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ABSTRACT. Suppose that G is a connected reductive group over a finite extension
F/Qp, and that C is a field of characteristic p. We prove that the group G(F') admits
an irreducible admissible supercuspidal, or equivalently supersingular, representation

over C.
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1. INTRODUCTION

Suppose that F' is a non-archimedean field of residue characteristic p and that G
is any connected reductive algebraic group over F'. There has been a growing interest
in understanding the smooth representation theory of the p-adic group G := G(F)
over a field C of characteristic p, going back to the work of Barthel-Livné [BL94]| and
Breuil in the case of G = GLg. The latter work in particular demonstrated the
relevance of the mod p representation theory of p-adic reductive groups to the p-adic
Langlands programme.

The results of [AHHV17] when C' is algebraically closed and [HV] in general give
a classification of irreducible admissible representations in terms of supercuspidal C-
representations of Levi subgroups of G. Here, an irreducible admissible smooth rep-
resentation 7 is said to be supercuspidal if it does not occur as subquotient of any
parabolic induction IndIGg o, where P is a proper parabolic subgroup of G and ¢ an irre-
ducible admissible representation of the Levi quotient of P. Unfortunately, so far, the
supercuspidal representations themselves remain mostly mysterious, outside anisotropic
groups, GL2(Q,) [BL94], [Bre03|, and some related cases ([Abd14], [Cheld], [Kozl6],
[KX15]). If F/Q, is a non-trivial unramified extension, then irreducible supercuspi-
dal representations of GLa(F') were first constructed by Paskiinas [Pas04]; however, it
seems hopelessly complicated to classify them [BP12], [Hul0]. One additional challenge
in constructing supercuspidal representations is that irreducible smooth representations
need not be admissible in general (unlike what happens over C), as was shown recently
by Daniel Le [Le].

There are two ways to characterise supercuspidality in terms of Hecke actions. The
first description assumes C' is algebraically closed and uses weights and Hecke eigenval-
ues for any fixed choice K of special parahoric subgroup (a weight is then an irreducible
representation of K). It was shown to be equivalent to supercuspidality in [AHHV17].
The second description uses the centre of the pro-p Iwahori—-Hecke algebra. The equiv-
alence between the second Hecke description and supercuspidality was shown in [OV]
when C' is algebraically closed and by [HV] in general. In either description, super-
cuspidality is characterised by the vanishing of certain Hecke operators, which is why
supercuspidal representations are also called supersingular.

Suppose from now on that F' is of characteristic zero, i.e. that F'/Q, is a finite
extension.

Theorem A. If G is any connected reductive algebraic group over F and C' any field of
characteristic p, then G admits an irreducible admissible supersingular, or equivalently
supercuspidal, representation over C.
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This theorem is new outside the low rank cases mentioned above.

We now briefly explain our argument, which uses several completely different ideas.
First, in Section [3| we reduce to the cases where C' is finite and G is absolutely simple
adjoint. If G is moreover anisotropic, then G is compact and any irreducible smooth
representation of G is finite-dimensional (hence admissible) and supercuspidal. If G is
isotropic, we distinguish three cases.

For most groups G we show in Section [f] that there exists a discrete series represent-
ation 7 of G over C that admits invariants under an Iwahori subgroup B, and that has
moreover the following property: the module 7% of the Iwahori-Hecke algebra H (G, B)
admits a Z[¢'/?]-integral structure whose reduction modulo the maximal ideal of Z[¢"/?]
with residue field F,, is supersingular. The Hecke modules 7® are constructed either
from characters (using [Bor76]) or reflection modules (using [Lus83] and |[GS05]; the
latter is needed to handle unramified non-split forms of PSOg).

The p-adic version of the de George—Wallach limit multiplicity formula ([DKV84,
App. 3] plus [Kaz86, Thm. K]) implies that the representation 7 above embeds in
C>(I'\G, C) for some discrete cocompact subgroup I' of G. By construction we deduce
that the Hecke module C®(I'\G/®B,F,) = C®(I'\G,F,)® of B-invariants admits a
supersingular submodule. Crucially, by cocompactness of I' we know that C>°(I'\G, F,,)
is an admissible representation of G. Picking any non-zero supersingular vector v €
C*(I'\G/B,F,), the G-subrepresentation of C*°(I'\G,F,) generated by v admits an
irreducible quotient, which is admissible (as char F' = 0) and supersingular.

Unfortunately, this argument does not work for all groups G. We have the following
exceptional cases:

(i) PGLy (D), where n > 2 and D a central division algebra over F’;

(ii) PU(h), where h is a split hermitian form in 3 variables over a ramified quadratic
extension of F' or a non-split hermitian form in 4 variables over the unramified
quadratic extension of F'.

Note that for the group PGL,, (D) with n > 2 the only discrete series representations
7 having B-invariant vectors are the unramified twists of the Steinberg representation
(by Proposition [4.1.4(i) and the classification of Bernstein—Zelevinsky and Tadi¢), but
then 7% is one-dimensional with non-supersingular reduction.

In the second exceptional case, where G = PU(h) for certain hermitian forms h,
we use the theory of coefficient systems and diagrams, building on ideas of Paskunas
[Pas04] (in turn building on earlier work of Schneider—Stuhler and Ronan—Smith). See
Section |5l Note that G is of relative rank 1, so the reduced Bruhat-Tits building of G
is a tree, and our method works for all such groups. In order to carry it out, we may
apply the reductions in Section [3| and assume that G is absolutely simple and simply
connected. Given a supersingular module = for the pro-p Iwahori—-Hecke algebra of G,
we naturally construct a G-equivariant coefficient system Dz on the Bruhat—Tits tree
of G. The homology of D= admits a smooth G-action, and any irreducible admissible
quotient will be supersingular (by Proposition . To construct such a quotient,
we define an auxiliary coefficient system D’, which is built out of injective envelopes
of representations of certain parahoric subgroups, along with a morphism D=z — D’.
The image of the induced map on homology is admissible, and admits an irreducible
quotient 7" which is itself admissible (since char F' = 0) and supersingular.
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In the first exceptional case, where G = PGL, (D), we use a global method (see
Section @) We find a totally real number field F* and a compact unitary group G
over F* such that G(F;") is isomorphic to GL,(D) for a suitable place v|p of F'*.
Then, fixing a level away from v and taking the limit over all levels at v, the space S
of algebraic automorphic forms of G (A%ﬂ) over [, affords an admissible smooth action

of G(F;}). Using automorphic induction and descent we construct an automorphic
representation 7 of G(Az, ) whose associated Galois representation r, has the property
that its reduction modulo p is irreducible locally at v. From 7 we get a maximal ideal
m in the Hecke algebra (at good places outside p), and we claim that any irreducible
subrepresentation of the localisation Sy, is supercuspidal.

To prove the claim, we use the pro-p Iwahori-Hecke criterion for supercuspidality
and argue by contradiction. If one of the relevant Hecke operators has a non-zero
eigenvalue, we lift to characteristic zero by a Deligne—Serre argument and construct an
automorphic representation 7’ with Galois representation r, having the same reduction
7 modulo p. Using local-global compatibility at p for r, and some basic p-adic Hodge
theory we show that the non-zero Hecke eigenvalue in characteristic p implies that 7.
is reducible locally at v, obtaining the desired contradiction.

For our automorphic base change and descent argument we require results going
slightly beyond [Labll], since our group G is typically not quasi-split at all finite
places. In the appendix, Sug Woo Shin explains the necessary modifications.

1.1. Acknowledgements. The first-named author thanks the Universities of Paris-
Sud and Paris 6, where some of this work was carried out.

1.2. Notation. Fix a prime number p, and let F' be a non-archimedean local field
of residue characteristic p (we will later assume that char ' = 0, i.e. that F'is a finite
extension of Q,). The field F' comes equipped with ring of integers Op and residue
field kp of cardinality ¢, a power of p. We fix a uniformizer w, and let | - | denote the
normalised absolute value of F'.

If H is an algebraic F-group, we denote by H its group of F-points H(F).

Let G be a connected reductive F-group, T a maximal F-split subtorus of G, B
a minimal F-parabolic subgroup of G containing T, and xg a special point of the
apartment of the adjoint Bruhat—Tits building defined by T. We associate to x¢ and
the triple (G, T, B) the following data:

o the center Z(G) of G,

the root system ® C X*(7T),

the set of simple roots A C 9,

the centralizer Z of T,

the normalizer N of T,

the unipotent radical U of B (hence B = ZU), and the opposite unipotent

radical U°P,

o the triples (G, T, B*) and (G2, T2d B2d) corresponding to the simply-
connected covering of the derived subgroup and the adjoint group of G,

o the apartment o := X, (T)/X.(Z(G)°)®zR associated to T in the semisimple
Bruhat-Tits building,

o the alcove C of o/ with vertex z( lying in the dominant Weyl chamber with
vertex xo,

o O O O O
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o the Iwahori subgroups % and B¢ of G and G®°, respectively, fixing C pointwise,
o the pro-p-Sylow subgroup i of B.

We fix a field C of characteristic ¢ € {0,2,3,5,7,...}, which will serve as the field of
coefficients for the modules and representations appearing below. In our main result
we will assume ¢ = p.

Suppose K is a compact open subgroup of GG, and R is a commutative ring. We
define the Hecke algebra associated to this data to be the R-algebra

Hy(G,K) := Endg R[K\G].

If R = Z, we simply write H(G, K). In our applications below, we will often assume
that K =B or K =4l

Given a module or algebra X over some ring R and a ring extension R'/R, we let
Xpr = X ®r R denote the extension of scalars.

Other notation will be introduced as necessary in subsequent sections.

2. IWAHORI-HECKE ALGEBRAS

In this section we review some basic facts concerning Iwahori—-Hecke algebras and
their (supersingular) modules. We will use these algebras extensively in our construc-
tion of supercuspidal G-representations. See [Vigl6], [Vigl4], and [Vigl7] for references.

2.1. Definitions. Recall that we have defined the Iwahori-Hecke ring as
H(G,B) = Endg Z[B\G].

We have an analogous ring H (G®¢,8%°) for the simply-connected group. The natural
ring homomorphism H(G*¢,8%) — H(G,*B) (induced by the covering G** — G of the
derived subgroup) is injective, so we identify H(G*,B°¢) with a subring of H(G,*B).
We first discuss presentations for these rings.

There is a canonical isomorphism

jsc . H(GSC7%SC) ; H(W, S, q8)7

where H := H(W, S, qs) is the Hecke ring of an affine Coxeter system (W, S) with
parameters {qs := ¢%},c5. The d, are positive integers, which we will abusively also
refer to as the parameters of G. Thus, H(W,S,qs) is a free Z-module with basis
{Tw}wew, satisfying the braid and quadratic relations:

TwTw = Ty for w,w' € W, L(w) + {(w') = L(ww'),
(Ts—qs)(Ts+1)=0 for s e S.
Here ¢ : W — Z>o denotes the length function with respect to S. We identify
H(G*,8%°) with H via j°.
In order to describe H(G,*B), we require a larger affine Weyl group. The unique
parahoric subgroup Zy of Z is contained in the maximal compact subgroup Zy of Z.

(When the group G is F-split or semisimple and simply connected, we have Zy = Zj.)
We define the eztended affine Weyl group to be

W = N/ZO

The group W acts on the apartment &/, and permutes the alcoves of & transitively. We
let 2 denote the subgroup of W stabilizing C. The affine Weyl group W is isomorphic



6 FLORIAN HERZIG, KAROL KOZIOL, AND MARIE-FRANCE VIGNERAS

to a normal subgroup of W, and permutes the alcoves simply transitively. We therefore
have a semidirect product decomposition

W =W x 9.

The function ¢ extends to W by setting /(uw) = £(wu) = ¢(w) for u € Q,w € W.

Let X denote the reduced root system whose extended Dynkin diagram Dyn is equal
to the Dynkin diagram of (W, S), and let Dyn’ denote the Dynkin diagram Dyn dec-
orated with the parameters {ds}scs. The quotient of Q by the pointwise stabilizer of
C in  is isomorphic to a subgroup ¥ of the group of automorphisms Aut(W, S, ds) of
Dyn’. Thus, € acts on Dyn’ and consequently on H(W, S, gs), and the isomorphism ;5
extends to an isomorphism

(2.1.1) j: H(G,B) = Z[Q) @ H(W,S,qs),
where ® denotes the twisted tensor product. The generalized affine Hecke ring H :=

Z[Q] ® H(W, S, qs) as above is the free Z-module with basis {T},} satisfying the
braid and quadratic relations:

(2.1.2) TwTw = Ty for w,w’ € W, £(w) + £(w') = £(ww'),
(2.1.3) (Ty —qs)(Ts+1) =0  forseS.

weEW?

The group W forms a system of representatives for the space of double cosets
B\G/B. Under the isomorphism j, the element T, € HforweW corresponds
to the endomorphism sending the characteristic function of 8 to the characteristic
function of BnYB, where n € N lifts w.

Finally, let P = MN denote a standard parabolic F-subgroup of G, and suppose
that M contains T. Then the group M N B is an [wahori subgroup of M. We can
therefore form the algebra

H(M,M NB) = EndyZ[(M N B)\M].

It is not a subalgebra of H(G,B) in general. The basis of H(M, M NB) will be denoted
TM where w is an element of the extended affine Weyl group associated to M.

2.2. Dominant monoids. The subgroup
A= Z/ZQ

of W=N /Zp is commutative and finitely generated, and its torsion subgroup is equal
to Zo/Zp. It acts by translation on 7, and the quotient map N/Zy — N/Z splits,
identifying the (finite) Weyl group Wy of ¥ with Staby (zo). We obtain semidirect
product decompositions

AxWy=W
and

A% % Wo = VV,
where A% := AN W. An element A € A is called dominant (and A\~! is called anti-
dominant), if

2UNB)z"t cUNDB

for any z € Z which lifts \. We let AT denote the monoid consisting of dominant
elements of A, and similarly for any subgroup A’ < A define A’ := A’NA™". The set of
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invertible elements in the dominant monoid AT is exactly the subgroup Z(G)Zy/Zy C
AT, and the invertible elements of AS¢T are trivial.
Given a subgroup J of Z, we define

Nj:=JZy/Zy C A.

We let Ty denote the maximal compact subgroup of T', and note that Tp = ZgNT. The
map

X (T) = Ap 2 T/Ty
o Ay = w(w)Zy/Z

is a Wy-equivariant isomorphism. We say a cocharacter p is dominant if A, is, and let
X,(T)" denote the monoid consisting of dominant elements of X, (7). For A € A and a
sufficiently large n € N, A" lies in Ap, and we let pyn € X, (T') denote the corresponding
cocharacter. The pointwise stabilizer of the alcove C in A is equal to A 27y and this
group may be described as

_ _ . for all n such that A\ € Ar
AZ(G%—{AGA [{ome) =0 ndalla e A }

Lemma 2.2.1. The pointwise stablizer of the alcove C in §2 is AZ(G)ZO'
Proof. Suppose u € () fixes C pointwise, and write u = Awg with A € A, wy € Wj.
Since wg and u both fix xg, A does also. However, A acts by translation on <7, so we
see that A\ must fix C, and therefore A € A 267" Finally, since A and u both fix C, wy

must also fix C, which implies wg = 1. The converse is immediate. O

The action of 2 on the alcove C induces an isomorphism

(2.2.2) Q/Ayeyz, — T
and the embeddings of A and € into W induce

(2.2.3) A/ (A gz, X A) = W/(AZ(G)ZO XW) = /Ay )7,

Lemma 2.2.4. The subgroup Azqy x A (resp. A1) of A is finitely generated of finite
index. The submonoid Az(g) X ASST (resp. A;) of the dominant monoid A is finitely
generated of finite index.

Here, we say that a submonoid N of a commutative monoid M has finite index if
M = U (N + z;) for some z; € M. If M is finitely generated, then dM is of finite
index in M for all d > 1.

Proof. The group Zy/Zy is finite, and equations (2.2.2) and (2.2.3) imply that A/(AZ(G)
A®°) is isomorphic to the finite group ¥. Thus, we see that the commutative group
Az(q) x A* is a finitely generated, finite index subgroup of A. On the other hand, Ar

is finite free and it is well known that it is of finite index in A. Gordan’s lemma implies
the second assertion (as in the proof of [HV15] 7.2 Lem.)). O

Zo

X



8 FLORIAN HERZIG, KAROL KOZIOL, AND MARIE-FRANCE VIGNERAS

2.3. Bernstein elements. Let w € W, and let w = us;...s, be a reduced expres-
sion, with u € Q,s; € S. We set
Qu ‘= (Gsy -+ - Gsp»
and define T :=Ts — qs + 1 and T := T,/ T, --- T, . Then
TwTJ)—l = Qu,
and the linear map defined by T,, — (—1){®)T* is an automorphism of H.

Let A € A C W. The W-conjugacy class of A is finite, and consists of the Wy-orbit
of A. By [Vigl4] Thm. 1.2], a basis of the center of H is given by the elements

Z E, for all Wy-orbits O C A.
A€O

Here, the elements E are the integral Bernstein elements of H corresponding to the
spherical orientation induced by A ([Vigl6, Cor. 5.28, Ex. 5.30]).
Precisely, they are characterized by the relations

Ty if N i ti-dominant
(2.3.1) By = >; 1 I'S anti ' ominant,
Ty if A is dominant,

If A1, A2 are both dominant (or anti-dominant), then E\, Ey, = Ej\;»,. Given p €
X.(T), we let O, C A denote the Wy-orbit of \,, and define the central element

2y = Z EA.
AEO,
When p € X, (7°°), the element z, lies in H.

The generalized affine Hecke ring H contains a commutative subring A with Z-basis
{Ex}xean- When G = Z, the Bernstein elements Ef are simply the classical elements
T)\Z , and the Iwahori-Hecke ring H(Z, Zp) and the subring A are both isomorphic
to Z[A]. In general, A is not isomorphic to Z[A], but the subring A% which has
basis {E)}yea+ 18 isomorphic to Z[AT]. Denote by Ar the subring whose basis is
{Ex, Huex.(1)-

2.4. Supersingular modules. We now discuss supersingular Hecke modules.
Recall that C' is our coefficient field. We define Hg := H ®7 C and H¢ := H ®y

C', which are isomorphic to the Iwahori-Hecke algebras Ho(G®¢,8%°) and Ho (G, B),

respectively. For simplicity, we suppose in this subsection that (W, .S5) is irreducible.

Definition 2.4.1. Let M be a non-zero right He-module. An element v € M is
called supersingular if v - 2} = 0 for all p € X, (T)* such that —p ¢ X.(T)*, and all

sufficiently large n. The f[c—module M is called supersingular if all its elements are
supersingular H We make a similar definition for modules over H¢, using the monoid
X, (T5) .

Lemma 2.4.2.

IThis is slightly different from [Vigl7, Def. 6.10]; the definition given there requires that M -z, =0
for all 4 € X.(T)" such that —p € X.(T)" and n sufficiently large.
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(i) Any simple f[c—module 1s finite dimensional, and is semisimple as an Hc-
module. _
(ii) When c{p|Wy|, Hc does not admit any simple supersingular modules.
(iii) When ¢ = p, a simple f[c-module s supersingular if and only if its restriction
to Heo is supersingular.
(iv) When ¢ = p, the simple supersingular Heo-modules are those characters which
are not special or trivial (see Section[{.9).

