Recall : Let X and Y be topological spaces; let f : X —» Y be a bijection. If both the function f and the inverse function
f~1: Y - Xarecontinuous, then f is called a homeomorphism.

§19 Product Topology (general case)

Xyen betopological spaces, where A isindex set.
Caresian product [ [,cx X = {(Xaen : X € Xo, ¥ A}
= {functionsh: A - Uyea X h) € X, A e A}

Projection maps p,, : [ [ea X = Xy (u€A)

(X rer = Xy
If X, = Xforal A, then[],, X={f:A-X}=:X".
Definition The product topology on [ [X, isthe coarest topology such that all projection maps p,, are continuous.
p,. for topology 7 on [ X, continuous < p}(U,) €7, VU, c X, isopen.

If f ={p,}(Uy): 1€ A, U, cX,open}, thenthetopology generated by it, isthe coarsest topology containing subbasis.S.
i.e. it isthe product topology.

A subbasis of the product topology = {p;*(U,): 1 € A, U, c X, open}.

To get abasis, take all finite intersections of elements 0s S.

i.e basis={p,X(U,,) N pH(Up,) N - N PR Uy,), Wherep; € AandU,, c X, open.
If some ;' sarethesame, wedon't get a new basiselement.

P (UD) N U2 N ... N U = p (U N U2 N ... N Up) for U open.

So we can assume ;' sare pairwise distinct.

Uy, ifde{ps, ..., pn}

Then MLy P, (Un) = [Taca Va, whereVy = { X\,  otherwise

Another description istherefore

{IThea Va : Vi c Xy open, V, c X, foral but finitely many 1's.

Definition The box topology on [ | X, isthetopology generated by thebasis{[ [, V) : Vi c X, openfor al A}. (“open boxes")
Thisisclearly abasis.

Remark The box topology is finer than the product topology. If A isfinite, they are the same! In generd, they are different.
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Example

Let RY=[]2;R. Then ]2, (-1, 1)isopeninthebox topology, but notintheproduct topology. The point (0)2, has no basic
open neighborhood < [ 172, (-1, 1).

By default, on [ [X, alwaystake the product topology.

Aside [T, X =Xgx Xox ... x XywithbasisUyx Upx ... x Uy for Uj c X; open, V.

[T Xi = Xox Xox .. = {02, 1 % € X, Vi)

basis for this product topology: Uy x Usx ... x Upx Xns1x Xnpox Xneax ... for each U c X; open.
Theorem 22 (continuous maps to a product)

Let Xy and Y betopological spaces, afunction f : Y — [, X, iscontinuous < puef:Y = X, iscontinousforall u.
Declare fy = p,o f. Then note f(x) = (f(X))ca. This characterizes product topology.

Proof:

To check f is continuous, only need to check that all “coordinate functions® f, arecontinuous. Clearly, p,° f is continuous as a

composition of two continuous functions. To demonstrate the reverse direction, continuity of p,° f implies (p, f)fl (U,) openiin
Y = f7(p(U,)). (p,*(U,) € product topology. Consider 7= {Ac []X, : f~X(A) openinY}

1) T isatopology (easy check)
2) The above showsthat p,}(U,) € 7, foral openU, c X,, forall .

The projection maps p,, : [ ], X\ - X, iscontinuous, where [ X, hastopology 7. But the product topology is the coarsest topol-

ogy on [ ] X, such that all p, arecontinuous. = (product topology) c 7, f~1(A) openinY ¥ Aopenin the product topology
i.e. fiscontinuous. o

Remark One can show that the product topology is the unique topology on [ | X, such that thistheoremistrue.

Example

H}LEA X=X
Thediagonal map A : X - X", (X — (X)) iscontinuous. Since each “cooridnate function” x — x is continuous.

Some useful facts (proofs are asfor X x Y)

(1) If Yy c Xy subset V A, thenon ] Y, thetwo natural topology coincide

i) subspace topology in [ | X.
ii) product topology of subspace topologies.

(2) X, isTa¥ A= [ Xy isTe.
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(3) If By isabasisfor X, V A, then

B, € 8, forfinitely many A
B, = X, for al others }

B={eaB1 = {
(4) Projection maps p, : [ [ X\ - X, areopen (asin problem §16 .4)
(5) Analogues (1)—4) are true for the box topology, but in (3) we have to drop the condition "By=X,".

Example

RR ={f :R - R (don' t haveto be continuous)}

A basic open in the product topology in above basis:

[locr Vo © Vo €R open, V, =R al butfinitely many o' s.
ie{f:R->R:f(e)eV,, l<i=<n

Check fp,» fasn—- oo & fa(X) - f(X), ¥V xeR.
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