > 1. In the case
when G is a nonabelian group (such as U (n) when n > 1) the space is more complicated than
when G is abelian. Two differences are apparent. First, the relation between the images of the
generators (imposed by the fact that the loop around the boundary of the polyhedron can be
shrunk to a point) is no longer automatically satisfied. Secondly, the action of the group on the
space of representations by conjugation is now nontrivial. In this case the space M is usually
not smooth. We may replace it by a smooth analogue obtained by cutting out a small disc D
in Σ and requiring that the representation send the loop around the boundary of the disc not
to 1 but to the product of the identity matrix and a root of unity e2πid/n which generates the
n-th roots of unity. This space (denoted M (n, d)) is in fact smooth, and shares many properties
with the more natural space M; we have described some of its properties in Section 1.4.
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3.2

Connections

The space A of all connections is simply the vector space of 1-forms tensored with g. To
determine the tangent space to the space of flat connections, we use the fact that the curvature
is the quantity
1
FA = dA + [A, A].
(15)
2
Infinitesimally, if FA = 0 then the condition that FA+a = 0 translates to
da + [A, a] = 0.

(16)

We write this as
dA a = 0.
It turns out that one can generalize this definition (in a way that can easily be described) to
give an operator dA which maps g-valued differential forms of degree p to g-valued differential
forms of degree p + 1 and satisfies
dA ◦ dA = 0.
At the infinitesimal level, the image of the g-valued 0-forms under dA is the tangent space to
the orbits of the group of gauge transformations. Thus the tangent space to the space M is
the space
{a ∈ Ω1 (Σ) ⊗ g | dA a = 0}
TA M = H 1 (Σ, dA ) =
.
(17)
{dA φ | φ ∈ Ω0 (Σ) ⊗ g}
We can see from this that M has a symplectic form, a closed 2-form which induces a nondegenerate skew-symmetric pairing on each tangent space. At the level of the vector space A of
all connections, this just comes from the wedge product on differential forms, combined with
an Ad-invariant inner product h, i on g; choosing a basis {eα } for g we have
Z
X
ω(A, B) =
heα , eβ i Aα ∧ B β .
(18)
Σ

α,β

P α
α
Here we have written A =
α A eα for 1-forms A (and similarly for B). One can see
(using Stokes’ theorem) that ω descends to a skew-symmetric pairing on H 1 (Σ, dA ) (because
ω(dA φ, b) = 0 for all b ∈ Ω1 (Σ, g) and any φ ∈ Ω0 (Σ, g).) In fact this pairing is nondegenerate. If G is abelian, this pairing is just the cup product on cohomology, because in de Rham
cohomology the cup product is represented by the wedge product of differential forms. This
specifies a symplectic structure on M. For more details on the construction of this symplectic
structure, see [14, 19, 37].
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3.3

Cohomology of U (1) spaces

Let us revisit the space M regarded as flat connections P
modulo gauge transformations in the
case when G = U (1). A connection A is simply a 1-form 2i=1 Ai dxi on Σ. The holonomy of A
around a cycle γ(t) in Σ is
!
Z 2π X
2
dγ j
dt ,
exp i
Aj (γ(t))
dt
0
j=1
since the parallel transport x(·) satisfies the equation
dx
= iA(γ(t))x(t).
dt

(19)

The solution to this equation is obtained by exponentiating the line integral of A along γ:
!
Z γ(t)
dγ ′
A( ′ )dt .
x(t) = exp i
dt
γ(0)
The connection A is flat if and only if dA = 0 in terms of the exterior differential d (which
sends p-forms to (p + 1)-forms). The connection resulting from the action of an infinitesimal
gauge transformation φ (where φ is a R-valued function on Σ) is the 1-form dφ. Thus when we
take the quotient of the flat connections by those that arise as the image of infinitesimal gauge
transformations we get
{A|dA = 0}
(20)
{dφ}
In de Rham cohomology this gives the first cohomology H 1 (Σ; R) of Σ, which is the tangent
space to U (1)2g at the equivalence class [A] containing the flat connection A. The first cohomology of U (1)2g is the direct sum of 2g copies of the first cohomology group of U (1):
H 1 (Σ; R) ∼
= R2g