Proof. (i) The first statement follows from [Vig07, §5.3]. For the second part, note that
there exists a finite index subgroup €' of 2 which acts trivially on H (for example, we
may take Q' = Ay o 7). Set He = C[Q] ®@c He. Any simple Ho-module N extends

trivially to an H/,-module N’, and the restriction of N'® ., He to He is a finite direct
sum €P,,cq oy N* of (simple) conjugates N of N by elements u € €. If M is a simple

ﬁc—module and N is contained in M|p,, then M is a quotient of N’ Qp, fIc (and
thus the restriction of M is semisimple).

(ii) Let M denote a simple supersingular module. Since Az ¢ is commutative and M
is finite dimensional, there exists a one-dimensional submodule, given by a character
X : Arc — C. Let v denote a basis for the underlying vector space. Supersingularity
implies that if 4 € X, (T)" with —u € X,(T)", then

(2.4.3) 0=10"2,=x(z)0"
On the other hand, the product formula gives

2uZ—p = qr,|Oplzo + E a2y
peX(T)+
‘D\M/>1

for some a,, € C; applying x to both sides and using (2.4.3) (for varying p') gives
qx,|Ou| = 0, a contradiction.

(iii) This follows from [Vigl7, Cor. 6.13] and part (i).
(iv) This follows from [Vigl7, Thm. 6.15].

3. ON SUPERCUSPIDAL REPRESENTATIONS

3.1. Supercuspidality criterion. In this section we collect various results concern-
ing supercuspidal C-representations of G. We also state the key Proposition [3.1.2
which will be used to check that the representations we construct below are supercus-
pidal.

We first describe the scalar extension of an irreducible admissible C-representation
of G [HV]. Given such a 7, the commutant D := End¢(7) is a division algebra of finite
dimension over C. Let E denote the center of D, Es/C the maximal separable extension
contained in E/C and 6 the reduced degree of D/E. Let L*8 be an algebraically closed
field containing E and 7 . the scalar extension of 7 from C to L.

Proposition 3.1.1 ([HV] Thms. 1.1, II1.4]). The length of a1 is 0[E : C| and

7TLalg = @ F?(S

i€Home (Es,L?18)
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where each m; is indecomposable with commutant L8 @B, F, descends to a finite
extension C' of C, has length [E : Es], and its irreducible subquotients are pairwise iso-
morphic, say to p;. The p; are admissible, with commutant L8, Autc(L*8)-conjugate,
pairwise non-isomorphic, and descend to a finite extension of C. Any descent of p; to
a finite extension C'/C, viewed as C-representation of G, is w-isotypic of finite length.

Proof. By [HV), Thms. 1.1, IIL1.4], it suffices to prove that if p; descends to a C'’-
representation p} with C’/C finite, then p} is 7-isotypic of finite length. Then (p}) a1 in-
jects into a1, and so p} injects into wer by [HV] Rk. I1.2], which implies the claim. O

In particular, any irreducible admissible C-representation m with commutant C' is
absolutely irreducible in the sense that its base change 7y, is irreducible for any field
extension L/C'. For example, this holds when C' is algebraically closed.

Given an irreducible admissible C-representation m, the space 7' of {-invariants
comes equipped with an action of the pro-p Iwahori-Hecke algebra Ho(G,4). This
algebra has a similar structure to that of Ho(G,®B). In particular, we have analo-
gous definitions of the Bernstein elements E, and the central elements z,, as well as
an analogous notion of supersingularity for (right) He (G, )-modules (cf. Definition
. We say an irreducible admissible C-representation 7 is supersingular if the right
Hc (G, 4)-module 7% is supersingular.

Finally, recall that an irreducible admissible C-representation m of G is said to be
supercuspidal if it is not a subquotient of Ind}Gp 7 for any parabolic subgroup P = M N C
G and any irreducible admissible representation 7 of the Levi quotient M.

Proposition 3.1.2 (Supercuspidality criterion). Assume ¢ = p. Suppose that 7 is an
irreducible admissible C-representation of G. The following are equivalent:
(i) 7 is supercuspidal;
(ii) 7 1s supersingular;
(iii) 7 contains a non-zero supersingular element;
(iv) every subquotient of ™ is supersingular;
(v) some subquotient of ™ is supersingular.

Proof. We have (i)<(ii)<(iii) by [HV, Thms. 1.13, II1.17]. Since (ii)=(iv)=(v), it
suffices to show that (v)=-(ii). Let C*& denote an algebraic closure of C. Say 7
has supersingular subquotient M. Then (7%)caz = (7)™ has subquotient Mpalg,
and Mg is clearly supersingular. By Proposition there exists an irreducible
admissible constituent p of Tl such that the Ho (G, )-module p* shares an irre-
ducible constituent with Mca,. In particular, p* has a supersingular subquotient, and
[OVl Thm. 3] implies p is supersingular. Then [HV) Lem. III1.16 2)] implies that 7 is
supersingular. O

We now discuss how supercuspidality behaves under extension of scalars. We require
a preliminary lemma.

Lemma 3.1.3. Suppose that C'/C is a finite extension and that @' is an irreducible
admissible C'-representation of G. Then 7T/|C[G] =~ 78 for some irreducible admissible
C-representation of G and somen > 1.

Proof. Let C?2 be an algebraic closure of C'. Then the finite-dimensional C*8-algebra
A = C' @c C*8 is of finite length over itself. The simple A-modules are given by
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C?# with C' acting via the various C-embeddings C’ — C?'8. It follows that 7’ lcra ®c
C?8 = 1/ ® v A is of finite length as C?'8-representation by Proposition So 7'l ciag
is of finite length. If 7 denotes an irreducible submodule, then } ; \im = 7'|¢¢], where
(M), is a basis of C'/C. Tt follows that 7'|¢g = 79" for some n < m. Moreover 7
is admissible, as 7’| is. O

Proposition 3.1.4. Let L?8 denote an algebraically closed field containing C. If ¢ # p,
we assume that L8 = C*8 is an algebraic closure of C.

A C-representation w is supercuspidal if and only if some irreducible subquotient
p of mraie is supercuspidal, if and only if every irreducible subquotient p of Trag is
supercuspidal.

Proof. If ¢ = p, we note that 7 is supercuspidal if and only if 7 is supersingular
by Proposition This is equivalent to some/every subquotient of 7. being
supersingular [HV] Lem. III1.16 2)], or equivalently supercuspidal (again by [HV, Thm.
1.13]).

Now suppose that ¢ # p and L#8 = C?8, Recall that parabolic induction Inleg is
exact, and commutes with scalar extensions and restrictions [HV], Prop. II1.12(i)]. If 7 is
not supercuspidal, then 7 is a subquotient of Indg 7 for some proper parabolic P = M N
and irreducible admissible C-representation 7 of M. Then 7o is a subquotient of
(Ind$ 7) cate = Ind%(75ale). In particular, each irreducible (admissible) subquotient 7’
of Tale is a subquotient of Ind% 7/ for some irreducible (admissible) subquotient 7/ of
Toale. Hence none of the 7’ are supercuspidal.

For the converse, suppose by contradiction that m-ae has an irreducible subquotient
p that is not supercuspidal, i.e. p is a subquotient of Indg 7 for some proper parabolic
P = MN and irreducible admissible C*8-representation 7 of M. By [Vig96| 11.4.7] (as
¢ # p), respectively by Proposition we can choose a finite extension C’/C such
that 7, respectively all irreducible constituents of IndIGg 7 and Toalg, can be defined over
C'. Write 7 = (1) calg for some C’-representation 7/. Say the irreducible subquotients of
IndJGg 7’ are o1, ..., op. So by our choice of C’, we know that p & (0;) sl for some i. As
0; is a subquotient of Ind% 7/, we see that oi|c|q) is a subquotient of Ind% (7 lorar)- But
ai|c(q) is m-isotypic by Proposition and 7'|¢pp) has finite length by Lemma
so 7 is a subquotient of Ind% 7 for some irreducible (admissible) subquotient 7 of
™| or- O

3.2. Change of coefficient field. This section contains the proof of the following
result.

Proposition 3.2.1 (Change of coefficient field).

(1) If G admits an irreducible admissible supercuspidal representation over some
finite field of characteristic p, then G admits an irreducible admissible super-
cuspidal representation over any field of characteristic p.

(ii) If G admits an irreducible admissible supercuspidal representation over some
field of characteristic ¢ # p, then G admits an irreducible admissible supercus-
pidal representation over any algebraic extension of the prime field of charac-
teristic c.
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Proof. Let F, be the prime field of characteristic ¢ (so that Fy = Q and F. = F, if
c#0).

Step 1: We show that, if ¢ # p and G admits an irreducible admissible supercuspidal
C-representation 7, then G admits one over a finite extension of F.

Indeed, by Propositionwe can suppose C' = C*8. Twisting by a C*8-character
of G, we may suppose that the central character of 7 takes values in Fi & Asc # p, by
[Vig96|, 11.4.9] the representation 7 descends to a finite extension F//F,.. Since descent
preserves irreducibility, admissibility and supercuspidality, we obtain an irreducible
admissible supercuspidal F!-representation of G.

Step 2: We show that if G admits an irreducible admissible supercuspidal represent-
ation over a finite extension of F, then G admits such a representation over F.

Suppose C/F. is a finite field extension and 7 an irreducible admissible C-representation
of G. Then 7 is admissible and finitely generated as a F.-representation of G. This
implies that 7 contains an irreducible admissible Fi-representation 7’ (this follows from
[HV12| Lemma 7.10] if ¢ = p, and from the next lemma if ¢ # p). By adjunction, 7 is
a quotient of the scalar extension 7y, of ©’ from F, to C.

We now show that if 7 is supercuspidal, then 7’ is also supercuspidal. Assume that
7’ is not supercuspidal, so that it is a subquotient of IndJGg 7', where P is a proper
parabolic subgroup of G and 7’ is an irreducible admissible F,-representation of the
Levi subgroup M of P. Since parabolic induction is compatible with scalar extension
from F. to C, the representation 7y, is a subquotient of Indg 7(:, and therefore the
same is true of 7. The C-representation 7/, of M has finite length and its irreducible
subquotients are admissible by [HV, Thm. III.4]. Hence, 7 is a subquotient of IndIG; p
for some irreducible admissible subquotient p of 7/, and we conclude that 7 is not
supercuspidal.

Step 3: We show that if G admits an irreducible admissible supercuspidal F-
representation (resp., F.-representation, where ¢ # p), then G does so over any field
of characteristic p (resp., any algebraic extension of Fi.). More generally we show that
if L/C is any field extension, assumed to be algebraic if ¢ # p, and G admits an
irreducible admissible supercuspidal C-representation then the same is true over L.

Let L/C be a field extension as above, and choose compatible algebraic closures
L8 /08, Suppose 7 is an irreducible admissible supercuspidal C-representation of
G, and let 7 be an irreducible subquotient of the scalar extension 7y of w from C
to L. By [HV), Lem. III.1(ii)], 7 is admissible. The scalar extension 7. of 7 from
L to L?8 is a subquotient of the scalar extension 7mrae of mp from L to L8 (the
latter being equal to the scalar extension of 7 from C' to L*#). By Propositions h
and 7raz has finite length and its irreducible subquotients are admissible and
supercuspidal. Therefore, the same is true of 7;.;. By Proposition this implies
that 7 is supercuspidal. O

It remains to prove the lemma announced in Step

Lemma 3.2.2. Assume c # p. An admissible, finitely generated C-representation m of
G has finite length, and its irreducible subquotients are admissible.

Proof. The extension 71z of 7 from C' to C¥# is also admissible and finitely generated.
By [Vig96, 11.2.8, I1.5.10], the representation m-aie has finite length and its irreducible
subquotients are admissible. Proposition [3.1.1] implies the same for . O
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The tensor product m ®¢ o of an irreducible admissible C-representation 7 of G and
of a finite dimensional C-representation o of G is admissible and finitely generated.
When o is of dimension 1, 7 ®¢ o is irreducible. The next lemma (which is valid for
all C') will be used in the proof of Prop.

Lemma 3.2.3. Let w be an irreducible admissible C-representation of G and H a finite
commutative quotient of G. Then the representation m @¢c C[H| of G, with the natural
action of G on C[H], has finite length and its irreducible subquotients are admissible.

Proof. The scalar extension of the C-representation 7 (resp. C[H]) to C®8 has finite
length with irreducible admissible quotients m; (resp. xj, of dimension 1). Therefore
(1 ®@c C[H])pats = Toals @cate C*8[H] has finite length with irreducible admissible
subquotients m; ®caig Xj, implying the same for 7 ®c C[H]. O

3.3. Reduction to an absolutely simple adjoint group. We now show that in
order to prove the existence of irreducible, admissible, supercuspidal C-representations
of G = G(F), it suffices to assume G is absolutely simple, adjoint, and isotropic.

As is well known, the adjoint group G2 of G is F-isomorphic to a finite direct
product of connected reductive F-groups

(3.3.1) G* =~ H x [[Respr(GY),

where H is anisotropic, the F;/F are finite separable extensions, and Resgr,p(Gj)

are scalar restrictions from F to F' of isotropic, absolutely simple, connected adjoint
F!-groups G.

Proposition 3.3.2. Assume that the field C is algebraically closed or finite. If, for each
i, the group G.(F]) admits an irreducible admissible supercuspidal C-representation,
then G admits an irreducible admissible supercuspidal C-representation.

The proposition is the combination of Propositions [3.3.3],[3.3.6] [3.3.8] and [3.3.11] be-
low, corresponding to the operations of finite product, central extension, and scalar re-
striction (all when C algebraically closed or finite). We also note that if G is anisotropic,
then G is compact and any irreducible smooth representation of G is finite-dimensional
(hence admissible) and supercuspidal.

We remark that when C = C and G is a reductive group over a finite field of
characteristic p, the analogous statement is proved in [Krel Prop. 2.1].

3.3.1. Finite product. Let Gi and Gy be two connected reductive F-groups, and o
and 7 irreducible admissible C-representations of G; and G, respectively.

Proposition 3.3.3. Assume that C is algebraically closed.

(i) The tensor product o @c T is an irreducible admissible C-representation of
Gl X GQ.
(ii) Ewvery irreducible admissible C-representation of G1 X Go is of this form.
(iii) The C-representation o @c T determines o and T (up to isomorphism).
(iv) The C-representation o @c T is supercuspidal if and only if o and T are super-
cuspidal.



14 FLORIAN HERZIG, KAROL KOZIOL, AND MARIE-FRANCE VIGNERAS

Proof. Note first that ¢ ®¢ 7 is admissible: for compact open subgroups K; of G1 and
K of G, we have a natural isomorphism ([Boul2, §12.2 Lem. 1])

Homg, (1x,,0) ®c Homg, (1k,,7) — Hompg, x,(1x, ®c 1k,,0 @c T),

where 1k, denotes the trivial representation of K;. Thus, the admissibility of o and 7
implies the admissibility of o ®¢ 7.

Suppose now C' algebraically closed.

(i) Proposition implies that the commutant of o is C. Irreducibility of ¢ ®¢c 7
then follows from [Boul2) §12.2 Cor. 1].

(ii) Let m be an irreducible admissible C-representation of G x G, and let K7, Ks
be any compact open subgroups of Gy, Gy, respectively, such that 75152 £ (,

If ¢ = p, the C-representation of G generated by m'*%2 is admissible (since
is finite dimensional for any K7). By [HVI2, Lemma 7.10], it contains an irreducible
admissible C-subrepresentation o. Set 7 := Homg, (0, ) # 0, with the natural action
of G3. The representation ¢ ®c 7 embeds naturally in 7. As 7 is irreducible, it is
isomorphic to o ®¢ 7, and 7 is irreducible. As 7 is admissible, 7 is admissible as well.
(This proof is due to Henniart.)

If ¢ # p, the space 75152 is a simple right Ho(G1 x Go, K1 x K3)-module ([Vig96,
1.4.4,1.6.3]), and we have

Hco(G1 x G, K1 X K3) =2 Ho(G1, K1) ®c Ho(Ga, K2).

By [Boul2l §12.1 Prop. 2], the finite-dimensional simple Ho(G1, K1) ®c Ho (G, Ka)-
modules are factorizable, meaning m51*K2 =~ K1 @ K2 for irreducible admissible
C-representations 0,7 of G1, G2, respectively (this uses [Vig96, 1.4.4, 1.6.3] again).
Thus, we obtain m = o ®¢ 7. (We can also imitate the argument above for ¢ = p with
Hecke algebras to obtain the result.)

(iii) As a C-representation of G1, c®¢T is o-isotypic. Similarly, as a C-representation
of Go, 0 ®¢ 7 is T-isotypic. The result follows.

(iv) The parabolic subgroups of G x G4 are products of parabolic subgroups of G;
and of Go. Let P, @ be parabolic subgroups of G1, Gs, respectively, with Levi subgroups
M, L, respectively, and let 7’ be an irreducible admissible C-representation of the
product M x L. By part (ii), the C-representation 7’ is factorizable, say ©’ = ¢/ @¢ 7/
for irreducible admissible C-representations ¢’ of M and 7" of L. We then obtain a
natural isomorphism

KiXKQ

Ind§! o’ @ Indg? 7 = Ind L™ o'

We conclude that the irreducible subquotients of IndglxeG2 7' are tensor products of

the irreducible subquotients of Indg1 o' and of Indg2 7/, which gives the result. 0

We assume from now until the end of §3.3.1| that C' is a finite field.

Proposition 3.3.4. Assume that C is finite. Let w be an irreducible admissible C-
representation of G. The commutant of 7w is a finite field extension D of C and the
scalar extension mp of w from C to D is isomorphic to

m= B

i€Gal(D/C)
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where the m; are irreducible admissible D-representations of G. Moreover, the w; each
have commutant D, are pairwise non-isomorphic, form a single Gal(D/C)-orbit, and,
viewed as C-representations, are isomorphic to 7.

Proof. The commutant D of 7 is a division algebra of finite dimension over C'. Since
the Brauer group of a finite field is trivial, D is a finite Galois extension of C. The
result now follows from [HV], Thms. I.1, II1.4] by taking R’ = D. (Note also that as a
C-representation, 7p is m-isotypic of length [D : C1].) O

Recall that we have fixed irreducible admissible C-representations o and 7 of G; and
G2, respectively. Their respective commutants D, and D, are finite extensions of C of
dimensions d, and d;, respectively. We embed them into C?!#, and consider:

o the field D generated by D, and D,, which has C-dimension lem(d,, d;),
o the field D' := D, N D, which has C-dimension ged(dy, d;).

The fields Dy, D, are linearly disjoint over D', we have D, ® p» D = D and
[D":C]

(3.3.5) D, ®c Dy = H D.
k=1

Proposition 3.3.6. Assume that C is finite. The C-representation 0 @c T of G1 X G
18 isomorphic to
ged(do,dr)
oQcT= EB Tk
k=1

where the my are irreducible admissible C-representations with commutant D, which
are pairwise non-isomorphic. The C-representations o and T are supercuspidal if and
only if all the  are supercuspidal, if and only if some my, is supercuspidal.

Proof. By Proposition we have

op = @ o5 D = @ i

i€Gal(Dy /C) j€Gal(D,/C)

where the o; (resp. 7;) are irreducible admissible D-representations of G (resp. G2)
with commutant D, which are pairwise non-isomorphic, form a single Gal(D/C')-orbit,
descend to D, (resp. D;) and their descents, viewed as C-representations, are isomor-
phic to o (resp. 7). The C-representation o ®¢ 7 of G1 X Gg is admissible, and its
scalar extension from C' to D is equal to

(3.3.7) (c®cT)p &£ op®pTp = EB 0; Ap Tj.
(i.j)€Gal(Dy /C)x Gal(D; /C)

The D-representation ;@ p7; of G X G2 is admissible and has commutant D& p D = D
([Boul2, §12.2 Lem. 1]). Hence, o; ®p 7; is absolutely irreducible and equation (3.3.7)
implies (0 ®¢ 7)p is semisimple. By [Boul2| §12.7 Prop. 8], this implies that o ®@¢ 7 is
semisimple; its commutant is isomorphic to D, ®¢ D, by [Boul2, §12.2 Lem. 1]. From
equation we see that o ®¢ 7 has length [D' : C] = ged(d,, d;), its irreducible
constituents 7 are admissible and pairwise non-isomorphic with commutant D.
Applying Proposition over C?& and Proposition (several times), we see
that o and 7 are supercuspidal if and only if some/every o; and some/every 7; are
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supercuspidal, if and only if some/every o; ®p 7; is supercuspidal. From Proposition
again, this is also equivalent to 7 being supercuspidal for some/every k. O

3.3.2. Central extension. Recall that we have a short exact sequence of F-groups
15 Z(G) = G5 G 1,
which induces an exact sequence between F-points
15 Z(G) > G5 G - HY(F,Z(G)).

The image i(G) of G is a closed cocompact normal subgroup of G* and H'(F,Z(G))
is commutative.

Until the end of we assume that char F' = 0. The group H'(F,Z(G)) is then
finite (JPR94, Thm. 6.14]), implying that i(G) is an open normal subgroup of G*4 and
the quotient G*/i(G) is finite and commutative. Our next task will be to prove the
following:

Proposition 3.3.8. G admits an irreducible admissible supercuspidal C-representation
if and only if G admits such a representation with a trivial action of Z(Q).

Inflation from i(G) to G identifies representations of i(G) with representations of G
having trivial Z(G)-action; this inflation functor respects irreducibility and admissibil-
ity. The composite functor

(inflation from i(G) to G) o (restriction from G® to i(G))

from C-representations of G to representations of G trivial on Z(G) will be denoted
by — o1.

Suppose p is an irreducible admissible C-representation of G with trivial action of
Z(@G). Then p is the inflation of a representation p of the open, normal, finite-index
subgroup i(G) of G*. The C-representation p of i(G) is irreducible and admissible,

and therefore the induced representation Ind%l) p of G2 is admissible of finite length.

Any irreducible quotient 7 of IndiG(Zl) p is admissible (if ¢ = p, this uses the assumption
char F' = 0; see [Hen09, §4, Thm. 1]). By adjunction, 7|;) contains a subrepresenta-
tion isomorphic to p and, by inflation from i(G) to G, p is isomorphic to a subquotient
of mo1.

Conversely, suppose 7 is an irreducible admissible C-representation of G®. The re-
striction 7|y of 7 to i(() is semisimple of finite length, and its irreducible constituents
p are G*-conjugate and admissible (see [Vig96), I.6.12]E[). Hence, the C-representation
moi of G is semisimple of finite length, and its irreducible constituents are the inflations
p of the irreducible constituents p of 7|;(q).

Proposition now follows from:

Proposition 3.3.9. Let 7, p and p be as above. Then 7 is supercuspidal if and only if
some p is supercuspidal, if and only if all p are supercuspidal.

Proof. We first check first the compatibility of parabolic induction with — o i. The
parabolic F-subgroups of G and of G are in bijection via the map 4 ([Bor91], 22.6
Thm.]). If the parabolic F-subgroup P of G corresponds to the parabolic F-subgroup

2In [Vig96l 1.6.12], the condition that the index is invertible in C' is not necessary and not used in
the proof.
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Q of G?d, then i restricts to an isomorphism between their unipotent radicals, and
sends a Levi subgroup M of P onto a Levi subgroup L of Q. Further, we have an exact
sequence between F-points:

15 2(G) > M5 L— H(F,Z(G)).

We have G* = Qi(G) and Q Ni(G) = i(P) = i(M)U, where i(M) is an open normal
subgroup of L having finite commutative quotient, and U is the unipotent radical of
Q. Thus, if ¢ is a smooth C-representation of L, the Mackey decomposition implies

(Indgad o)lia) = Indzgg;(a“(M)) and, by inflation from i(G) to G, we obtain:

(3.3.10) (Ind$™ o) 0 2 Ind% (o 0 4).

We may now proceed with the proof. It suffices to prove:

(i) if 7 is non-supercuspidal, then all p are non-supercuspidal,
(ii) if some p is non-supercuspidal, then 7 is non-supercuspidal.

To prove (i), let 7 be an irreducible admissible non-supercuspidal C-representation of
G which is isomorphic to a subquotient of Indgad o for @ € G* and ¢ an irreducible
admissible C-representation of L. Therefore, m o 4 is isomorphic to a subquotient of
(Indgad o) o, and by equation , each p is isomorphic to a subquotient of Ind]Gg T
for some irreducible subquotient 7 of o o i (depending on p). Since T is admissible and
P C G, all the p are non-supercuspidal.

To prove (ii), let m be an irreducible admissible C-representation of G2 such that
some irreducible constituent p of 7 o4 is non-supercuspidal. Suppose p is isomorphic to
a subquotient of Ind% 7/ for P C G and 7 an irreducible admissible C-representation
of M. The central subgroup Z(G) acts trivially on p, and hence also on 7/. Therefore
7/ = T for some irreducible subquotient 7 of i), where o is an irreducible admis-
sible C-representation of L. The representation p is isomorphic to a subquotient of
Ind% (o o). By equation and exactness of parabolic induction, Indﬁgi)(p), and

hence its quotient m, is isomorphic to a subquotient of Indﬁg)((lndgad o)li(@))- This
representation is isomorphic to

)

ad ad ad )
Ind v (alian) 2 dg™ (Indfy) (0liar)) = dg ™ (o ©c Cli(M)\L).

By Lemma the C-representation o0 ®¢ C[i(M)\L] of L has finite length and its
irreducible subquotients v are admissible. Therefore 7 is isomorphic to a subquotient
of Indgad v for some v and some Q C G®, and therefore 7 is non-supercuspidal. O

3.3.3. Scalar restriction. Now let F’/F be a finite separable extension, G’ a connected
reductive F'-group and G := Respr/p(G’) the scalar restriction of G’ from F” to F.
As topological groups, G’ := G/(F") is equal to G := G(F). By [BT65, 6.19. Cor.], G’
and G have the same parabolic subgroups. Hence:

Proposition 3.3.11. G’ admits an irreducible admissible supercuspidal C-representation
if and only if G does.
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4. PROOF OF THE MAIN THEOREM FOR MOST SIMPLE GROUPS

4.1. Discrete Iwahori-Hecke modules. Let Rep-(G,B) denote the category of
C-representations of G generated by their B-invariant vectors, and let Mod(H¢c (G, B))
denote the category of right H(G, B)-modules. The functor of B-invariants

Repq(G,B) — Mod(He (G, B))

7TP—)7T%

admits a left adjoint

T : Mod(He(G,B)) — Repo (G, B)
M — M ®p @ ») C[B\G].

Fact 4.1.1. When ¢ # p, the functor ™ — 72 induces a bijection between the isomor-
phism classes of irreducible C-representations ™ of G with ©> # 0 and isomorphism
classes of simple right Ho(G,B)-modules ([Vigd6, 1.4.4, 1.6.3]). When C = C, the
functors are inverse equivalences of categories (see [Ber84l Cor. 3.9(ii)]).

When C = C, the Bernstein ring embedding Hc(Z, Zy) LN Hg is the linear map
defined by sending T)\Z to 0y := qgl/QE)\ for A € A. Its image is equal to Ac. Note that
if A € A is anti-dominant and z € Z lifts A, we have ¢\ = dp(z), where dp denotes the
modulus character of B.

We now recall some properties of the category Repe(G,B), including Casselman’s
criterion of square integrability modulo center, before giving the definition of a discrete
simple right Hc(G,B)-module. Recall that my denotes the space of U-coinvariants
(i.e., the unnormalized Jacquet module) of a representation 7.

Lemma 4.1.2. Suppose that © is an admissible C-representation of G. Then the
natural map © — wy induces an isomorphism ¢ : T Zo

= mi’ . Moreover, we have
pv-0\-1)= 5;,1/2@)(75 - o(v)) for X\ € Ap, t € T lifting \, and v € ©>.

Proof. Recall that B has an Iwahori decomposition with respect to Z, U, U°P. Then
[Casl, Prop. 4.1.4] implies that the map 7 — 7y induces an isomorphism 7% - Ty -1 —
7750 for A € Ar with maxyea |o(M)|F sufficiently small. By [Vigl6l, Prop. 4.13(1)] the
operator Ty-1 is invertible in Hc(G,B), so 72 - Ty-1 = 7>,

To show the last statement, we may assume that A € A;. Then, in our terminology,
[Cas, Lemma 4.1.1] says that o(|BtB/B| L [BtB]-v) = t-p(v), where [BtB] denotes the
usual double coset operator on 7%. Now [BtB]-v = v-T,-1 and Tj-1 = E,-1 = qtl,/?Ht—L
Moreover, |BtB/B| = ¢, = ¢ = dp(t~1). Putting this all together, we obtain the
claim. ]

Remark 4.1.3. The lemma and its proof hold when 8 is replaced by i and Zj is replaced
by Zg N 4.
Proposition 4.1.4. Let 7 be an irreducible C-representation of G with ©® # 0.

(i) 7 is isomorphic to a subrepresentation of Indg o, where o is a C-character of
Z trivial on Zy.
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(ii) Casselman’s criterion: w is square integrable modulo center (as defined in
[Cas, §2.5]) if and only if its central character is unitary and

IX(u(@))lc <1
for all p € X (T)* such that —p & X«(T)T, and all characters x of T con-
tained in 551/277(].

Proof. (i) Since  is irreducible and smooth, it is admissible by [Vig96), I1.2.8], and [Cas,
3.3.1] implies 7y is admissible as well. By Lemma and the assumption 72 # 0,
we see that my # 0. The claim now follows by choosing an irreducible quotient 7y — o
for which 6%° # 0 and applying Frobenius reciprocity.

(ii) This follows from [Cas, Thm. 6.5.1]. O

Definition 4.1.5. We say a simple right H¢ (G, B)-module is discrete if it is isomorphic
to 2 for an irreducible admissible square-integrable modulo center C-representation

7w of G.

Proposition 4.1.6. A simple right Hc(G,B)-module M is discrete if and only if any
C-character x of A contained in M satisfies the following condition: the restriction of
X to Az is a unitary character, and

(11.7) X6yl < 1
for any p € X (T)* such that —p & X.(T)T.

Proof. Note that M = 7 for an irreducible (admissible) C-representation 7 of G. Then
7 has unitary central character if and only if Az acts by a unitary character on M.
As any irreducible Ac-module is a character, by Casselman’s criterion (Proposition

4.1.4) and Lemma M is discrete if and only condition (4.1.7)) holds. O

Remark 4.1.8. Some authors view 7% as a left He(G,%)-module. One may pass be-
tween left and right modules by twisting by the anti-automorphism T,, — T,,-1, that
is, we may define

Tw-v=v Ty
for w € W, v € 2. The space 72, viewed as either a left or right H¢ (G, B)-module,
is then called discrete if 7 is square integrable modulo center. For left modules, the
proposition above holds with “anti-dominant” replaced by “dominant.”

Lemma 4.1.9. For a character x : A — C such that X|AZ(G) is unitary, the following
conditions are equivalent:
(i) x(0)-1)le <1 for any p € X (T)* such that —pu & X (T)7,

(i) |x(0x-1)|c <1 for any X € A3¢T such that AL & NS,
(iii) |x(0x-1)|c < 1 for any X\ € At such that \=! ¢ AT,

Proof. We first recall that the invertible elements in At consist of Z(G)Zy/Zo, so
Ix(6))|c =1 for all invertible elements of A*.

As Ar = X (T), we see that (iii) implies (i) and (ii). To prove that (ii) implies (iii),
we need to show that |y(fy-1)|c = 1 for A € A" implies A™' € A*. By Lemma [2.2.4]
pick n > 1 such that \* € Ag(g) x A>T, Then A\"Ag € A** for some Ao € Ay(). As
X(0)-n)-1)|c = 1 we deduce from (ii) that A" Ao € ASST N (AST) L which is contained
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in AT N (AT)~L. Therefore \» € AT N (AT)~!. From the definition of dominance it
follows that A € AT N (AT)~1.
The proof that (i) implies (iii) is similar but easier. O

Proposition 4.1.10. A simple right Hc(G,B)-module M is discrete if and only if
Az ) acts on M by a unitary character and if its restriction to Hc (G, %) is discrete.

Proof. This follows from Proposition 4.1.6| and Lemma [4.1.9 O

4.2. Characters. In this section we continue to assume C'is a field of characteristic
¢, and suppose further that G is absolutely simple and isotropic. We determine the
characters H = H(G%,B%°) — C which extend to H = H(G,*B). This is an exercise,
which is already in the literature when C' = C (cf. [Bor76]).

For distinct reflections s,t € S, the order ny; of st is finite, except if the type of X
is A1. In the finite case, the braid relations imply

(4.2.1) (T,T)" = (T,T,)"  if ney = 2r,
(4.2.2) (T,T)" T, = TW(T.T,)"  if ngy = 2r + 1.

The T for s € S and the relations (2.1.3)), (4.2.1)) and (4.2.2)) give a presentation of H.
A presentation of H is given by the T,,Ts for u € 2, s € S and the relations ([2.1.3)),

[@27), (F22) and
(4.2.3) T, Ty = Ty if u,u’ € Q,
(4.2.4) T.Ts = TysTy ifueQ,ses,

where u(s) denotes the action of 2 on S.
We have a disjoint decomposition

S=|]s

where S; is the intersection of S with a conjugacy class of W. The .S; are precisely the
connected components of Dyn when all multiple edges are removed (see [Bou02, VI.4.3
Th. 4] and [Bor76,, 3.3]). Thus, we have

1 Ag (f Z 2),Dg (E Z 4),E6,E7,0I‘ Eg;
m= <2 when the type of X = ¢ A1, B, (¢ > 3),Fy,or Go;
3 Co (6> 2).

When m > 1, we fix a labeling of the S; such that |S;| > |S2|, and when the type of
Y is Cp (£ > 2), we let Sy = {s2} and S3 = {s3} denote the endpoints of Dyn. The
parameters dg are equal on each component S;; we denote this common value by d;.

Lemma 4.2.5. Suppose {Ts}scs — C is an arbitrary map.

o When ¢ # p, the above map extends to a character of H if and only if it is
constant on each S;, and takes the value —1 or qdi on each Ts,s € S;. There
are 2™ characters if ¢% +1 # 0 in C for each 1.

o When c = p, the above map extends to a character of H if and only if its values
are —1 or 0 on each Ty, s € S. There are 215 characters.
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Proof. When ¢ # p, this follows from the presentation of H and the fact that the T,
are invertible (so that the map must be constant on conjugacy classes). When ¢ = p,
this follows from [Vigl7, Prop. 2.2]. O

Definition 4.2.6. The unique character x : H — C with x(7Ts) = ¢s (resp., x(Ts) =
—1) for all s € S is called the trivial (resp., special) C-character. They are distinct if

¢ # p,0.

We say a character x : H — C extends to H if there exists a character X : H—C
such that x|z = x. We wish to determine which characters of H extend to H. Since the
elements T, for u € ) are invertible in H , the relations imply that a character
X : H — C extends to a character of H if and only if x(Ts) = x(Ty(s)) for all s € S and
u € Q. For example, if the image ¥ of Q in Aut(W, S, d;) is trivial, then any character
of H extends to H. The extensions are not unique in general. By their very definition,
the trivial and special characters always extend, and we also refer to their extensions
as trivial and special characters.

Let x : H — C denote a character, and suppose ¢ # p. By Lemma the value
of x on T for s € S; is constant for each 1 < i < m. We define x; := x(T) € C for
s € S;, and identify the character y with the m-tuple (x;)i1<i<m-

Lemma 4.2.7. Assume ¢ # p. Let x : H — C' denote a character of H, associated
to the m-tuple (xi)i<i<m- Then x extends to a character of H except in the following
cases:

o type A1, equal parameters dy = do, ¥ #£ 1, and x1 # Xx2;

o type Cp (¢ > 2), equal parameters do = dz, ¥ # 1, and x2 # x3-

Proof. When m = 1, then x(T5) = x(Ty()) for all u € Q and s € S, so that x extends
to H. We may therefore assume m > 1. We proceed type-by-type:

o Type Ay with equal parameters di = dy. The group Aut(W,S,ds) = Z/27Z
permutes s; and s9. If ¥ =1 or x; = x2, then x extends to .F~I, while if ¥ £ 1
and x1 # X2, the character y cannot extend.

o Type By (¢ > 3). In this case, Aut(W, S,ds) = Z/2Z stabilizes the sets S; and
S, so that x(Ts) = x(Ty()) for all uw € Q and s € S. Thus x extends to H.

o Type C; (£ > 2) with equal parameters da = d3. The group Aut(W,S,ds) =
Z/27 permutes s9 and s3. If ¥ =1 or if xo2 = 3, then y extends to f[, while
if ¥ # 1 and x2 # X3, the character x does not extend.

o Type A1 with unequal parameters dy # do; Type Fy; Type Ga; Type Cyp (£ > 2)
with unequal parameters do # ds. In these cases, Aut(W,S,ds) (and conse-
quently W) is trivial, and thus x extends to H.

O
Before stating the next result, we require a definition.

Definition 4.2.8. Let R C C be a subring of C. We say a right fﬂc—module M is
R-integral if there exists an Hp-submodule M° C M such that the natural map

M°QrC— M
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is an isomorphism of IA—f(c—Nmodules. We call M° an R-integral structure of M. If p is a
maximal ideal of R, the Hp/,-module M°® ®g R/p is called reduction of M° modulo p.
We make similar definitions for the algebra Hc.

We combine the above results in the following proposition.

Proposition 4.2.9.

(i) Hc admits 2™ C-characters. They are all Z-integral, and their reductions
modulo p are supersingular except for the special and trivial characters.
(ii) Suppose x : Hc — C is a character, associated to the tuple (Xi)i<i<m, and
suppose we are in one of the following two cases:
o type A1, equal parameters dy = do, ¥ £ 1, and x1 # Xx2;
o type Cp (£ > 2), equal parameters doy = ds, ¥ # 1, and x2 # X3-
Then the Hc-module x@®X extends to a two-dimensional, Z-integral simple (left
or right) module with supersingular reduction modulo p, where XY = (x2,X1) in
the Ay case, and X = (x1, X3, X2) in the C; case.
(iii) Suppose x : Hc — C is a character which does not fall into either of the two
cases of the previous point. Then x extends to a Z-integral complex character
of Hc, and its reduction modulo p is supersingular if x is not special or trivial.