(21)

Notice that a special case of the assertion made in Section 2.1 has an easy proof using Stokes’
theorem: the parallel transport of a U (1) connection around a closed loop is independent of
homotopies of the loop, so parallel transport gives a map from the space of flat U (1) connections
to the representations of the fundamental group. It also shows that parallel transport by a
flat connection is independent of infinitesimal gauge transformations (since infinitesimal gauge
transformations can be implemented by adding an exact form dφ to the connection form A).
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The gauge group and its Lie algebra were described in Section 1.2. An element φ ∈ Lie(G)
acts on A by
∂φ
φ : Aj 7→ Aj +
.
(22)
∂yj
According to (21) we have
Aflat / exp Lie(G)
= R2g
To take the quotient by the full gauge group G (rather than simply by its Lie algebra), we
must divide by an additional Z2g . (The reason we must divide by Z2g follows from a simple
obstruction theory argument using the fact that the only obstruction to lifting a map from Σ
to G to a map from Σ to g is in H 1 (Σ, Z), which is Z2g .) We find that
AF /G ∼
= (U (1))2g .
= R2g /Z2g ∼

(23)

We recover our previous description of this space.
The generators of the cohomology come from the generators of the cohomology for U (1):
S 1 = U (1) = {eiθ }
so the cohomology is generated by the 1-form dθ, which is not equal to df for any R-valued
function f . (Note that θ takes values in R/2πZ, rather than in R.) There is one relation
dθ ∧ dθ = 0 (since there are no nonzero 2-forms on the 1-dimensional manifold U (1)). Thus the
cohomology of the space U (1)2g has 2g generators dθi , i = 1, . . . , 2g and the only relations are
that
dθi ∧ dθj = −dθj ∧ dθi , i, j = 1, . . . , 2g
(24)
(and in particular dθi ∧ dθi = 0). So the cohomology is an exterior algebra on 2g generators of
degree 1.

3.4

Cohomology: the general case

We would like to find the analogues of these generators and relations for the case of M when
G is a nonabelian group such as U (n) or SU (n).
Here the generators of the cohomology ring are obtained as follows. There is a vector bundle
U (the “universal bundle”) over M × Σ. The bundle U has a structure of holomorphic bundle
over M × Σ, such that its restriction to {x} × Σ for any point x ∈ M is the holomorphic vector
bundle over Σ parametrized by the point x. We take a connection A on U and decompose
12

polynomials in its curvature FA (for example Trace(FAn )) into the product of closed forms on Σ
and closed forms on M. We then integrate these forms over cycles in Σ (a point or 0-cycle, the
1-cycles ai and bi , or the 2-cycle given by the entire 2-manifold Σ) to produce closed forms on
M, which represent the generators of the cohomology ring of M. These classes generate the
cohomology of M under addition and multiplication. Identifying the relations between these
generators is much more difficult than in the U (1) case.
One important cohomology class is the cohomology class of the Kähler form on M. The
Kähler class is the cohomology class
[Σ]
(25)
obtained by taking the slant product of c2 (U) with the fundamental class of Σ. Another
important family of classes are those obtained by evaluating the classes on M × Σ at a point
in Σ. For the space M (2, 1) the class obtained by evaluating c2 (U) at a point in Σ is often
denoted a ∈ H 2 (M (2, 1)). The class in (25) is often denoted f ∈ H 4 (M (2, 1)), and it is the
class arising from c2 (U) evaluated on the fundamental class of Σ. This class is frequently chosen
as the normalization of the cohomology class of the symplectic form on M (2, 1). See [34] for
more details. (Newstead uses the notation α for a multiple of f and β for a multiple of a. The
notation a and f is used in [18].).