Proof. The claims regarding integrality in all three points are immediate.

(i) This follows from Lemmas and

(ii) and (iii) If we are not in one of the two exceptional cases, the result follows from
Lemmas and Otherwise, the character x of Hc extends to a character X' of
H' ::iC[AZ(G)Zo] ®c Hc trivial on AZ(G)ZO' The tensor product ¥’ @+ Hc is a simple
right Hc-module of dimension 2 (since the subgroup A 267 Of Q has index |¥| = 2),
whose restriction to Hc is equal to x @X. Note that the characters y and X in (ii) are

neither special nor trivial, since the x; are unequal by assumption, and therefore have
supersingular reduction modulo p. O

4.3. Discrete simple modules with supersingular reduction. @ We continue
to assume G is absolutely simple and isotropic. Let p denote the maximal ideal of
Z[q"/?] C C with residue field F,. We now discuss discrete, Z[q'/?]-integral Hc-modules
with supersingular reduction modulo p.

The following is the key proposition of this section.

Proposition 4.3.1. Suppose the type oj Y is not equal to Ay with equal parameters.
Then there exists a simple discrete right Hc-module Mc with a Z[ql/Q]—z'ntegml structure
M having supersingular reduction modulo p.

The proposition will follow from Propositions|4.3.2] |4.3.3] and [4.3.4|below. We sketch
the main ideas of the proof.

Consider first the special character x : Hc — C. It is Z[ql/ %-integral, its reduction
modulo p is non-supersingular, and T(y) is equal to the Steinberg representation of
G®¢ over C, so that y is discrete. Any discrete, non-special character of H¢ is Z[ql/ 2)-
integral (in fact, Z-integral) and Lemma implies that its reduction modulo p is
supersingular (since the trivial character of H is not discrete). Thus, we first attempt
to find a discrete non-special character of Hc; these have been classified by Borel in
[Bor76l, §5.8]. (Note that in [Bor76], the Iwahori subgroup is the pointwise stabiliser
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ZoB of an alcove; recall that if G is split or semisimple and simply connected we have
Zy = Zy.) We describe these characters in Proposition and use Proposition m
to determine which of these characters extend to It~[(c.

When m = 1, there do not exist any discrete non-special characters of H¢, and we
use instead a reflection module of ‘FIZ[ql/Q] (see Proposition . It is free of rank

|S| over Z[q'/?] and has supersingular reduction modulo p. When the type is Ay, this
module is non-discrete, which is why we must omit this type. (We also use reflection
modules in Proposition to handle certain groups of type B3 for which Proposition

does not apply.)
We now proceed with the required propositions.

Proposition 4.3.2. The algebra ﬁ@ admits a discrete, non-special right module Mc,
induced from or extending a character of Hc, when the type of ¥ is By (€ > 4), Cp (¢ >
2), Fy, Go, Ay with parameters dy # da, or Bs with parameters (dy,ds) # (1,2).

The dimension of Mc is 1, unless ¥ # 1 and the type is
Cy with parameters (1,1,1),(2,1,1), or (3,2,2);
Cs with parameters (1,1,1), (1, 2,2), (2,3,3);
C4 with parameters (1,2,2), or (2,3, ),
Cs with parameters (1,2,2).
In these cases, Mc extends the Ho-module (—1, —1,¢%) @ (—1,¢%, —1) where d := dy =
ds, and thus the dimension of Mc is 2.

o O O O

Proof. When m = 1, the only discrete character of Hc is the special one ([Bor76, §5.7]).
Suppose m > 1. For each choice of irreducible root system 3, we list the possible
parameters (dy, ds) or (dy,ds,ds) for G (from the tables in [Tit79, §4]), and describe if
H¢ has a discrete non-special character (using [Bor76, §5.8]).
We start with m = 2:

3 discrete non-special

> Parameters character of H¢?

Ay (d,d) (d>1)

QI = = DO =] = DO DO =] =] QO = =] DN =
= o = = Do = o R po| ] | | D] ol wo
g B g [ g g g B g [ | | D g g I b vy

By (¢> 3)

YGfe>4), NGEe=3)

Fy

e e I e e e e e e
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For every entry marked “Y,” the given discrete non-special character extends to a
character of H¢ using the condition of Lemma For the entries marked “N,” we
obtain the following representatives of the strict isogeny classes of the corresponding
group: PGLy(D) for a central division algebra D of dimension d? over F' (name A; or
9A9q_1); PU(R) for a split hermitian form in 3 variables over a ramified field extension
(name C-BCjy); PU(h) for a non-split hermitian form in 4 variables over an unramified
field extension (name 2Af); or the unramified non-split form of PSOg (name 2Dy).

We now consider m = 3, that is, type C;. In this case, the tables in [Bor76l §5.8]
show that Hc¢ always admits a discrete, non-special character. Note also that Borel
omitted the parameters (3,2,2) for type Cy. In order to obtain this missing case,
we use the criterion of [Bor76, Eqn. 5.6(2)] to see that the only discrete non-special
characters of H¢ are (—1,—1,1) and (—1,1,—1) (in the notation of [Bor76]). Note that
the characters corresponding to parameters with do # ds automatically extend to I:T@,
by Lemma [4.2.

> P Condition that some discrete

arameters non-special character of H¢ extends to f[@
Ce(0>2)] (1,1,1) (>4, 0or¥=1

(2,1,1) (>3 o0or¥=1
(2,3,3) (=20>5or¥=1
(2,1,3) 0
(1,1,2) 0
(2,2,3) 0
(2,1,2) 0
(1,2,2) {=20>6,or V=1
(2,1,4) 0
(2,3,4) 0

Cy (3,2,2) =1

__ Finally, we remark that in all cases, Propositions [4.1.10] and [4.2.9] imply that the
Hc-module Mc constructed above (either as the extension of a character of Hc, or as
the induction of a character from H¢ to Hc) is discrete. O

We consider now the types Dy (¢ > 4), Eg, E7, and Eg. The tables in [Tit79) §4]
imply that G is F-split, so that ds = 1 for all s € S, and for distinct s,t € .S, the order
ngy of st is 2 or 3.

Proposition 4.3.3. Assume that the type of ¥ is Dy (¢ > 4), Eg, E7, or Eg. Let M
denote the right ﬁz[q1/2]—m0dule obtained as the twist of the (left) reflection ﬁz[ql/2]‘
module by the anti-automorphism Ty, (—l)e(w)T:)_l. Then M s free of rank |S]|
over Z[ql/Q], has supersingular reduction modulo p, and Mc is a discrete, simple right
ﬁc-module.
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Proof. The left reflection ﬁz[ql/z]—module is the free Z[g'/?]-module with basis {e;}scs,

with ﬁz[ql/g}—module structure given by

—ey for s =t,
Ts-er = < qgeq for s #t, ngy = 2,
qe + q1/268 for s #t, ngy =3,

Tu CEt = eu(t)a

where s,t € S,u € Q. Twisting this module by the automorphism T}, — (—1)“*)T*
gives a left Hy 1/2-module M’ satisfying

qey for s =t,
Ts-er =< —e for s £, ngy =2,
—er — ¢M2ey  for s #t, ngt =3,
Tu € = eu(t).
Thus, the reduction modulo p of M’ is the F,-vector space with basis {e;}icg, with the
structure of a left fIFp—module given by

T 0 for s = t,
BT —
s —ey for s #t,

Tu € = eu(t)'

The restriction to Hp, of this ff]pp—module is the direct sum of the supersingular char-

acters {xs}ses, where
0 fors=t
Ty) = ’
Xs(T) {—1 for s # t.

Thus, Lemma implies Mﬂ’,p is supersingular. The scalar extension of M’ from
Z[q"/?] to C is a discrete simple He-module by Propositionm (see also [Lus83|, 4.23]).
These properties (discrete scalar extension to C and supersingular reduction modulo p)

remain true if we twist M’ into a right ﬁZ[ql /2]—module M by the anti-automorphism
Ty Tyr. O

Finally, we consider one of the omitted cases from Proposition namely type
B3 with parameters (1,2). We also make a specific choice of G in the corresponding
strict isogeny class; by the reductions in §3.3] this does not affect our main result.

Proposition 4.3.4. Suppose that G is an unramified (in particular, quasi-split), non-
split form of PSOg. Then ﬁz[quz] admits a right module M, such that M is free of
rank 3 over Z[ql/Q], has supersingular reduction modulo p, and Mc s a discrete, simple
right ﬁ@-module.

Proof. We will use the reflection module as defined in [GS05, §7].
Denote by Ajong the subset of simple affine roots A which are long. We define an
action of Hy /2 on the rank 3 Z[q"/?]-module with basis {es}pex,, . as follows. If
ong



26 FLORIAN HERZIG, KAROL KOZIOL, AND MARIE-FRANCE VIGNERAS

a € Klong, we set
—eg if =0,
Ts, ~eg = | qeg if a # B, Nsa,s5 = 2,
qeg + ql/Qea if 7& B7 Nsa,s5 = 3,
and if « is the unique short root in ﬁ, we set
T, -eg = qzeg.

Twisting this reflection module by the automorphism T, + (—1)T* gives a new
left Hyp1/2)-module M’ with action given by

qes if a =p,
T, e = —ep if a # B, Nsg,s5 = 25
—eg — ql/Zea if a #£ B, Msa,s5 = 3,
ifa € ﬁlong, and
T, ceg = —eg

if @ € A is short. The reduction modulo p of M’ is the Fp-vector space with basis
{es} se Riong’ with the structure of a left Hy -module given by

T en— 0 if a =4,
T Ve ifa B,

for o € A. Therefore MHITP is equal to the direct sum of the supersingular characters
{Xﬁ}ﬁeﬁlong’ where

)0 if a =g,
Xﬁ(Tsa)_{_l if o # 8.

for a € A.

The algebra Hz[ql /2] is generated by HZ[ql/z] and an extra element T;,, where u is a
generator of Q2 2 7Z/27. The element u exchanges the two elements of Along which are
endpoints of Dyn, and fixes the other two elements of A. Thus, the element T, satisfies

=1, T, 1., T,=T.

Su(a)”
We extend the action of Hz[ql/Q} on M’ to ﬁz[ql/Q] by declaring that
Tu c€q — eu(a).

Section 8.5 of [GS05] gives an explicit description of Hecke operators associated to
the fundamental dominant coweights in terms of T, and the Ts,_,. Using this description
along with [GS05, Prop. 6.6] and Proposition we see that the Eﬂc—module Mg
is discrete. Once again, the properties of M’ (supersingular reduction modulo p and
discrete extension to C) remain true if we twist M’ into a right ﬁz[ql /2-module M via
the anti-automorphism T,, — T,-1. O
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4.4. Admissible integral structure via discrete cocompact subgroups. Let
E be a number field with ring of integers Og, pr a maximal ideal of O with residue
field k :== Og/pg, and C/E a field extension.

Definition 4.4.1. We say that a C-representation 7 of G' descends to E if there exists
an F-representation 7 of G and a G-equivariant C-linear isomorphism

0:CQpT >
We call ¢ (and more often 7) an E-structure of .

Definition 4.4.2. We say that a C-representation m of G is Op-integral if m contains
a G-stable Og-submodule 7° such that, for any compact open subgroup K of G, the
Op-module (7°)% is finitely generated, and the natural map

0:CRo, T° =7
is an isomorphism. We call ¢ (and more often 7°) an Og-integral structure of w. The
G-equivariant map 7° = k ®o, 7° (and more often the k-representation k ®o,, 7° of

G) is called the reduction of 7° modulo pr. We say that 7° is admissible if k ®o,, 7° is
admissible for all pg.

For any commutative ring R and any discrete cocompact subgroup I' of G, we define

where K is some compact open subgroup of G depending on f. Letting G act on
this space by right translation, we obtain a smooth R-representation p%. The complex

representation pg of G has an admissible Z-integral structure given by p' := pg. The
reduction of p&' modulo a prime number ¢ is the admissible representation pgc.

Proposition 4.4.3. Assume char F =0 and G semisimple. If w is a square-integrable
C-representation of G, then there exists a discrete cocompact subgroup I' of G such that

Homg(7, pi) # 0.

Proof. Since char F' = 0, there exists a decreasing sequence (I'y,),en of discrete cocom-
pact subgroups of G with trivial intersection, such that each is normal and of finite
index in I' =Ty (see [BH78, Thm. A]). The normalized multiplicity of 7 in pg is

mp qg(7) := volp - dimg (Homg(ﬂ, pg)),

where volr is the volume of I'\G for a G-invariant measure induced by a Haar measure
on G. By the square-integrability assumption on 7 and the limit multiplicity formula,
the sequence (mr,, 4q(7))nen converges to a nonzero real number (see [DKV84, App.
3, Prop.] and [Kaz86, Thm. K]). O

Proposition 4.4.4. Assume char F = 0. Let m be an irreducible C-representation of
G such that 7 # 0 and T' a discrete cocompact subgroup of G.
(i) If
p:CRpT—
is an E-structure of w, then

QD%ZC(@ET%—)W%
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is an E-structure of 2, and the natural map
C @p Hompg(7, pip) — Homgygy(, i)
18 an isomorphism.
(i) If
Vv :Cg M =2
is an E-structure of 72, then
T(Y): CREpT(M) -

is an E-structure of m.
(iii) Any irreducible subrepresentation T of pg admits an admissible Og-integral
structure T N p(FQE, whose reduction modulo pg contained in pg.

Proof. We recall a general result in algebra from [Boul2, §12.2 Lem. 1]: let C'/C be a
field extension and A a C-algebra. For A-modules M, N, the natural map

(4.4.5) C' ®c Homy (M, N) — Homerg.4(C' @c M, C' ®@¢ N)

is injective, and bijective if C’/C' is finite or the A-module M is finitely generated.

(i) Take C'/C = C/E, A = E[G], (M,N) = (E[B\G],7) or (1,p%). Then (4.4.5)
is an isomorphism because E[B\G] (resp., 7) is an E-representation of G which is
generated by the characteristic function of B (resp., irreducible).

(ii) The functor 7 — 7 and its left adjoint ¥ commute with scalar extension from
E to C and are inverse equivalences of categories when C' = C (by Fact |4.1.1)). Hence

T(): CREI(M)=F(Cor M) = I(x®)=x
is an isomorphism.

(iii) For any compact open subgroup K of G, the Og-module (pl(;E)K is finite free
and p(FgE contains 7° := 7N ng as Opg-representations of G. Since the ring Op is
noetherian, these facts imply the Og-submodule (7°)% of (pl(;E)K is finitely generated.
The natural linear G-equivariant isomorphism

E ®0, Po, ~— Pl
restricts to a linear G-equivariant isomorphism
E®o, T° =T,
and therefore 7° is an Og-integral structure of 7. We have
pEp(FQE N7°=C*®T\G,pg)NT7°

=C(\G,pg)NT

= pE(COO(F\G, OE) N 7')

=PET °.
Therefore, the reduction modulo pg of 7° (i.e., (Or/pE)R0,T° = k®p,7°) is contained

in the reduction modulo pg of ng (i.e., pg) as k-representations of G. As pg is
admissible, k ®p, 7° is also. ]

Although the ring Z[g'/?] is not always the ring of integers O of E = Q(¢'/?), the
arguments of (iii) still apply in this setting. The key Proposition then implies:
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Corollary 4.4.6. Assume char F' =0, G absolutely simple and isotropic, and the type
of ¥ is different from A, with equal parameters. Let Mc denote a discrete right fNIC—
module as in Proposition[{.3.1. Then the irreducible square-integrable C-representation
T(Mc) of G admits an admissible Z[q"/?]-integral structure.

Proof. By Proposition 4.4.4(ii), the C-representation T(Mc) admits a Q(q'/?)-structure
7. Propositions 4.4.3 and [4.4.4(i) imply that 7 is a subrepresentation of pa(qm) for

some discrete cocompact subgroup I' of G. Finally, Proposition M(iii) implies that
7 admits an admissible Z[q'/?]-integral structure. O

When G is semisimple, any irreducible admissible supercuspidal C-representation of
G descends to a number field (see [Vig96), 11.4.9]). We have:

Corollary 4.4.7. Assume char F' = 0 and G semisimple. Then any irreducible super-
cuspidal C-representation admits an admissible Og-integral structure whose reduction
modulo pg is contained in pllg, for some discrete cocompact subgroup I' of G.

Proof. Since 7 is square-integrable, Proposition implies that 7w embeds into pg for
some discrete cocompact subgroup I' of G. The claim the follows from points (i) and
(iii) of Proposition [4.4.4] O

4.5. Reduction to rank 1 and PGL, (D). We now prove that most p-adic reductive
groups admit irreducible admissible supersingular representations.

Theorem 4.5.1. Assume that char C = p and char F' = 0. Suppose G is an isotropic,
absolutely simple, connected adjoint F-group, not isomorphic to any of the following
groups:
(i) PGL, (D), where n > 2 and D a central division algebra over F;
(ii) PU(h), where h is a split hermitian form in 3 variables over a ramified qua-
dratic extension of F or a non-split hermitian form in 4 variables over the
unramified quadratic extension of F'.

Then G admits an irreducible admissible supercuspidal C-representation.

Proof. We first note by the tables in [Tit79] that the above exceptional groups are
precisely the ones where X is of type A, with equal parameters. (In that reference our
exceptional groups have names A, 1, A,,q_1 for m > 2, d > 2 in case (i) and C-BCy,
2AY in case (ii).) By Proposition @there exists a right ﬁz[ql/g]—module M whose base

change Mc is a simple discrete ﬁ@-module, and whose reduction Mp, is supersingular.
Letting m := T(Mc) denote the irreducible square-integrable C-representation of G
corresponding to M¢, we know by Proposition that 7 injects into C*°(I"\G, C)
for some discrete cocompact subgroup I' < G. By passing to B-invariants it follows
that the He-module Mg injects into C[I\G/B] = C=(I'\G, C)®.
Set
M’ = Mc N Z[g"?|[T\G/B] = Mc N C>(T\G, Z[g"/*))*.

Then M and M’ are Z[q'/?]-integral structures of Mc, so their reductions Mr, and MI’Fp
agree up to semisimplification. In particular, MHQP contains a supersingular element (as
M, is supersingular) and, by construction, MECP embeds into F,[I'\G/B]. Therefore
we can pick a non-zero supersingular element v of F,[I'\G/B] C C[I'\G/8B]. The
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G-representation C°(I'\G, C) is admissible, as I' is cocompact, and hence so is its
subrepresentation (G - v) generated by v. Any irreducible quotient of (G - v) (which
exists by Zorn’s lemma) is admissible by [Hen09, §4, Thm. 1], as F' is of characteristic
zero, and supersingular by Proposition , as it contains (the nonzero image of)
. ]

The two exceptional cases will be dealt with in Sections [5] [6] below. Assuming this,
we can now prove our main result.

Proof of Theorem[4] Suppose that G is a connected reductive group over F. We want
to show that G = G(F') admits an irreducible admissible supercuspidal representation
over any field C' of characteristic p. By Proposition [3.2.1] we may assume that C is finite
and as large as we like. Then by Proposition [3.3.2| we may assume that G is isotropic,
absolutely simple, and connected adjoint. The result then follows from Theorem [4.5.1

Corollary and Corollary O

5. SUPERCUSPIDAL REPRESENTATIONS OF RANK 1 GROUPS

In this section we verify Theorem [A] when G is a connected reductive F-group of
relative semisimple rank 1. In particular, this deals with the second exceptional case
in Theorem [A.5.1]

5.1. Preliminaries. We suppose in this section that C' is algebraically closed field of
characteristic ¢ = p. We fix an embedding of the residue field kr into C', and henceforth
view kp as a subfield of C.

We will show that G admits irreducible, admissible, supercuspidal C-representations.
By Proposition [3.3.2] it suffices to assume G is an absolutely simple and adjoint group
of relative rank 1. We make one further reduction. Let G* denote the simply-connected
cover of G:

1-Z(G*) -G -G —1

By Proposition [3.3.8] we see that G admits an irreducible, admissible, supercuspidal
representation on which Z(G*¢) acts trivially if and only if G does. Therefore, we may
assume that our group G is absolutely simple, simply connected, and has relative rank
equal to 1. We will then construct irreducible, admissible, supercuspidal representations
of G on which its (finite) center acts trivially.

5.2. Parahoric subgroups. Let # denote the Bruhat—Tits building of G. By our
assumptions on G, £ is a one-dimensional contractible simplicial complex, i.e., a tree.
Recall that C denotes the chamber of # corresponding to the Iwahori subgroup 9, and
let zg and 27 denote the two vertices in the closure of C. We let Ky and K7 denote the
stabilizers of xg and 1, respectively. We then have 8 = Ky N K.

The vertices xg and x1 are representatives of the two orbits of G on the set of vertices
of %, and the edge C is a representative of the unique orbit of G on the edges of #. By
[Ser03, §4, Thm. 6], we may therefore write the group G as an amalgamated product:

G= K() *o3 Kl.
Since the group G is semisimple and simply connected, the stabilizers of vertices

and edges in # are parahoric subgroups (see, e.g., [Vigl6, §3.7]). For i € {0,1}, we let
Kf denote the pro-p radical of K;, that is, the largest open, normal, pro-p subgroup
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of K;. The quotient G; := K;/K ,L+ is isomorphic the group of kp-points of a connected
reductive group over kp (see [HV15, §3.7]). Likewise, the pro-p-Sylow 4l is the largest
open, normal, pro-p subgroup of B, and Z := B/4 is isomorphic to the group of
kp-points of a torus over kr. The image of B in G; is equal to a minimal parabolic
subgroup B;, with Levi decomposition B; = Z;U;. Thus, we identify the quotient Z
with Z;.

5.3. Pro-p Iwahori—Hecke algebras. We work in slightly greater generality than
Let
H/} := Ho(G, i) = Endg Ct\G]

denote the pro-p-Iwahori-Hecke algebra of G with respect to 4. We view H, g as the
convolution algebra of C-valued, compactly supported, Ll-bi-invariant functions on G
(see [Vigl6, §4] for more details). For g € G, we let T; denote the characteristic function
of Ugil. The algebra H g is generated by two operators Tj,, T3, , along with operators
T., where 59 and §; are lifts to the pro-p-Iwahori-Weyl group of affine reflections fixing
xo and xy, respectively, and z € Z. For i € {0,1}, we let Hé:l denote the subalgebra
of H g generated by T, and T, for z € Z; this is exactly the subalgebra of functions in
Héf with support in Kj, i.e.,

Hai = Hc(KZ',L[) = EndKi C[ﬂ\KZ]

The algebra H, gl is canonically isomorphic to the finite Hecke algebra Ho(G;, U;) (see
[CE04, §6.1]).

Since K ;r is an open normal pro-p subgroup of Kj;, the irreducible smooth represent-
ations of K; and G; are in bijection. Further, the finite group G; possesses a strongly
split BN pair of characteristic p ([Vigl6), Prop. 3.25]). Therefore, by [CE04, Thm. 6.12],
the functor p ~ p* induces a bijection between (isomorphism classes of) irreducible
smooth representations of K; and (isomorphism classes of) simple right Hg’i—modules,
all of which are one-dimensional.

We briefly recall some facts about supersingular Hg—modules (compare Lemma
2.4.2). We refer to [Vigl7, Def. 6.10] for the precise definition (which is analogous
to Definition , and give instead the classification of simple supersingular Héf—
modules. Since G is simply connected, every supersingular H g—module is a character.
The characters = of Hg are parametrized by pairs (x,J), where x : Z — C* is a
character of the finite torus and J is a subset of

Sy == {s € {s0,s1} : x(c5) # 0}

(here ¢; is a certain element of the group algebra of the torus Z which appears in the
quadratic relation for T%s; note also that the definition of S, is independent of the choice
of lift §). The correspondence is given as follows (cf. [Vigl7, Thm. 1.6]): for z € Z, we
have E(T%,) = x(z), and for s € {sg, s1}, we have

0 if s € J,
(Ts) = o
x(cs) ifs¢J
Since G is simple, [Vigl7, Thm. 1.6] implies that Z is supersingular if and only if
(Sx, J) # ({s0.51},0), ({s0.s1}, {s0,s1}).

(1]
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5.4. Diagrams. Since the group G is an amalgamated product of two parahoric
subgroups, the formalism of diagrams used in [KX15] applies to the group G. We
recall that a diagram D is a quintuple (po, p1,0,t0,t1) which consists of a smooth
representation p; of K;, a smooth representation o of 93, and B-equivariant morphisms
i i 0 — pi|s. We depict diagrams as

P1

Morphisms of diagrams are defined in the obvious way (i.e., so that the relevant squares
commute).

Let = denote a supersingular character of H, associated to a pair (x,.J ). We define
a diagram D= as follows:

o set o := x~!, which we view as a character of B by inflation;

o we let p=; denote an irreducible smooth Kj-representation such that p%i =~
= i, a8 H az.—modules (by the discussion above, pz; is unique up to isomor-
phism);

o let ¢; denote the B-equivariant map given by o = y =+ == pé,i — p=i|s.

Pictorially, we write

We now wish to construct an auxiliary diagram D’ into which D= injects. This
will be done with the use of injective envelopes. Recall that if G is a profinite group
and 7 is a smooth C-representation of G, an injective envelope consists of an injective
C-representation injg7 of G along with a G-equivariant injection j : 7 < injg7 which
satisfies the following property: for any nonzero C-subrepresentation 7/ C injg7, we
have j(7) N7’ # 0. This data is unique up to (non-unique) isomorphism.

Lemma 5.4.1 (|[Pas04, Lem. 6.13]). Let 7 denote a smooth representation of G, and
let j : 7 < injgT denote an injective envelope. Let J denote an injective representation
of G, and suppose we have an injective map ¢ : 7 — J. Then ¢ extends to an injection
¢ :injgT — J such that ¢ = ¢ o j.

Lemma 5.4.2. Suppose G has an open, normal, pro-p subgroup GT. Let T denote
a representation of G such that G acts trivially, and let j : 7 injgT denote an
injective envelope of T in the category of representations of G. Then T — (inng)g+ 18
an injective envelope of T in the category of representations of G/G7T.
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Proof. This is [Pas04, Lem. 6.14]; its proof does not require that 7 be irreducible, only
that GT acts trivially. O

We now begin constructing D’.

Lemma 5.4.3. Let i € {0,1}. We then have
(inj e, C[Gil) s = (P i ™1,
£

where £ runs over C-characters of B (or, equivalently, of Z;), and we have fized choices
of injective envelopes.

Proof. Consider the B-representation (inj, C[G;])". The action of B factors through
the quotient 9B /4l = Z, which is commutative of order coprime to p. Therefore, we
obtain a B-equivariant isomorphism

(5.4.4) (injx, C[Gi) " = @D &
3
for non-negative integers my satisfying
mg¢ = dimg Homeg (€, inj g, C[G;])

— dime Homss (€, (injz, C[G,])"7)

= dim¢ Homg, (£, injg, C[Gq])

= dim¢ Homg, (5, (ianiC[Gi])Ui).
(The third equality follows from Lemma ) Since C[G;] is injective as a represent-
ation of G;, we have isomorphisms of Z;-representations

(injg,C[G)" = ClUNG;] = @ ¢PP,
3
so that me = [B;\Gy.
The isomorphism ((5.4.4]) implies we have a B-equivariant injection
P P < (injg, C[G) s
3

Since the representation on the right-hand side is injective, Lemma [5.4.1| says that the
above morphism extends to a split injection between injective B-representations

P inj PN < (inj, C[Gi]) |-
£

Since the i-invariants of both representations agree, the above injection must be an
isomorphism. O

Lemma 5.4.5. Set a := lem(|Bo\Go|, [B1\G1|). There exists a diagram D' of the
form
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injx, C[G) B Bo\Gol ™

%
T

D = D injp

inj , C[Gy] @« B\G1I ™!

where kg and k1 are isomorphisms, and a morphism of diagrams
YK,

P © » inj g, C[Go) & [Bo\Gol ™!
) -1 . Y i e®a
O X @D inju
x‘ X}
¥ .. -
PE1 ¢ = » inj e, C[Gy] O+ B1\G1™!

in which all arrows are injective.

Proof. We fix the following injections, which are equivariant for the relevant groups:
o injective envelopes j¢ : £ < inju& for each C-character £ of B;
o injective envelopes j; : C[G,]®*BAG ™ ianiC[Gi]@a"Bi\Girl fori € {0,1};
o an inclusion inc : y 71 < D £
o an inclusion ¢; : p=; — C[Gi]@a'mi\ﬁ’i|_1 for i € {0,1}.
Let i € {0,1}. We first construct the x;. We have an B-equivariant sequence of
maps
XS pzi S CG B BNGT KN ianZ.C’[Gz’]@(L"B"\G"‘71
and thus we obtain '
X—l Ji?ﬁ;’” (ianiC[Gi]@a.IBi\Gi‘71)u'
By Lemmas [5.4.3 and [5.4.2) we have @, €% 2 (inj, C[G] B\ )4 We fiz an
isomorphism «; : P, g9 =y (ianiC’[Gi}@‘l"mgi\(“’i‘71)il such that

(5.4.6) a; oinc = j; o ¢; o 1;.
Now consider the maps of B-representations
@g@a (oﬁ} (ianiC[Gi]@a'mi\Girl)u N (ianiO[Gi]@a'lIBi\Girl) ’%_
13
By Lemma the above map extends to an B-equivariant split injection

. . . . Hibe -1
Ki @mj%ﬁ@a — (mJKiC[Gi]@“ B\G:| )|%
'3
such that

(5.4.7) K © (@j?“) = q;.
£
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Since both €D inj&®* and (ianiC[Gi]EBa"Bi\Gi'_l)\% are injective B-representations
and k; induces an isomorphism between their {-invariants (cf. Lemma , we see
that k; must in fact be an isomorphism.

We now construct the morphism of diagrams. Set ¢, := jioc; and g := (69£ j?a) o
inc. We have

F20) N x|
v, o1 B2 oy 0 ine BED 0 g,

and therefore we obtain the desired morphism of diagrams. ([l

5.5. Supercuspidal representations via homology. We let D=z and D’ denote
the coefficient systems on Z associated to D=z and D', respectively (cf. [KXT5l §6.3]).
The homology of coefficient systems gives rise to smooth G-representations, and we
define

7= im (HO(%,DE) LiN HO(@,D’)) ,
the image of the induced map v, on homology.

Theorem 5.5.1. The G-representation m admits an irreducible, admissible, supercus-
pidal quotient.

Proof. We use language and notation from [Pas04] and [KX15].

Step 1: The representation 7 is nonzero.

Fix a basis v for x !, and let Wo,u0(v) denote the 0-chain with support x¢ satisfying
Wo,i0(v) (T0) = to(v) (here we identify the Ko-representation D= ;, with p=o). Since the
maps (g, t1 are injective, [Pas04, Lem. 5.7] implies that the image Wo,u0(v) 1S nONZETO
in Ho(%,Dz). Now set @ := 1 (@0,10(0)) = @05 010() € T C Ho(#,D'). This is the
image in Hy(%,D’) of a D;O—Valued 0-chain supported on xg, and since the maps kg, x1
are isomorphisms and 1 is injective, we have w # 0 (|[Pas04, Lem. 5.7] again).

Step 2: The representation 7 is admissible.

Since kKo, k1 are isomorphisms, [Pas04, Prop. 5.10] gives

s C Ho(2,D')|s = D = (P inj ™,
3
which implies 7 C D £%9, so that 7 is admissible.

Step 3: The H(J/C—module 7 contains Z.

The element Wy () € Ho(%#, Dz) is U-invariant and stable by the action of H ., and
the vector space it spans is isomorphic to = as an H g—module (for all of this, see the
proof of [KX15, Prop. 7.3]). Since 9, is G-equivariant, the same is true for @ € .

Step 4: The vector w generates .

Since Wy () generates Ho(%, D=) as a G-representation and v, is G-equivariant, w
generates m as a G-representation.

Step 5: We construct the quotient 7’ and list its properties.

By the previous step, the representation 7 is generated by w. Proceeding as in the
end of the proof of Theorem we see that any irreducible quotient of 7 = (G - @)
is admissible (and such quotients exist by Zorn’s lemma). Let 7’ be any such quotient.

Step 6: We prove 7’ is supercuspidal.

Since @ generates m, its image in 7' is nonzero. Thus, we obtain an injection of
H g-modules E~ Cw — (r')%, and supercuspidality follows from Proposition
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The proofs above do not actually require that C' be algebraically closed; it suffices
to assume that C is a finite extension of I, which contains the |Go|y-th and |G1|,-th
roots of unity, where |- |, denotes the prime-to-p part of the order (cf. [CE04] §6.1]).
Therefore, we obtain:

Corollary 5.5.2. Suppose G is a connected reductive F'-group of relative semisimple
rank 1, and C' is a sufficiently large finite extension of F,. Then G admits an irreducible
admissible supercuspidal C'-representation.

Proof. By the reductions in §5.1} it suffices to assume G is absolutely simple and
simply connected, and to construct a supercuspidal C-representation on which Z(G)
acts trivially. Since the center of G is finite, it is contained in BNZ = Zy. Hence, taking
E to be associated to (1, J), where 1g is the trivial character of B and J # 0, { s, s1},
Theorem produces an irreducible admissible supercuspidal C-representation 7’
with trivial action of the center. This gives the claim. O

Remark 5.5.3. The construction of 7’ above shares some similarities with the construc-
tion in §4.5l Therein, supercuspidal representations are constructed as subquotients
of C*(I'"\G,C) = c—Ind? 1r, where T is a discrete, cocompact subgroup of G and 1p
denotes the trivial character of I'. Taking I' to be torsion-free, we use the Mackey
formula to obtain

(c-Indf 1)k, = @ C—Indﬁi} 1= @ Indﬁi} 1= ianiC[Gi]@“;
\G/K; NG/K;

where a; = [I'\G/K;|. The construction above produces supercuspidal representations

as subquotients of Hy(%,D’), for which we have

HO(‘@v D/)|Ki = iani(C[Gi])@aiv
where a; = a - [B;\G;|~! (cf. [Pas04, Prop. 5.10]).
6. SUPERSINGULAR REPRESENTATIONS OF PGL, (D)

In this section we verify Theorem [A| when G = PGL, (D), where n > 2 and D a
central division algebra over F'. In particular, this deals with the first exceptional case
in Theorem 5.1

6.1. Notation and conventions. Throughout Section @ we let @p denote a fixed
algebraic closure of Q,, with ring of integers Z, and residue field F,. We normalise the
valuation val of @p such that val(p) = 1. Further, we let D denote a central division
algebra over F of dimension d?.

For any field K let 'k denote the absolute Galois group for a choice of separable
closure. If K'/K is a finite separable extension, then 'y is a subgroup of I'k, up to
conjugacy, hence the restriction of a I'i-representation to 'k is well defined up to
isomorphism.

If K/Q, is finite we let Ix denote the inertia subgroup of I'x and kx the residue
field of K. If p : T — GLn(@p) is de Rham and 7 : K — @p is continuous, we let
HT,(p) denote multi-set of 7-Hodge—Tate weights. We normalise Hodge—Tate weights
so that the cyclotomic character ¢ has 7-Hodge-Tate weight —1 for any 7. We let
WD(p) denote the associated Weil-Deligne representation of Wi over @p (defined by
Fontaine, cf. Appendix B.1 of [CDT99)).



EXISTENCE OF SUPERSINGULAR REPRESENTATIONS 37

We normalise local class field theory so that uniformisers correspond to geometric
Frobenius elements under the local Artin map. Let recr denote the local Langlands cor-
respondence from isomorphism classes of irreducible smooth representations of GL,, (F)
over C to isomorphism classes of n-dimensional Frobenius semisimple Weil-Deligne rep-
resentations of Wg over C. (See [HT01].)

If L is a global field, we let | - | denote the normalised absolute value of Ap,.

6.2. On the Jacquet—Langlands correspondence. We recall some basic facts
about the representation theory of GL, (D) and the local Jacquet—Langlands corre-
spondence. All representations in this section will be smooth and over C.

For a finite-dimensional central simple algebra A let Nrd : A* — Z(A)* (or Nrda
for clarity) denote the reduced norm. Let v denote the smooth character | Nrd |p of
GL,, (D) for any m. If m; are smooth representations of GL,, (D), let 71 X -+ x 7,
denote the normalised parabolic induction of 71 ® - - @7, to GLy~,, (D). In particular
these notions also apply to general linear groups over F' (by setting D = F).

We will say that a representation is essentially unitarisable if some twist of it is
unitarisable.

The Jacquet—Langlands correspondence [DKV84] is a canonical bijection JL between
irreducible essentially square-integrable representations of GL, (D) and irreducible es-
sentially square-integrable representations of GL,4(F) that is compatible with charac-
ter twists and preserves central characters.

On the other hand, Badulescu [Bad08] defined a map | LJgr,, (p) | in the other direc-
tion, from irreducible essentially unitarisable representations of GL,4(F') to irreducible
essentially unitarisable representations of GL, (D) or zero, which in general is neither
injective nor surjective. (More precisely, [Bad08| only considers unitarisable represent-
ations, but we can extend it by twisting.) In the split case | LJqr,, ()| is the identity.
It follows from Thm. 2.2 and Thm. 2.7(a) in [Bad08] that | LJqr,,(p) [(JL(7)) = 7 for
any essentially square-integrable representation m of GL, (D).

If p is a supercuspidal representation of GL,,(F) and ¢ > 1, then Z%(p,¥) is by
definition the unique irreducible quotient of pr1=0/2 x prB3=0/2 x ... x pp(E=1/2 Tt
is essentially square-integrable and all essentially square-integrable representations of
GL,,(F) arise in this way.

If p is a supercuspidal representation of GL,, (D), we can write JL(p') & Z%(p, s) for
some supercuspidal representation p and integer s > 1. Then Z*%(p',¢) is by definition
the unique irreducible quotient of p/v5(1=0/2 x p/psB=0/2 5 ... x p'psE=1/2 Tt is essen-
tially square-integrable and all essentially square-integrable representations of GL,, (D)
arise in this way (a result of Tadié, cf. [Bad08, §2.4]). Moreover, JL(Z"(p',¢)) =
Z%(p,¢s) [Bad08, §3.1].