4

Witten’s formulas

Witten [39, 40] obtained formulas for intersection numbers in the cohomology of these spaces
M (n, d). In particular, he obtained formulas for their symplectic volume.
For SU (2) these formulas are as follows.
Example: n = 2, d = 1 ([10, 35]) In this case the cohomology is generated by the
generators a ∈ H 4 (M (2, 1)), f ∈ H 2 (M (2, 1)) and bj ∈ H 3 (M (2, 1)), j = 1, . . . , 2g. The
structure of the cohomology ring is then determined by the relations between these generators.
Since the cohomology of a compact manifold satisfies Poincaré duality, these relations are
determined by the intersection numbers of all monomials in the generators. One may eliminate
the odd degree generators bj (see [35]), so the structure of the cohomology ring can be reduced
to knowing the intersection numbers of all powers of the two even degree generators a and f
described above. :
Z

aj exp f

M (2,1)
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X (−1)n+1
(−1)j
2g−2 π 2(g−1−j)
n2g−2−2j

=

(26)

ni0

=

(−1)j
(1 − 22g−3−2j )ζ(2g − 2 − 2j)
g−2
2(g−1−j)
2 π

Here we have used the notation
exp f =

X fm
m!
m≥0

R
and we use the fact that M (2,1) α = 0 (where the integral denotes evaluation on the fundamental
class of M (2, 1)) unless the degree of α equals the dimension of M (2, 1).
We note that the formulas for intersection numbers can be written in terms of a sum over
irreducible representations of G: this is the form in which these formulas appeared in Witten’s
work.
Example: The symplectic volume of the space M of gauge equivalence classes of flat G
connections is given by the “Witten zeta function”:
Z

M

exp(f ) ∼

X
R

1
(dim R)2g−2

(27)

where we sum over irreducible representations R of G. In the preceding formula and the next
two formulas, the symbol ∼ means that the left hand side is proportional to the right hand side
by a known proportionality constant. For the details, see [39]. In the special case of SU (2) we
have
Z
X 1
exp(f ) ∼
(28)
2g−2
n
M
n
and

Z

exp(f ) ∼

M (2,1)

X (−1)n+1
n

n2g−2

(29)

where we sum over the irreducible representations of SU (2), which are parametrized by their
dimensions n. In this case the Witten zeta function reduces to the Riemann zeta function.
The symplectic volume forms the subject of [39]. Witten expresses the volume in terms of
Reidemeister-Ray-Singer torsion, and gives a mathematically rigorous argument calculating it.
He also gives several physical arguments, including one which relies on the asymptotics of the
Verlinde formula and another that refers to earlier work of Migdal [28].
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Mathematical proof of Witten’s formulas

The space M is a symplectic quotient
µ−1 (0)/G,
where µ is the moment map (a collection of Hamiltonian functions whose Hamiltonian flows
generate the action of a group G on a symplectic manifold M ):
1. The space M may be constructed as an infinite-dimensional symplectic quotient of the
space of all connections A by the gauge group G: the moment map µ : A → Lie(G)∗ of a
connection A is its curvature µ(A) = FA ∈ Ω2 (Σ, g) = Ω0 (Σ, g)∗ (and Ω0 (Σ, g) is the Lie
algebra of the gauge group). Hence µ−1 (0)/G is the space M.
2. The space M may also be constructed as a finite-dimensional symplectic quotient of a
(finite dimensional) space of flat connections on a punctured Riemann surface, by the
action of the finite-dimensional group G. This may involve an extended moduli space [17]
or the quotient of a space with a group-valued moment map [1, 2, 3].
We use formulas [18] for intersection numbers in a symplectic quotient, in terms of the
restriction to the fixed points of the action of a maximal commutative subgroup of G (for
G = U (n) this subgroup is the diagonal matrices U (1)n ). The answer is given in terms of:
1. the action of the maximal torus T on the normal bundle to the fixed point set to the T
action;
2. the values of the moment map on the fixed point set;
3. the restriction of the cohomology classes to the fixed point set.
Using these methods we recover Witten’s formulas.
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[38] E. Witten, On quantum field theory and the Jones polynomial, Commun. Math. Phys.
121 (1989), 351–399.
[39] E. Witten, On quantum gauge theories in two dimensions, Commun. Math. Phys. 141
(1991) 153-209.
[40] E. Witten, Two dimensional gauge theories revisited, J. Geom. Phys. 9 (1992) 303-368.

18