6.3. On lifting non-supersingular Hecke modules. Let B = MU denote the
upper-triangular Borel subgroup of GL,, (D) with diagonal minimal Levi subgroup M =
(D*)™ and unipotent radical U. Let T' = (F*)" denote the diagonal maximal split
torus and U°P the lower-triangular unipotent matrices.

Let Op denote the ring of integers of D, mp the maximal ideal of Op, and kp the
residue field, so [kp : kp] = d. Let D(1) := 1+ mp, so D(1) < D*. Let valp : D* - Z
denote the normalised valuation of D. Let I(1) denote the pro-p Iwahori subgroup

I(1) := {9 € GL,(Op) : g € GL,,(kp) is upper-triangular unipotent}.
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Let H := H(GLy(D),I(1)) the corresponding pro-p Iwahori-Hecke algebra over Z
[Vigl6] and for a commutative ring R let Hp := H ® R. Similarly we define H,s :=
H(M,MNI(1)) and Hyr = Hu @ R. Note that the pro-p Iwahori subgroup M NI(1)
is normal in M. All Hecke modules we will consider are right modules. A finite-
dimensional H@p—module is said to be integral if it arises by base change from a HZ,,‘

module that is finite free over Z,.

Let W(1) := N(T)/M N I(1), Wpr(1) := M/M N I(1),

M™ = {diag(mq,...,mp) € M : valp(my) > --- > valp(my,)},
and W+ (1) :== M+ /M N I(1).

We recall that A has an Iwahori-Matsumoto basis T, for w € W(1) and a Bernstein
basis E,, for w € W (1), which in fact depends on a choice of spherical orientation. We
choose our spherical orientation such that E,, = Ty, for w € W+ (1). (This is possible
by [Vigl6, Ex. 5.30].) Similarly, H,s has basis TM for w € Wy, (1).

Our choice of (pro-p) Iwahori subgroup determines a chamber C' in the Bruhat—Tits
building of GL,, (D). For w € W (1) let ¢(w) € Z>¢ denote the length of w relative to
the chamber C. (In fact, for w € M/M N I(1) the length is independent of the choice
of chamber.)

and define monoids

Lemma 6.3.1. Suppose m = diag(my,...,my) € M with m; € D*. Then ¢(m) =
Zz’<j ’V&lD(mz‘) — VaID(mj)].

Proof. We will use the explicit description of the reduced apartment A of T given in
[Tit79, §1.14], using the valuation valp |px of F'. Note that A is an affine space for V :=
(X (T)®R)/R,i.e. R"/R(1,...,1) (using the standard basis of X, (7T'), unlike [Tit79]!),
and we identify A with V' by using a special point as origin. Let a;; for 1 <i# j <n
denote the root sending ¢ = diag(ti,...,t,) € T to titj_l. Then the affine roots are
given by {o;; +r : i # j,r € Z}. (Note that formula [Tit79, §1.14(2)] has a typo: by
the preceding line in that reference, I' should be replaced by w(D*).) Therefore the
affine Weyl group is associated to the reduced root system {c;; : i # j}. We also note
that m acts on A by translation by —(valp(mq),...,valp(my)). A chamber is given
by the convex hull of the points x; := —(0,...,0,1,...,1) (with 1 <14 < n giving the
number of zeros), and we claim that this is the chamber C' corresponding to I(1). To
see this, note that the “norms” corresponding to the points z; in [Tit79, §2.9] are the
gauge “norms” of the lattices Op @ - ® Op ®mp @ --- @ mp (with i copies of Op,
1 <i < mn) and that I(1) fixes each of them. The first length formula in [Vigl6], Cor.
5.11] now gives the desired result. O

If 7 is a smooth representation of GL, (D) let 7y denote its (unnormalised) Jacquet
module.

Lemma 6.3.2. Suppose that m is an admissible representation of GL,(D) over C.

Then the natural map py : ™ — 7y induces an isomorphism w1 — (WU)Mml(l).

This lemma generalises to any p-adic reductive group, with the same proof.

Proof. Recall that I(1) has an Iwahori decomposition with respect to M, U, U°P.
Then [Cas, Prop. 4.1.4] says that the map py induces an isomorphism /() . T, 1 —
(WU)MOI(I) for a = diag(ai,...,a,) € T with max;<j<p |aiai__&1|p sufficiently small. By
[Vigl6l Prop. 4.13(1)] the operator T,-1 is invertible in Hc. O
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We now fix an isomorphism 1 : @p = C.

Proposition 6.3.3. Suppose that I1 is an irreducible generic smooth representation of
GL,q(F') over C that is essentially unitarisable. Suppose that the representation m :=
|LIgr,(py [(IT) of GLn(D) is such that (@MY is a non-zero integral ’H@p—module
with non-supersingular reduction. Let vi < --- < wvyq denote the valuations of the
eigenvalues of a geometric Frobenius on v~ (recy(I1)). Then there exists 1 < j <n—1
such that

jd 9 . .

d —
S i = _ﬂzﬁ val(q).
=1

Proof.

Step 1: We show that there exist irreducible representations pf, ..., pl, of D*/D(1)
such that 7 is a subquotient of p} x --- x p, and recy(II)|w, = @, recr (JL(p}))|wp-

After a twist we may assume that II is unitarisable. As II is moreover generic, we
know that IT = o0 x --- X g,v* for some square-integrable o; of GL,,, (F') and real
numbers «; € (— %, 2) satlsfymg a; + apy1—; = 0 and oy = o,41-4 if a; # 0 (see e.g.
[HTO0I, Lemma I1.3.8]). Since |LJqr,,(p) [(II) # 0 by assumption, it follows that d | n;
for all i and 7 = [ Lqr,, (p) |(IT) = aiyo‘l XX o.v*, where o} is the square-integrable
representation of GL,,, /q(D) such that JL(o}) = ;. (See [Bad08, §3.5].) Let n; := n;/d.

From /(1) #£ 0 and Lemma it follows that the supercuspidal support of 7 is a
tame representation of M (up to conjugacy), so each o is of the form Z“(p}, n.), where
p! is an irreducible representation of D* /D( . We write JL(p) = Z"(p;, e;) with p;
irreducible supercuspidal, so o; = Z%(p;, e;n,). In particular, 7 is a subquotient of the
normalised induction of @, 0<j<n!—1 p”uo"*e’((” ~1/2-3). On the other hand, II is

a subquotient of the normalised induction of &), 0<j<em! 1 PiV poitleini=1)/2=7  Ag

S0V S >

recr(II)|w, only depends on the supercuspidal support of II (see the paragraph before
Thm. VIL.2.20 in [FITO01]), we obtain

—1
recy (I1) |, D | |52 e (o)
1<i<r,0<j<e;n,—1

Similarly, recp(JL(p!))|w, = @6171 (61 )/27krecF(pi)|WF. Denoting by pf, ..., pl,
the representations p” aitei((ni=1)/2— 9) in any order, a straightforward computation
confirms that ;. recy(JL(p}))|w, = recy(II)|w,.

Step 2: We give an explicit criterion for supersingularity of HFp—modules.

Let Wy = S,, denote the Weyl group of T'. Recall from [Vigl7}, §5, §1.3] that Aq(Ar)
is the free module with basis £, for p € A7 := X, (T') and that the central subalgebra
Zp := Ao(A1)"? of H has a basis consisting of the sums 4 Eu(w) with p running over
the Wo-orbits in X,(T'). For I C {1,...,n}let By := E,, (), where uy € X.(T) = Z" is
defined by py; = 1if ¢ € I and puy; = 0 otherwise. For 1 <1i <nlet Z; := EI,|I|:i E;.
By inductioni?nd [Vigl6, Cor. 5.28] we see that the algebra Zp is generated by Zi,

oy Zn—1, Z5
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It follows by [Vigl7, Prop. 6.9] that a finite-dimensional ’HFp—module M is supersin-
gular if and only if the action of Z; on M is nilpotent for all 1 < <n — 1.

Step 3: We recall [OV], §2.5.2, Rk. 2.20] that we have a unique injective algebra
homomorphism 6 : Hy M3, HQ such that G(TM) = Ty for all w € Wy+(1). We

claim that
. o
(6.3.4) By = q* Zresmrns 0 mmG(TL ).

Let Xu(T)4 :={p € Xu(T) : 11 2 2 pn}t. It p € Xo(T)y, then p(w) € MT and
hence E“(w) = T)() and formula holds In general, choose ' € X, (T)4 such
-

that u+p' € X, (T)+. Then formula (6 ( ) follows easily from the follovvlng three asser-
N M M M 1/2

tions: (1) Ty Tty = Tl )i (2) Bute) B (@) = (Gu(@) Gt (@) Gy () B ()
in the notation of [Vigl6l §4.4], where we take the positive square root; and (3) for
m = diag(my,...,my,) € M we have g, = ¢%2r<s[Valp(mr)=valn(ms)l = Agsertion (1) is
clear and assertion (2) is [Vigl6, Cor. 5.28]. For the last one, note that g5 = ¢? for any

s € W(1) acting as a reflection in a wall of our chamber C' and hence that g, = ¢#(*)
for w € W (1) [Vigl6, Prop. 3.38]. Hence assertion (3) follows from Lemma

From ([6.3.4)) we deduce that

Step 4: We compute the action of Z1, ..., Z, on the Hecke module z_l(wf(l)) and

show in particular that it is scalar.

Note by Stepthat 711 is a subquotient of (p} x---x p/,)!(M) and that p x - - - x pf, =
IndGL"( )(p’ pdn=N2 g ... @ pl y=4=1/2) (unnormalised induction). By [OV] Prop.
4. 4] we have

(6.3.6) (0,1 NI P%)I(l) (p’ LAn=1/2 & .®p;ﬂ/—d(n—1)/2)MﬁI(l) ®HM,§H'

By [BH11l §1.5], for each 1 < ¢ < n we can find an “admissible tame pair” (F;/F, (;)
of degree f; dividing d such that p} = 7p(¢) in the notation of that paper. Con-
cretely this means that F;/F is unramified of degree f; and that (; : F;* — C* is
a tamely ramified smooth character such that all Gal(F;/F)-conjugates of ¢; are dis-
tinct. Moreover, B; := Zp(F;) is a central simple Fj-algebra of dimension e?, where

e; := d/f;. Define a smooth character A; : B(1 + mp) — C* by declaring it to be

G oNrdp, on B/ and trivial on 1+ mp. Then mp(¢;) = Indgx(1+ o) A; (of dimension

fi). The main result of [BHI1] shows that recy(JL(p})) = Sp,, (Ind%l;i (nz(frl)@))’

where 7p, is the unramified quadratic character of F;*. (We recall that the special
Weil-Deligne representation Sp, (o), for o an irreducible representation of W, satisfies

~ me—1 ek
Spe(o-)|WF = Z:OJ| ’ | ? )
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Let ¢! :=17(¢;). From (6.3.5) and (6.3.6) we deduce that Z; acts on +~ (x/()) as

the scalar
(6.3.7) A=Y <qd2<zi€n(j§1)>qd2<<n+1>a‘/2—ziezz‘>Hg(w)—%)
|1|=j i€l
by (qd2<n_1)j/2H g(w)—ei)_
|T|=3 icl

Step 5: We complete the proof. By assumption, the Hecke module fl(ﬂl (1)) is
integral, so \; € Z,, for all i and )\, € Z; . Moreover, as the reduction of +~(7!(1) is

non-supersingular we deduce by Step [2| that \,_; € Z; for some 1 < j <n-—1.

From now on assume for convenience that the ¢/ are ordered such that the sequence
val(¢/(w) %) is non-increasing. Consider the polynomial H?Zl(l—qdz(”*l)/QCl{(w)*eiX).
By its Newton polygon is defined by the points (7, val()\;) + dz(i) val(q)) for
0<i¢<n From \,_; € Z , A € Zp, and the convexity of the quadratic function

x(x —1)/2 we deduce that (n 3, d? (”2]) val(q)) is a vertex of the Newton polygon. It
follows for the sum of the largest j root valuations that

(6.3.8) iZj;val(qu(”l)ﬂd(w)ei) — 2 ( <g> - (” ; J )) val(q).

Again by convexity we obtain the root valuation bounds
(6.3.9) val(g” 2l (@) ™) = d(n — j) val(q) Vi < j,
(6.3.10) val(g@ " D/2¢! () ~4) < d2(n — 5 — 1) val(q) Vi > J.

From Steps [I] and [4] we see that

n e—1

i(fim1 i—1)/2—k

recy (I1)|w, —@@IndWF o f ) Z)I\if Wk,
1=1 k=0

If Frobpr denotes a geometric Frobenius of Wg, then Frob{} is a geometric Frobenius
w. i(fi—1
dyt (")

of Wg,. We see that all eigenvalues of Frobg on Indy; have valuation

%val(g(Frobfi)) =+ + val((j(w)). Hence, for i < j and 0 <k < e; — 1 all eigenvalues

of Frobp on IndWF ( i fz UC )| - | ~D/27F have valuation
}Val(c (w)) — (ei 2_ L k:) val(q) < éval(g (w)%) + (ei _ 1) val(q)
— d d(2j —
< d(n 5 L (n —j)) val(q) + ival(q) = (an)val(q),

where we used (| and that e; — 1 < d. Similarly, for i > j and 0 < k < e; — 1

ei(fi—1) /)| . |%€i*1)/2*k

we find that the elgenvalues of Frobr on IndWF (g, have valuation
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greater than d(QJ;") val(g). Therefore, from (6.3.8) we deduce that

J e

sz ZZfZ(flvaIQ @) — < >va1 ) Zvalg

() - () 2 ”“

O

6.4. A reducibility lemma. Let Fy denote the maximal absolutely unramified
intermediate field of F//Q,. The following lemma generalises [EGHI13 Prop. 4.5.2],
which dealt with regular crystalline Galois representations.

Lemma 6.4.1. Suppose that p: I'p — GLn(@p) 18 a de Rham Galois representation.
Let v1 < --- < v, denote the valuations of the eigenvalues of a geometric Frobenius
element acting on WD(p), and for each embedding T : F' — @p let hyy < -+ < h:p
denote the T-Hodge—Tate weights of p. . ‘

Suppose that for some 1 < j <n—1 we have Y _,v; = [F : Fo] ' Y1, ZT:F—@p hri.
Then p s reducible.

Proof. We first choose E/Q, a sufficiently large finite subextension of @p /Qp, so that
in particular p can be defined over E and all embeddings 7 have image contained in E.
Choose F’/F a finite Galois extension over which p becomes semistable. Without loss
of generality, we may assume that it is totally ramified. Let D := Dy (p|r,,) be the
covariantly associated free Fy®gq, E-module, equipped with actions of ¢, N, Gal(F'/F'),
where F{j denotes the maximal absolutely unramified intermediate field of F’/Q,. Note
that the action of Gal(F'/F) is linear, as F'/F is totally ramified. As usual, we write
D = EBU:F(S%E D,. Fix any embedding oo : F} — E, and let f := [Fy : Qp] = [F} : Qp].

We first note that, by construction, the eigenvalues of a geometric Frobenius on
WD(p) have the same valuations as the eigenvalues of ¢/ on Dg,. As the linear actions
of ¢f and the finite group Gal(F’/F) on Dy, commute, we can choose a ¢f-stable and
Gal(F'/F)-stable E-subspace D;, C Dy, of dimension j such that the eigenvalues of
¢! on D/ have valuations v; < -+ < v;. Then D, is also N-stable, since Ny = ppN.
Now for each ¢ : Fjj — E choose the unique E-subspace D, C D, that agrees with our
choice of D;, when o = ¢¢ and such that D" := @p,. Fi—E D! is p-stable. Then D’ is
stable under the actions of Fy ®q, E, ¢, N, and Gal(F'/F).

As in the proof of [EGHI3|, Prop. 4.5.2] we now compute that ¢ (D’) = ﬁ%ﬁ} f 1 Vi

and that tg(D') > %%ﬂ 5:1 Y r g hri- By weak admissibility, for any 1 < j <n

we have
J

ZU7,> F FO Z Z hT’H

i=1 i=1 T F—E

with equality when j = n. If equality holds we deduce that ty(D’) = ty(D'), so if
moreover j < n it follows that p is reducible. 0
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6.5. On base change and descent for compact unitary groups. The purpose
of this section is to discuss base change and descent results for compact unitary groups
that go slightly beyond those in [Labll], namely allowing that the unitary group is
non-quasisplit at some finite places. The proofs will be provided by Sug Woo Shin in
Appendix [A] o N

Suppose that F/F* is a CM extension of number fields with F© # Q and G a
unitary group over F* such that

(i) G/ﬁ is an inner form of GL,q4;

(ii) G(F;) is compact for any place u | 0o of F't;

(iii) G is quasi-split at all finite places that are inert in F/FT.
Let ¢ denote the complex conjugation of F /ﬁ *. Let AT(G) denote the set of finite
places of F+ where G is not quasi-split. This is a finite set of places that split or ramify
in F. Let A(G) denote the set of places of F lying over a place of AT (G).

Proposition 6.5.1. Suppose that 7 is a (cuspidal) automorphic representation of
G(Ag;). Then there exists a partition n = ny + --- + n, and discrete automorphic
representations I1; of GLy,a(Ap) satisfying I = II§ such that 11 := II; B - - - B1II, s
a weak base change of w. More precisely, at every finite split place v = ww® of Pt
we have ’LJG(ﬁw) |(IL,) & m, as representation of G(Fy) = G(E), and at infinity the
compatibility is as in [Lablll Cor. 5.3].

Proposition 6.5.2. Suppose that ﬁ/ﬁ+ is unramified at all finite places and that 11 is
a cuspidal automorphic representation of GLyq(Az) such that IV = 1I¢, Tl is cohomo-
logical, and 1L, is supercuspidal for all w € A(G) (in particular |LJG(ﬁw) |(IL,) # 0).
Then there evists a (cuspidal) automorphic representation 7 of G(Ag,) such that at
every finite split place v = ww® of F* we have | LJG(ﬁw) |(ILy) = 7, as representations
of G(Fy) = G(F}).

6.6. Supersingular representations of GL, (D). We now prove the existence of
supersingular representations of GL, (D) and PGL,, (D).

Theorem 6.6.1. Suppose that C is algebraically closed of characteristic p. For any
smooth character ¢ : F* — C* there exists an irreducible admissible supercuspidal
C'-representation of GLy(D) with central character (. In particular, there exists an
irreducible admissible supercuspidal C-representation of PGL, (D).

Corollary 6.6.2. If C is any field of characteristic p, then PGL, (D) admits an irre-
ducible admissible supercuspidal representation over C.

As in we fix an isomorphism ¢ : @p = C.

Recall that if L/LT is a CM extension of number fields and II is a regular al-
gebraic cuspidal polarisable automorphic representation of GL, (A7) (in the sense of
[BLGGT14bl §2.1]) we have an associated semisimple potentially semistable p-adic
Galois representation r,,(IT) : T, = GL,(Q,) that satisfies and is determined by local-
global compatibility with IT at all finite places [BLGGT14b, Thm. 2.1.1], [BLGGT14al.

Suppose that L* # Q and that G is a unitary group over L™ as in If 7 is an
automorphic representation of G(Ay+), then its weak base change IT = IT; B - - - B I,
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of Proposition [6.5.1] is regular algebraic and each II; is polarisable. By the Moeglin—
Waldspurger classification of the discrete spectrum and the previous paragraph it fol-
lows that II has an associated semisimple potentially semistable p-adic Galois represent-
ation 7y, (m) = rp,(I) : ', — GL,(Q,) that satisfies and is determined by local-global
compatibility with 7 at all finite places of L that split over L* and are not contained
in A(G). In particular, if IT is not cuspidal, then 7, ,(m) is reducible.

Proof of Theorem 6.6.1]. B
Step 0: We show that it suffices to prove the theorem when C' = F,,.

Given a smooth character ¢ : F* — C* we can define (' : F* — F; by extending

¢ ’(’); (which is of finite order and hence takes values in F; ) arbitrarily. If Theorem|6.6.1

holds over Fp, there exists an irreducible admissible supercuspidal ﬁp—representation T
of GL,(F) with central character ¢’. Then by Step [3| of the proof of Proposition
there exists an irreducible admissible supercuspidal C-representation of GL, (D) with
central character (/. As C is algebraically closed, a suitable unramified twist of 7/ has
central character .

We will assume from now on that C' = F),.

Step 1: We find a CM field F with maximal totally real subfield P =% (Q and a place
v | p of FT such that

(i) F/F* is unramified at all finite places;
(i) the place v splits in F;
(iii) FF = F;

and a cyclic totally real extension L*/FT of degree nd in which v is inert.

By Krasner’s lemma we can find a totally real number field H, a place u of H, and
an isomorphism H, — F. Now we apply [Hen84, Lemma 3.6] and its proof to find
finite totally real extensions L™ /F*+/H and a place v of F* above u such that Lt /F*
is cyclic of degree nd, ﬁj = H,, and v is inert in L. (We briefly recall the proof:
pick a monic polynomial @) of degree nd over F' whose splitting field is the unramified
extension of degree nd. Then let Lt be the splitting field of a monic polynomial P
over H that is u-adically very close to @ and let F*+ be the decomposition field of some
place above u. We can use sign changes of P at real places to ensure that L™ is totally
real.)

Now pick any totally imaginary quadratic extension F /ﬁ T in which v splits. By
[CHTO8, Lemma 4.1.2] we can find a finite solvable Galois totally real extension K+ /F*
that is linearly disjoint from L*/FT, such that v splits in K+, and such that for
any prime v/ of F* that ramifies in F' and any prime w’ of K+ above v/ the exten-
sion K.,/ ﬁ:,r is isomorphic to the extension F,/ ﬁ;,r . Then we can replace F/F*t by
KtF/K*, Lt by KTL*, and v by any place of KT lying above v to ensure that,
without loss of generality, F / F* is unramified at all finite places. (In particular, we
can always achieve F # Q in this way.)



EXISTENCE OF SUPERSINGULAR REPRESENTATIONS 45

We let w denote a place of }ilying over v and fix an isomorphism of topological
fields F,, — F. We let L := LTF and let ¢ denote the unique complex conjugation of
L.

Step 2: Letting v { p denote any place of F'* that is inert in L™ and splits in F, we
now find a unitary group G over F'™ such that

(i) G/ﬁ is an inner form of GL,q4;
(i) G(F;) is compact for any place u | 0o of F't;

(i) G(Fu) = GLn(D);

(iv) G is quasi-split at all finite places not contained in {v,v;}.

Let G* denote the unique quasi-split outer form of GL,,4 over F* that splits over F.
By [Clo91) §2] we can find an inner form G of G* that satisfies all the above conditions.
(If nd is odd we do not need the auxiliary place vi. If nd is even we use v; to ensure
our local conditions can be globally realised.)

We let Ar(G) be the set of places of L lying above A(G) (defined in §6.5). Note
that any place of A(G) is inert in L and splits over F'*.

For any finite place v/ ¢ AT(G) of F*t that splits as v/ = w'w'® in F we obtain an
isomorphism ¢, : G(ﬁ’j) = G(F,y) = GLyq(F,) that is unique up to conjugacy.
Moreover, ¢ o 1,y and i,y differ by an outer automorphism of GLnd(ﬁw/c). We also fix
an isomorphism ¢y, : G(ES) = G(F,) = GL,(D). (It is canonical, up to conjugacy,
by condition (i).)

Step 3: We find an algebraic Hecke character x : A7 /L* — C* with associated
potentially crystalline p-adic Galois representation v = rp,(x) : I't — @; such that

(i) gy© = =m0
W=
(ii) for any place w' € A(G) the induced representation Indwfw’ Xw' 18 irreducible;

F~
(iii) the representation r := Inde 1 has regular Hodge—Tate weights, i.e., for each
~ _ T~
k' F — Q, the nd integers HT ./ (Indrf 1)) are pairwise distinct;

. _ _ . _ Pg—. . .
(iv) the restriction T|p. to I'z; of the reduction 7 = Ind}" ¢ is irreducible.

Our strategy is to carefully choose characters 6, : I'r, , — @; for any w' € Ap(Q)
or w' | p that are potentially crystalline when w' | p and satisfy (0.,/0..)l1r, , =

g=(nd=1)| ., and then deduce by [BLGGTI14b, Lemma A.2.5(1)] that there exists a
character v : 'y, — @; such that ¥y = e~ ("d=1) and Ylr, , = w1, , for all w' €

A7 (G). In particular, ¢ is potentially crystalline and we can let x be the associated
algebraic Hecke character. In particular, condition |(i)| holds.

For any w’ € Ar(G) we can choose a smooth character ¢, : Fab, =Le — @; such

that the Gal(Ly, /F,)-conjugates of Cw/|02< are pairwise distinct. (This just uses that

Gal(L,/ ﬁw/) acts faithfully on Of ~and that Of is complete. Or concretely, we can
take a faithful character of k] = and inflate it to O] .) We may assume without loss
of generality that (,(¢,. = 1.

w
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If w' € Ap(G) and w' { p, then we let 6,/ := (. This guarantees that the
Gal(Lyy /Fy)-conjugates of ¢|r, ., and hence of x,s, are pairwise distinct so that
condition holds for places w’ JFU p.

If w' | p, we first introduce the notation Sk := Homs(K, Q) for any topological
field K of characteristic zero and Sy := Hom(k,F,) for any field k of characteristic p.
Suppose that we are given any integers A\, (k € Sp) satisfying \x + A\ge = nd — 1 for
all k € Sp. Let 05, : T'p , — @; be any crystalline character with HT(0)) = A\
for all K € S, C Sp. Without loss of generality, by our constraint on the A, we
may assume that 6%, (6,. )¢ = ¢~ (4=1)_ We define 0,/ = 0%, for w' € Ar(G) and

w/C
Our := 05y otherwise. If w' € Ar(G), then by construction, 2(,|;, , corresponds to

Xw"oz / under the local Artin map, hence the Gal(L,y /ﬁw/)—conjugates of x. are

pairwise distinct so that condition holds for places w' | p.
We will now choose the integers A\, (k € Sr) so that conditions and hold.
Note that condition is equivalent to the condition

(iii") for any x’ € S the n integers {\. : K € S, K|z = £} are pairwise distinct.
First choose the A\, for those k € S, that do not induce either of the places w, w®

on L so that condition holds for any ' € S 7 not inducing either of the places w,
w® on F. It remains to choose the A, for those x that induce the place w on L (since
the remaining ), are determined by the condition A\, + As. = nd — 1 for all k), i.e. for
K € SL,-

- _

To choose the A, for k € Sr,, we note that ?|pﬁw = Indrfz (¥lr,,,) is irreducible if
and only if the Gal(L,,/Fy)-conjugates of ¢)|p, —are pairwise distinct, or equivalently
if the characters @\?; (0 <i < nd—1) are pairwise distinct. (Recall that ¢ = #kp.)
We have 9|1, = 0%(,|;, . By [GHSIS, Cor. 7.1.2] we have 0|, = [oes, wybe,

w w w Lw

g
where w, corresponds to the character (f)zw —» k:zw Z F; under local class field theory
and by == >

We claim that we can choose the A\, for x € Sr, so that E|1Lw = £. This is true
because any ¢ is of the form [] wse for some ¢, € Z. (In fact, £ is a power of w,

rESL, Feo Ax. Fix any character € : Iy, — F; that is extendable to I'r,,.

oESkLw
for any fixed o.) By taking ¢ so that the €7 (i = 0,1,...,nd — 1) are pairwise distinct
(taking, for example, { = w, for any o), condition holds. Finally, we can ensure
that condition holds for all ¥’ € S 7, while keeping 7| Iy, unchanged by varying
the A\, (for k € Sr,,) modulo ¢"? — 1. This completes Step

Step 4: Using automorphic induction and descent we define an automorphic repre-
sentation 7’ of G(Az, ) with associated Galois representation r = Indll:f .

By conditions (i) and |(iii)| in Step [3| we deduce that yx¢ = |- |Z(nd_1) and that for
any place v’ | 0o of F the nd characters {y, : w’ | '} are pairwise distinct.

Let IT” denote the automorphic induction of x with respect to the cyclic extension
L/ﬁ . It is an automorphic representation of GL,4(Az) that is parabolically induced
from a cuspidal representation. (For the functoriality of automorphic induction in
cyclic extensions we refer to [Henl2], which shows in particular that it is compatible
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with local automorphic induction at all places. Note the results of [Henl2] apply to
unitary representations, but by twisting they continue to hold for twists of unitary
representations. )

We claim that I1” is cuspidal. This follows from [Hen12], Theorems 2, 3, and Proposi-
tion 2.5, provided that the Hecke characters {x? : o € Gal(L/ F )} are pairwise distinct.
Equivalently, the Galois characters {¢7 : o € Gal(L/ F)} are pairwise distinct, which
in turn is equivalent to the condition that Ind = T s irreducible. This is a consequence
of condition [(iv)| in Step [3] so I1” is cuspidal.

Let I := 11" ® | de t| (nd=1)/2 " Then xXxX°=1-1. implies that (IT')Y = II"°. On
the other hand, II/_ is cohomological by [Clo90l Lemma 3.14] (this uses the distinctness
of the characters {Xw’ cw' | v'} for v | 00). Tt follows that IT' is regular algebraic and
polarisable in the sense of [BLGGT14b], so we have an associated Galois representation

~

rp.(I'). By local-global compatibility at unramified places we deduce that ry,(IT") =
Indgf

For w' € A(G) the local factor II/ , is supercuspidal, as recp(II ;) is irreducible by
item |(ii)| in Stepl: It follows from what we recalled in ‘ that |LJ G(F,) |(IT,,) # 0.

By Proposition @l we deduce that II' descends to a (Cuspldal) automorphlc repre-
sentation 7' of G(A g, ), such that 7, = 1II', as representations of G (F F1) 2 GLpg(Fu)
for all finite places v' ¢ AT(G) of F* that split as v/ = w'w’® in F. In particular,
rpa (') = Ind?f ).

Step 5: We use the automorphic representation 7’ to define an irreducible admissible
F,-representation o of G(E) = GLy (D).

Fix a maximal compact open subgroup K, of Hv,‘p G(ﬁ;,“ ). If U is any compact
open subgroup of KpG(A%of ) and W is any Kp,-module we let S(U, W) be the space of
functions f : G(ﬁ*)\G(A%‘;) — W such that f(gu) = u, " f(g) for all g G(A%‘;) and
u € U. Similarly, if UV is any compact open subgroup of G(Aoﬁof) we let S(UY,F,) :=

(nd—1)

ling S(U°U,,F,). Tt is an admissible smooth representation of G (E).

We see as in [EGH13, Lemma 7.1.6] that there exists a Q,-algebraic representation
Wiaig over Q, of J G(}?’J) such that lim S(U, Whayg) contains :~17/° as G(AT,)-
representation. Pick a compact open subgroup U = U,UP < KpG(A%Of) with (7/)V £
0. We may assume moreover, without loss of generality, that U? is sufficiently small,
i.e. that there exists a finite place v’ of F+ the projection of U to G(ﬁj) contains no
element of finite order other than the identity.

Let P denote the set of places w' { p of F that split over a place v’ of 15+, are
not contained in A(G), and are such that U = U,U" for compact open subgroups of
G(ﬁj) and G(Aoﬁi’”/). For each such w’ we conjugate the isomorphism ¢, of Step [2[so
that ¢y (Uy) = GLpa(O ﬁw/)‘ Let T” denotes the commutative polynomial Z,-algebra
generated by variables TS,) for w' € P and 0 < i < nd, acting on any S(U,W) as in
[EGHI3| §7.1.2].

Let m denote the maximal ideal of T” with residue field F,, defined by demanding

that the characteristic polynomial of 7(Frob,,) equals Z?jo(—l)i(Nw )ii= 1)/QT( ) i
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modulo m for all w’ € P, where Frob,, denotes a geometric Frobenius element at w’.
By local-global compatibility and [CHTO8|, Cor. 3.1.2] it follows that S(U, Waig)m # 0.
Picking an invariant lattice in Wy, and reducing modulo the maximal ideal of Z,, we see
that S(UY,Fp)m # 0, where UV = UP [L/p, 00 Uvr and Uy < G(ﬁ;,r) are (small) com-
pact open subgroups. Let o be an irreducible (admissible) G(ﬁj )-subrepresentation of
S(U?,Fp)m, which exists by the proof of Lemma 9.9 in [Her11] or [HV12, Lemma 7.10]).
We will consider it as representation of GL, (D) via the isomorphism ¢,, of Step

Step 6: We show that o is supersingular, or equivalently, supercuspidal.

By |OV], Thm. 3| it suffices to show that the Hﬁp—module ol is supersingular,

where I(1) denotes the pro-p Iwahori subgroup of GL, (D) = G(F;") defined in §6.3
In fact, we will even show that (S(UY,F,)m)!™M = S(U? - I(1),F,)n is supersingular.
Assume by contradiction that this is false. As UP is sufficiently small we have S(U" -
I1(1), Zp)m ®z, A = S(U-1(1), A)m for A =TF, or Q,. It follows by our assumption
that there exists an automorphic representation 7 of G(Ag, ) satisfying

(i) z‘lml,(l) # 0 is an integral Hy -module whose reduction is non-supersingular;
(ii) the associated Galois represenzjcation rpa(m) lifts 7,
(iii) 7o is trivial.
By Proposition we obtain an automorphic representation I of GL;,4(Az) with
associated Galois representation rp,(II) lifting 7 such that | LJ G(F.) |(IT,) =y for all

finite places v’ of F* that split as o/ = w/w'® in F. As T is irreducible by construction
we know that I is cuspidal. In particular, I, is essentially unitarisable and generic for
each finite place w’ of F'. Let v; < --- < v,4 denote the valuations of the eigenvalues of
a geometric Frobenius on :~!(recy(II,)). From Proposition m (applied to II,,) we
deduce that there exists 1 < 7 < n — 1 such that

jd 0
(6.6.3) S v = —W val(q).
=1

Note that the infinitesimal character of II is the same as that of the trivial representa-
tion. By [BLGGT14b, Thm. 2.1.1] we deduce that HT7(rp,(I)[r. ) = {0,1,...,nd—1}

for all 7 : Fy, — Q, and that tWD(rp,,(IT)|r - V=S = recp (I, ® | det |g_”d)/2). To-

gether with (6.6.3)) it follows that
jd . . )
d — d
5ot = == ) + javaitgs ) = () o)
i=1

where v} < --- </, denote the valuations of the eigenvalues of a geometric Frobenius
on WD(rp,(II)|r, ). By Lemma noting that val(q) = [Fo : Qp], it follows that

rp.(II)|r. is reducible, which contradicts that its reduction 7|p_ is irreducible by
b, Fuw Fy

Step 3
Step 7: We fix the central character.

Suppose we are given a smooth character ¢ : F* — F; . As in Step |§| it is enough
to construct an irreducible admissible supercuspidal representation such that Oy acts
via <|O>< .

F
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Note that o has a central character x., as it is irreducible and admissible. We claim
that Xq|px = det(T]r ) - gndnd=1)/2 ynder the local Artin map. The central charac-
F w

ter of the GL,(D)-representation 2~ !, in Step |§| lifts x, and is equal to the central

character of 27 1II,,. (This equality follows from the definition of LJ in [Bad08, §2.7],
noting that II,, is generic and hence fully induced from an essentially square-integrable

representation.) By local-global compatibility at p (cf. Step @ the latter character
equals WD(det TPJ(H)h"ﬁw) raulk |57nd71)/2. As det rp’l(l_[)|pﬁw has parallel Hodge-Tate
weights 0, 1,...,nd—1, we have det rm(H)\[ﬁw = ¢—nd(nd=1)/2 \WD(det T'pJ(H)h‘ﬁw)
and hence deduce the claim.

It thus suffices to show that in Step above we can choose r such that det(7| Iﬁw) is

any prescribed character that is extend
|1, = ws for some s € Z. Then the condition that the @]‘};w (t=0,1,...,nd = 1)
are pairwise distinct means:

|Iﬁw

able to I'zz . Let us fix any o € Sy, ~and write

(6.6.4) s#£0 (mod q;d:ll) Ve | nd, £ < nd.

On the other hand, det(7| Iﬁw) = H?jg ! @\?Lw = Wy, Where 0g € S s the restriction

of o to k 7 As any character I" 7o F; restricts to a power of w, on inertia, we can
prescribe det(7| Iz ) if and only if we can choose s in any residue class modulo g — 1.

Since q;d__ll > q+ 1 for any ¢ | nd, { < nd, it follows that we can pick any s in the
interval [1,q — 1], completing the proof. O

Proof of Corollary[6.6.3. Going back to Step [5] of the proof of Theorem [6.6.1] it is
clear that the representation S(UY,F,)n # 0 is defined over a finite field (as 7 is), and
hence so is its irreducible subrepresentation o. This proves the corollary when C' is a
sufficiently large finite field of characteristic p. We conclude by Proposition [3.2.1 O
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In this appendix we will prove Propositions and
We need a character identity for the Jacquet—Langlands correspondence. We fix

compatible Haar measures on GL,4(F') and GL, (D) in the sense of [Kot88]. We say
that f € C°(GL, (D)) and f* € C°(GL,4(F)) are associated, or that f* is a transfer
of f, if the orbital integral identity Os(f) = Ogs+(f*) holds for every regular semisimple
elements § € GL,,(D) and 6* € GL,4(F) with the same characteristic polynomial. (We
use the same Haar measures on the centralizers of  and 6* in GL, (D) and GL,4(F),
respectively, to compute the orbital integrals.) A well known fact, proven in [DKV84],
is that every f € C°(GL, (D)) admits a transfer in C°(GL,4(F)). Let e(GL,(D)) €
{£1} denote the Kottwitz sign [Kot8&3].

Proposition A.0.1. Let 7 be an irreducible unitarisable representation of GLy4(F).
For every associated pair f € C°(GL, (D)) and f* € CX(GL,4(F)), we have

tr7*(f%) = e(GLa(D)) - tr (| Ligr, () |(x)) (/)-

Proof. This follows from [Bad07, Prop 3.3] and the Weyl integration formula for GL,, (D)
and GL,4(F). O

We assume that the CM extension F / F+ and the unitary group G over F+ are as
in Section [6.5] N

Write G* for a quasi-split inner twist of G over F'* (with an isomorphism between
G* and G over an algebraic closure of F T). Every character considered on p-adic or
adelic points of G* over F will be the twisted trace in what follows without further
comments.

Proof of Proposition [6.5.1. This proposition is implied by [Lab11l Cor. 5.3] except pos-
sibly the relation | LJ G(Fi) |(IT,) = Wv.ﬁ We elaborate on this point. Thus we assume

v = ww® as in the proposition. We will omit the subscript for | LJ | when there is little
danger of confusion. _

Let S be a finite set of places of F'* containing all infinite places as well as all finite
place where either m or G is ramified. Denote by S¢ the subset of finite places in S.
In particular S D A*(G). For an irreducible admissible representation o of G(Az,)
unramified outside S, we write BC(0®) = IT° to mean that the local unramified base
change of o, is II,, at all places u ¢ S. (The unramified base change is defined via
Satake transform.) Using the Langlands parametrization at archimedean places, we
write BC(0s) = Il to mean that the local base change of o is .

For each f, € C(G(F)) let ff € C°(G*(F;")) denote a transfer. There exists
by € CX(GH(F Rzt FF)) whose base change transfer is f* by [Lablll Lem. 4.1].

Let 1L, = 11, ® I1,,c be the v-component of II, which is a representation of G* (ﬁ Of+
Ef). Let 7% := II, via the isomorphism G*(F,) = G*(F,). Then we have the
following character identities, where trIl,(¢,) means the twisted trace by abuse of

4n fact this assertion is implicit in [Labl1l Cor. 5.3] where it reads “Aux places non ramifiées ou
décomposées la correspondance o, — m, est donnée par le changement de base local.” However when
v = ww® the author introduced the notion of local base change (§4.10 of op. cit.) only when U is a
general linear group at v (in his notation). We need the case when U is a nontrivial inner form of a
general linear group at v.
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notation:

(A.0.2) Tl (¢0) = trmy(fy) = e(G(E))) - tr (|LI [(w5)) (fo)-
The first equality holds by the same computation as for [Rog90, Prop. 4.13.2 (a)]. The

second equality is Proposition On the other hand, the trace formula argument
of [Lablll Thm. 5.1] shows

(A.0.3) > m(o)tros(fs,) = c- trTs(¢),

with a nonzero constant ¢ and the automorphic multiplicity m(o) € Z>¢, where the
sum runs over o such that BC(0%) = II¥ and BC(0w) = . Again the trace on the
right hand side is the twisted trace. Since holds for each f*° = Hu)(oo fu (and f
and ¢, constructed from f, at each u as above), we choose f, to be the characteristic
function on a sufficiently small compact open subgroup of G(F;}) at u € S¢\{v}. Then
troy(fu) > 0, so we obtain

> n(ly,0) troy(fo) = ¢+ tr1ly(¢), with n(Il,,0) >0,
o
where the sum runs over o such that BC(O’S) =11, BC(0s) = oo, and troy,(fu) # 0

at every u € Sg\{v}. Notice that o = 7 contributes to the sum with n(IL,,7) > 0, by
choice of f,, at u € S¢\{v}. Substituting (A.0.2)) we obtain

Sl o) trau(f) = e+ el GED) - tr (LI (7)) (fo),
g
with the sum running over the same set of o. Since the sum is not identically zero,
| LJ |(}) is irreducible (rather than 0). By linear independence of characters of G(F,}),

we deduce that the coefficients on the left hand side are zero unless o, = |LJ|(7}).

Since n(Il,,7) > 0, we must have m, = |LJ|(7}), noting that no cancellation takes
place in the sum as the coefficients are non-negative. (|

Proof of Proposition[6.5.3. The proposition would follow from [Lablll, Thm. 5.4] but
we need some care since our G is not quasi—splitﬂ; we also need some more information at
split places. Thus we sketch the trace formula argument. Again we drop the subscript
from |LJ|.

The argument of [Lablll Thm. 5.4] shows the identity (adapted to our notation)

(A.0.4) > m(o)tro(f) = trTI(¢)

with the functions ¢ = [], ¢, on G*(Az) and f = [[, fu on G(Az,) as in the proof
there, where the sum runs over automorphic representations o of G(Az, ) with multi-
plicity m(c) whose weak base change is II. The right hand side is interpreted as the
twisted trace by the convention mentioned earlier.

5Contrary to the assumption on U above [Lablll Thm. 5.4] that U is quasi-split at all inert places,
it seems the assumption ought to be that U is quasi-split at all finite places. We believe that “Le
second membre étant non identiquement nul” (in the proof of [Lablll Thm. 5.4], between the second
and third displays) is not always true, e.g. if II,, is a principal series representation at a non-quasi-split
place that splits in F. (See the third paragraph of the current proof.) If it were true, we could deduce
Proposition directly from [Lablll, Thm. 5.4].



52 Sug Woo Shin

The key point to show is that the right hand side does not always vanish. There is
subtlety when G is not quasi-split, because not every test function ¢ may be allowed in
(A.0.4). The potential problem is that a base change transfer of ¢, at u from G*(F,)
to G*(F;}) is not in the image of endoscopic transfer from G(F.}) to G*(F;}). We make
a choice of test functions avoiding this problem.

At oo one does the same as in Labesse’s proof so that trll(¢so) # 0. At finite
places u, we recall that f,, and ¢, are related as follows: writing f,; for a transfer of f,
from G(F;}) to G*(F;}), the functions f# and ¢, are associated in the sense of [Labl1]
4.5]. There is no problem when u ¢ A*(G) as G and G* are isomorphic outside AT (G);

more precisely we choose ¢, on G (ﬁ ®p+ ﬁj ) such that

tr 1L, (¢n) # 0

and choose f, to be a base change transfer to G (ﬁj ) (which exists by [Labl1l, Lem. 4.1],
where it is called an “associated” function). At each v = ww® € A*(G), choose f, and
let f* be a transfer. Write 7 := II,, via the chosen isomorphism G*(F,) = G*(E;").
Then by Proposition

trmy(f3) = e(G(E)) - tr (ILT () (fo)-

Note that | LJ |(7}) is irreducible (i.e. nonzero) since 7 is supercuspidal by assumption.
If we choose f, such that tr (|LJ |(7})) (fy) # O then the above identity tells us that
tri(fa) # 0. Choosing ¢, to be a function associated with f; (such a ¢, exists by
either [Labll, Lem. 4.1]), we have as in (A.0.2)),

trIL, (¢n) = trmy(f7) # 0.

We have exhibited a choice of f and ¢ above such that is valid with the
right hand side non-vanishing. Therefore there exists some 7 on the left hand side
contributing with positive multiplicity. Let S be the set of places of F* containing all
infinite places and the finite places where G and II are ramified. Write St for the subset
of finite places in S. As we are free to choose ¢, in the unramified Hecke algebra at each
u € S¢, we may assume that 7° is unramified with BC(7°) = I1°. The nonvanishing
of tr oo (foo) tells us that BC(mao) = loo. Thus is reduced to a formula of the
form , with 7 contributing nontrivially to the sum. Arguing as in the proof of

the preceding proposition, we deduce that |LJ|(7}) = 7. O
REFERENCES
[Abd14] Ramla Abdellatif, Classification des représentations modulo p de SL(2, F), Bull. Soc.

Math. France 142 (2014), no. 3, 537-589.

[AHHV17] N. Abe, G. Henniart, F. Herzig, and M.-F. Vignéras, A classification of irreducible ad-
missible mod p representations of p-adic reductive groups, J. Amer. Math. Soc. 30 (2017),
no. 2, 495-559.

[Bad07] Alexandru Ioan Badulescu, Jacquet-Langlands et unitarisabilité, J. Inst. Math. Jussieu
6 (2007), no. 3, 349-379.

, Global Jacquet-Langlands correspondence, multiplicity one and classification of
automorphic representations, Invent. Math. 172 (2008), no. 2, 383-438, With an appen-
dix by Neven Grbac.

[Ber84] J. N. Bernstein, Le “centre” de Bernstein, Representations of reductive groups over a
local field, Travaux en Cours, Hermann, Paris, 1984, Edited by P. Deligne, pp. 1-32.

[Bad08]



[BHTS]
[BH11]
[BLY4]
[BLGGT14a]
[BLGGT14b)]
[Bor76]
[Bor91]

[Bou02]

[Boul2]
[BP12]
[Bre03]
[BT65]

[Cas]

[CDT99)
[CE04]
[Chel3]

[CHTOS]

[Clo90]

[Clo91]

[DKV84]

[EGH13]
[GHS18)
(GS05]

[Hen84]

Base change 53

A. Borel and G. Harder, Existence of discrete cocompact subgroups of reductive groups
over local fields, J. Reine Angew. Math. 298 (1978), 53-64.

Colin J. Bushnell and Guy Henniart, Explicit functorial correspondences for level zero
representations of p-adic linear groups, J. Number Theory 131 (2011), no. 2, 309-331.
L. Barthel and R. Livné, Irreducible modular representations of GLa of a local field, Duke
Math. J. 75 (1994), no. 2, 261-292.

Thomas Barnet-Lamb, Toby Gee, David Geraghty, and Richard Taylor, Local-global
compatibility for | = p, II, Ann. Sci. Ec. Norm. Supér. (4) 47 (2014), no. 1, 165-179.

, Potential automorphy and change of weight, Ann. of Math. (2) 179 (2014), no. 2,
501-609.

Armand Borel, Admissible representations of a semi-simple group over a local field with
vectors fized under an Iwahori subgroup, Invent. Math. 35 (1976), 233-259.

A. Borel, Linear algebraic groups, second ed., Graduate Texts in Mathematics, vol. 126,
Springer-Verlag, New York, 1991.

Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4—6, Elements of Mathematics
(Berlin), Springer-Verlag, Berlin, 2002, Translated from the 1968 French original by
Andrew Pressley.

N. Bourbaki, Eléments de mathématique. Algébre. Chapitre 8. Modules et anneaux semi-
simples, Springer, Berlin, 2012, Second revised edition of the 1958 edition [MR0098114].
Christophe Breuil and Vytautas Pasktnas, Towards a modulo p Langlands correspon-
dence for GLz2, Mem. Amer. Math. Soc. 216 (2012), no. 1016, vi+114.

Christophe Breuil, Sur quelques représentations modulaires et p-adiques de GL2(Qp). I,
Compositio Math. 138 (2003), no. 2, 165-188.

Armand Borel and Jacques Tits, Groupes réductifs, Inst. Hautes Etudes Sci. Publ. Math.
(1965), no. 27, 55-150.

Bill Casselman, Introduction to the theory of admissible representations of p-adic reduc-
tive groups, unpublished notes distributed by P. Sally, draft dated May 1, 1995, available
electronically at https://www.math.ubc.ca/~cass/research/publications.htmll
Brian Conrad, Fred Diamond, and Richard Taylor, Modularity of certain potentially
Barsotti- Tate Galois representations, J. Amer. Math. Soc. 12 (1999), no. 2, 521-567.
Marc Cabanes and Michel Enguehard, Representation theory of finite reductive groups,
New Mathematical Monographs, vol. 1, Cambridge University Press, Cambridge, 2004.
Chuangxun Cheng, Mod p representations of SL2(Qp), J. Number Theory 133 (2013),
no. 4, 1312-1330.

Laurent Clozel, Michael Harris, and Richard Taylor, Automorphy for some l-adic lifts of
automorphic mod | Galois representations, Publ. Math. Inst. Hautes Etudes Sci. (2008),
no. 108, 1-181, With Appendix A, summarizing unpublished work of Russ Mann, and
Appendix B by Marie-France Vignéras.

Laurent Clozel, Motifs et formes automorphes: applications du principe de fonctorialité,
Automorphic forms, Shimura varieties, and L-functions, Vol. I (Ann Arbor, MI, 1988),
Perspect. Math., vol. 10, Academic Press, Boston, MA, 1990, pp. 77-159.

, Représentations galoisiennes associées aux représentations automorphes autod-
uales de GL(n), Inst. Hautes Etudes Sci. Publ. Math. (1991), no. 73, 97-145.

P. Deligne, D. Kazhdan, and M.-F. Vignéras, Représentations des algébres centrales
simples p-adiques, Representations of reductive groups over a local field, Travaux en
Cours, Hermann, Paris, 1984, pp. 33-117.

Matthew Emerton, Toby Gee, and Florian Herzig, Weight cycling and Serre-type con-
jectures for unitary groups, Duke Math. J. 162 (2013), no. 9, 1649-1722.

Toby Gee, Florian Herzig, and David Savitt, General Serre weight conjectures, J. FEur.
Math. Soc. (JEMS) 20 (2018), no. 12, 2859-2949.

Wee Teck Gan and Gordan Savin, On minimal representations definitions and properties,
Represent. Theory 9 (2005), 46-93.

Guy Henniart, La conjecture de Langlands locale pour GL(3), Mém. Soc. Math. France
(N.S.) (1984), no. 11-12, 186.



https://www.math.ubc.ca/~cass/research/publications.html

54

[Hen09]

[Henl12]
[Her11]

[HTO1]

[Hu10]
(HV]
[HV12]
[HV15]
[Kaz86]
[Kot83]

[Kot88]
[Koz16]

[Kre]
[KX15]

[Labl11]

[Ser03]

[Tit79]

[Vig96]

Sug Woo Shin

, Sur les représentations modulo p de groupes réductifs p-adiques, Automorphic
forms and L-functions II. Local aspects, Contemp. Math., vol. 489, Amer. Math. Soc.,
Providence, RI, 2009, pp. 41-55.

, Induction automorphe globale pour les corps de nombres, Bull. Soc. Math. France
140 (2012), no. 1, 1-17.

Florian Herzig, The classification of irreducible admissible mod p representations of a
p-adic GL,, Invent. Math. 186 (2011), no. 2, 373—434.

Michael Harris and Richard Taylor, The geometry and cohomology of some simple
Shimura varieties, Annals of Mathematics Studies, vol. 151, Princeton University Press,
Princeton, NJ, 2001, With an appendix by Vladimir G. Berkovich.

Yongquan Hu, Sur quelques représentations supersinguliéres de GLQ(pr), J. Algebra
324 (2010), no. 7, 1577-1615.

Guy Henniart and Marie-France Vignéras, Representations of a p-adic group in charac-
teristic p, preprint.

Guy Henniart and Marie-France Vigneras, Comparison of compact induction with para-
bolic induction, Pacific J. Math. 260 (2012), no. 2, 457-495.

Guy Henniart and Marie-France Vignéras, A Satake isomorphism for representations
modulo p of reductive groups over local fields, J. Reine Angew. Math. 701 (2015), 33—
75.

David Kazhdan, Cuspidal geometry of p-adic groups, J. Analyse Math. 47 (1986), 1-36.
Robert E. Kottwitz, Sign changes in harmonic analysis on reductive groups, Trans. Amer.
Math. Soc. 278 (1983), no. 1, 289-297.

, Tamagawa numbers, Ann. of Math. (2) 127 (1988), no. 3, 629-646.

Karol Koziol, A classification of the irreducible mod-p representations of
U(1,1)(Q,2/Qyp), Ann. Inst. Fourier (Grenoble) 66 (2016), no. 4, 1545-1582.

Arno Kret, Existence of cuspidal representations of p-adic reductive groups, preprint.
Karol Koziot and Peng Xu, Hecke modules and supersingular representations of U(2,1),
Represent. Theory 19 (2015), 56-93.

J.-P. Labesse, Changement de base CM et séries discretes, On the stabilization of
the trace formula, Stab. Trace Formula Shimura Var. Arith. Appl., vol. 1, Int. Press,
Somerville, MA; 2011, pp. 429-470.

Daniel Le, On some nonadmissible smooth irreducible representations for GLa, preprint.
George Lusztig, Some examples of square integrable representations of semisimple p-adic
groups, Trans. Amer. Math. Soc. 277 (1983), no. 2, 623-653.

Rachel Ollivier and Marie-France Vignéras, Parabolic induction in characteristic p, to
appear in Selecta Math.

Vytautas Paskunas, Coefficient systems and supersingular representations of GL2(F),
Mém. Soc. Math. Fr. (N.S.) (2004), no. 99, vi+84.

Vladimir Platonov and Andrei Rapinchuk, Algebraic groups and number theory, Pure
and Applied Mathematics, vol. 139, Academic Press, Inc., Boston, MA, 1994, Translated
from the 1991 Russian original by Rachel Rowen.

Jonathan D. Rogawski, Automorphic representations of unitary groups in three variables,
Annals of Mathematics Studies, vol. 123, Princeton University Press, Princeton, NJ,
1990.

Jean-Pierre Serre, Trees, Springer Monographs in Mathematics, Springer-Verlag, Berlin,
2003, Translated from the French original by John Stillwell, Corrected 2nd printing of
the 1980 English translation.

J. Tits, Reductive groups over local fields, Automorphic forms, representations and L-
functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1,
Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 29—
69.

Marie-France Vignéras, Représentations l-modulaires d’un groupe réductif p-adique avec
l # p, Progress in Mathematics, vol. 137, Birkhduser Boston, Inc., Boston, MA, 1996.




[Vig07]

[Vigl4]
[Vigl6]

[Vigl7]

Base change 55

, Représentations irréductibles de GL(2,F) modulo p, L-functions and Galois
representations, London Math. Soc. Lecture Note Ser., vol. 320, Cambridge Univ. Press,
Cambridge, 2007, pp. 548-563.

Marie-France Vignéras, The pro-p-lwahori-Hecke algebra of a reductive p-adic group, II,
Miinster J. Math. 7 (2014), no. 1, 363-379.

, The pro-p-Twahori Hecke algebra of a reductive p-adic group I, Compos. Math.
152 (2016), no. 4, 693-753.

, The pro-p-Twahori Hecke algebra of a reductive p-adic group III (spherical Hecke
algebras and supersingular modules), J. Inst. Math. Jussieu 16 (2017), no. 3, 571-608.

(Sug Woo Shin) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, BERKELEY, 901
EvaNs HALL, BERKELEY, CA 94720, USA / KOREA INSTITUTE FOR ADVANCED STUDY, DONGDAEMUN-
GU, SEOUL 130-722, REPUBLIC OF KOREA

Email address: sug.woo.shin@berkeley.edu



	1. Introduction
	1.1. Acknowledgements
	1.2. Notation

	2. Iwahori–Hecke algebras
	2.1. Definitions
	2.2. Dominant monoids
	2.3. Bernstein elements
	2.4. Supersingular modules

	3. On supercuspidal representations
	3.1. Supercuspidality criterion
	3.2. Change of coefficient field
	3.3. Reduction to an absolutely simple adjoint group

	4. Proof of the main theorem for most simple groups
	4.1. Discrete Iwahori–Hecke modules
	4.2. Characters
	4.3. Discrete simple modules with supersingular reduction
	4.4. Admissible integral structure via discrete cocompact subgroups
	4.5. Reduction to rank 1 and PGL_n(D)

	5. Supercuspidal representations of rank 1 groups
	5.1. Preliminaries
	5.2. Parahoric subgroups
	5.3. Pro-p Iwahori–Hecke algebras
	5.4. Diagrams
	5.5. Supercuspidal representations via homology

	6. Supersingular representations of PGL_n(D)
	6.1. Notation and conventions
	6.2. On the Jacquet–Langlands correspondence
	6.3. On lifting non-supersingular Hecke modules
	6.4. A reducibility lemma
	6.5. On base change and descent for compact unitary groups
	6.6. Supersingular representations of GL_n(D)

	Appendix A. Base change (by Sug Woo Shin)
	References

